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Inthislecture we conhinue with exa VV),D/eﬂ of functonr , anclinhoduce e
nofionsf a velpmewﬁwg object for cevtain functoe.

Example Let G beo cafegovy avcl A anolectof & Theve is @ funchor
h' G

A

>§§_7L 9(/

R ——> B’

W(B) = 5(A B) 5
frf8—B, hA(£):-5(4,8)— CIAB")
is defved bj WAL )x)=F=

@ of Lechure 2
%A . in Yl WW’QU—P P:; VXA Vnere
Ex | Check s a functor e, Z(MXND

Exangle Ler TN be akelian LOUpS, ancl vecall that f%@/f%emovlbwh,
M&/N /s deﬁ“ned + e e 71/1/074"6/7} oF the free abelion group Z(M*N))
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Example  (onsider The functor

F: Ab —— JSet

. F(T) = { o MxN=T | & is bilinaar, r.e.
A (Wit My n) = ol(m,n) + & (mz,n ) and
X (M)n 0y )=K(mym) +X(m,n2) £,
all my, Wb/méM and V\;)Vyz/y]éj\j}

] F</D):T_%T;) - F(T) — F(T') ;sM'mdby
sending o MYN=T Jo gfoot: MxN =T’

Lemma. Thereis for eveuy abelion group T a bjection

@, Homg (Mo N, T)— F(T) (21)

defind oy Ex(T) = T oM. Moower fis bijeckion 1
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Proot By z/omz'WCﬁbn/m - M*N > MeN s bylinear. We claim #1s
univenal 1e. Hhat it A -MxN — T s some other bi/ynear form

Then thue is a unique X MeN—T such thaf
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e whare &:z(MxN)’%Tisﬁe
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commuder. Tha exislenw o & is clear - (ole\mv'\ﬁC] Uffﬁoka\chm «(R)=0,
fo ol Lidon via Z(M*NY< g>=MaN, and we wll Hhis fuchorisahion o .
By consuction Xepu= o, and o is unique maling (3-1) Lommire (vul/;g?)_
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N oles We can vewrite (21) an a naturad bjjecfion
hMeN(T) — F(T).

We sy thave is o patural isomoyism of functor W~ F
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and souy at (M@ N, M) is Hae soludifon of a univevnalk pvoblem
namely . what is the univenal bojlineayform ou M>N 7 This

univenal problem is envoded bj ~

Note e would like to mabe the wanection befurean a Fumily ot (oU‘ecﬁ‘o ns
(21) which is natwal (22) and e notion o a “univenal bilincar
form on MxN " JzAppoye‘Fo Fhis end thatwe had verer heard of the

kfmorpwduc/} but suppose e weee given on abelian Juoup P and
Ox—]%vmilﬂ of bijed—:‘oms/ onefor each. T€ Ab
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F: Homg, (P, T) — F(T) (4.1)

which ave neduial in the senre that fue diagrams (2.2 ommale forall £
with P in plawof MeN. Applying (4-1) +o T=P we hare

£
HDVY\&E(F) P) — F(P)
L= Be (1) is some bilinear form MEN = P

Now obsewe that i o= MxN — T is ciny bilinear foyrm, e F(TX) so
’SE{\("(\ < a mov,oh;?rm P— [ 4o which naa‘umh’@ (2.2) may he

applied That s, WH/,/\/Q =3+ (<),
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How (P, T) s F(T)
s
tommuler. But this means
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That is, o fuctow ﬂn/orAjA/m- Moveover, this fuctorsation js unigde °
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&(?@k ()
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%o ue conclude 2=8"
Upshot The bilinear ﬁrm/ur M¥N — Pis univewal anmong bilinear
forms on MXINL in the precise sense thal ang ofter beliviear

743/71’1 X :MxN — Tﬁcﬁ)w um;ki(//ey fhz/ouylf)/{/l .
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