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Lecture 4 118116

We have seen the definition of categories
and functos

,

and some simple

examples
.

this lecture enumerates some more
examples

, leading up
to

simplicial sets as a motivation for functor
categories .

DEFI A category 8 is small if  
ob (8) is

a
set ( not

just a class )
.

Defy
A small

category
8 is ordered if for

every pair
of objects A

,

B

the set CCA
,

B) contains at most one element .

Lemmas
If 6 is ordered then ( ob 18 )

,

E ) is a

preorder
,

where we

define AEB if and
only

if GCA
,

B ) is non empty .

Root A
preorder

is a reflexive
,

transitive relation
,

so this is clear

from the axioms
.

D

Lemma_
If ( X

,

E ) is a

preorder
then there is a

small
category

Q

,

with

oblQ=X

an

:
( x.

,
xp

=

{

{
* } xiexz

x ¢
else

.

Pw¥ Also dear
. D

Def A mopbism
of

preorders f :C ×
,

£
)

→

1×4 E) is a function f :X ,→X<

such that whenever ok x

'

in Xi
,

then flx ) Efk
'

) in Xz
.

This defines

lhecategoyofpreordet Pre
.
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DE Let Cat denote the
category of small

categories
and function .

( the existence of this follows from exercises in Lecture 2)
.

Det Afunctor F :C → 8 is

•

faithful if for all
pain

A
,

B e  ob ( 8 )
,

61 A
,

B) → 8 ( FA
,

FB ) 12.1 )

is

injective
,

and

•

fill if for all
pain

A
,

BE obl 8)
,

( 2.1 ) is

snide

,

and

•

essentiallysujectiven
if for

every

DE
ob (8) there exists Ceob 1 c )

and an isomorphism FCC ) ± D
.

Fis
fuHyfaithfu Tf it is both full and faithful

,
and an

equivalent

if it is

fully faithful and essentially suujectiue .

Lemmas There is a

fully faithful functor
F "

Pg → Cat defined
by

F ( X
,

E)
=

Cox on

objects
and

for f
: ( X.

,

E) → ( K
,

E
) in the by

F ( f )
: fx

,

→ Pxz

FC f) ( x )
= flx )

F ( *
:

x

,

→ xD
=

*  

'

- f ( x
, ) → flxz )

.

EI Prove the lemma .

Note This

defines

an equivalence PE → OI where 0# denotes

ordered
categories

and function .
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D# Let 8 be
a category .

A
subcategory

J of 8 is a
class ob ( J )told b )

and for each
pair

A
,

BE ob ( T ) a subset JTA
,

B) c- 8 ( A
,

B) st
. for all

AEOBH we have IAEJCA
,

A)
,

and J is closed under composition in 8
.

Thus Jis itself a category
,

and there is a faithful functor J → 8
.

Dee
For

pen
consider the

preorder
[ P ]

: -

{ 91
,

. .

, P } with the

usual relation E
.

We denote
by

D the full
subcategory of Pre

with
objects

{ [ PT
}p>o .

That is

,

ob (A)
-

{ [
o ]

,

[ D
,

. .
.

. }

Homa ( [ PT

,

[ 9 ] )
-

Home ( [ p ]
,

[ q ] )

=

{ f :{ 0,1 ,

. .

, p}→{ 0,1
,

.
.

,q} \
ioj

implies f C i ) Efcj ) }
.

This is
quite

an
interesting and important category ,

for both
topology

and

homological algebra
. It is called for reasons

that will become clear )

the

sim#gy . By
the above

,

there is a fully faithful functor

A- →

Cat
,

if we choose to think of [ PT as a
category .

Deft Given
Oeisqislegeu ,

define
morph

isms in a

Ei =

Eig

:

[9-1] → [ q ] zi =

Zig :[ 9+7 → [ 9 ]

ein

-

{

at
,

aajozica

,
-

{

a

aei

" ' "

a

a

a-
i a >i

where
EY

is defined for

q

> 0
. ( 3.2

)

c
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OFI

.

leg
.

AT

'

it - it i -

i

i

- j
,

in ↳
it '

it '

-
,+z

it 2

:

.

i

¥2
Prove Esop

, Eiq
=

Eigt , ET

'

icj 14.1 )

zjgzigt ,

=

Igidgtt, iej
14.2 )

n%eipyI÷

"

¥
, :-#

, an

citing -

i

>j+i

Note Observe that the Ei
are

injective ,

and since composition in A- is

of functions between sets
,

this implies
Ei

are monomoyshisms
.

similarly
all the Mi

are
epimorphisms

. In fact
something

stronger
can be read from 14.3 )

.

Dede Ina
category bamouphivmf

:A→B is a retraction (

oropttg#hkm)
if there exists

g
:B → A with

fog
-

IB
.

Dually ,

f
is a contraction ( or

splitm#hm )
if there exists

g
: B→A with

gof
- la

.
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Lemm= Split epi
⇒

epi and split mono ⇒ mono
.

Pw¥ Suppose fog
=

IB and uf
 

= vf
,

then

u
= ul

,

=

ufg =

vfg
=v 1,3

=

v.

Tfovoeieq ,

and 29 E 9+1=1

Similarly for
split

monos . D
as well . Thanks to an audience Member

for pointing out this
oversight

]

Lemmas In A-
every

Ei
is split mono and

every
Zi is

split epi
.

)

Pwofe By
14.3 )

,

Zi Ei = 1
,

i.e. [ 9 ] d-[9+1] ¥[ AT =

idiay

, D

EI Any composite of epis
(

rap
. split epis ) in a category

8D
again

anepi
( resp

.

split epi ) and the
same for mono s

&

split monos
.

theorem Any morph
ism

µ
:[ oh

→ [ PJ in A can be written
uniquely

as

µ

=
Ei

'
.

-

-

E

is

zil .
. .z÷split mono split epic

with
p7i ,

> iz >
.

- .

> is 70 and
oej ,

<
- . . <

jt
<

q
and

q

- tts
=p

.
the

identity µ=
I

corresponds
to s=t=0

.

Note [ q ] -2>[9-1]Is. . .  →7 [ q

- t ] E-( q
- ti D →

. . il[ qtts
 

=p ]

.

responsible
for

"

kernel

"

of
µ

Pw¥ Next time
!


