MAST?OO@X — Lecture Lf (&6

We howe seen %edaﬁ'n/'ﬁbn aﬂcafegon'cw ond functow, and some S/'m,o/e
exawmples. This (ectuve enumerales Some move examples, leading upto

simplicial sets a» amofivation 76/744;4575@4?@@0%@.
Def A cotegowy & is small if ob(5) is a sef (ot just acloss)

DefN A small cafegozy G is ordeved f for evewy Pmirdfo’g}ecﬁ A,B
the et C(A,B) contnins at most one elewmen’-

Lemma. I G isordered then (ob(5) <) is preovdey wheve we
define A<4R i and only L G(48B) i monemp@.

Foof A ,owzorderfs a reflexive, pansitve velation, so thisis clear
From the axions. 0

,L_@VM- It (X/é> s OLPV?S’OVdEV then Hhere s o symall Ca#ego?j Cj(waf\
ob(§)=X and

{*'} X £X,y

q(ju’j’/) - { c]f el¢e

P_uocr_P— Mso clear. \

Def’ A wogphiom of preorden (%, €)= (%,€) isafinchon £ X=X
such ‘l’hoﬁ whevever 2< x',',\ )(,/ ﬂ)en f[x)QF(x‘) ' )(1\ Thi's c{eﬁ‘w

the cabegon of preorders Pre .




D%N Le,l(' ’Cﬁf denole the cafegovy O"QJVVIGH cafejow‘eﬂand 7€/MC‘7LDIO-
(+he existena of this follous from exerciven in Lecture 2)

DefV A funclor F:8— & s
* fatnful i for ol paivs A Be ob(8),
£(4,8) —> £(FA,FB) (21)
is injective | and
o full i forall pario A,BE oblB), (21) is swijechive, ancl

* essentially sm‘edﬂ‘we ﬂaqfweveuj D€ ob(P) Hhove ensh Ceobll)
and an isomoehism  F(C) =D

Fis ﬁi”g; q%fﬂflful if iFis both full and 76/'/%74/1/} and an eql/zil/a/ema
i it is fully fuithful ond exentrally suyedive.

Lemma Thereisa ﬁf”{j fith ful ﬁmcfbv F P\,,e —> (af de fined éy
F(X <) =0Cx omobjedzand for £:(X,€)—> (%, €) in Pe by

F’(ﬂc) : ZJO)() — &,
F(#)(=) = £l
Flxi—m) = % f(x) — F().

Ex | Provethe lemma.

Note This definer an eqm‘ua(emw fre — Drd where Ord denofen
ordeved cafegomw and functow.



M_’i Let G bea Cﬂj‘egovy. A Jub(afe@oy J d,ﬁ G s a cass ob(T) 5010(8)
and for each pair A,R e ob(T) atsubrel TIA B) < E(A,R) sd. foral

A€ oh(T) we have [a € TA,A), and T i dored under Loimposition in 6.
Thw T3 irltre/;[mcafegouj) and there 5 a faithful femchr T— €.

Dol For peN wnsicer the preorder [P] =10, P} with the
wiual relafion <. We denole by I\ e full Jubcal*ego»y ué Pre
l/l/l'ﬁ\ OLJjed—S { [P]}Pyo’”’la} /'J')

ob(A)= {00, ... }

HoW\A“Pl[”L]B = Hompﬂ([ﬂ, [77)
= {#{onuPh ol | e
implies F(c)=+() |

This is c/mﬁe an imLetf&ﬂ?"nﬂ and impostant ca fegoz% Fov both 7%/30/097 and
homologfcal alae]om, Tt is called (forreanons that will become clear )
the simplex._categoy. Ry the above, teve isa fully faithfl fundor
N — Cab, F we chovre fo think o [p] an a (af‘ego% .

Dgé'\] &;'V\er\ O< ﬁSZ /%iegew, deﬁ‘ne moyyo%lkyns N /A

£¢ = 57 [3-1]— [1] ‘z"=“2‘7’ [at)— [4]

i‘-(o.)={a“ 2 ”’Zé(a>;{ * net

o+l axd - | ce Y

(31)

whare E‘7r IS deﬁ‘necl ‘ﬁ;r Z>O. (31)



Ex2 Powe €85 = £5, £y i< (11
\ . ¢ )+ .
(Z% /‘2114 = 77 ’z:;l)+l /SJ (L{Z)
££~17J:{ 1<
‘ ; 9=l £ q-2 J
J _
77~' 27 B :
1 =), =]l (4.3)
Efo;il 7 :;—l E?\J.'i-]

ﬁoﬁ Obrewethat the € " ave /mjed?‘ve) and sine omposiion in I\ s
of funchons between sek, this implies £ ave monomz)whfmof.
Similaly all the "1 " are epimoyphisms- In foct fomething
s%/ongercan he vead from (4.3).

Def" Tna mfegmj G a moyhiam £+ &—> B is arpackon (oraplif
epimoyphism ) if theve exict g: B— A with £e9=I5. Dually,
f5a corehaction (or plit moﬂ0m0g0]w&mj i hece exikh
9:B—/ with jo# = /4.




Lewyma  Spht ep) = epl and J/?//’/ mono => Mono.

Prooft JM/Jpo;e fojc}g and uf = \/7[: Then

= g = (A‘]Cg: vfg =V = V.

T:Fwoéﬁq/) and. 1 Te =1
S)'Ml\abw 16/ 5/9//'/[ monos. /j cu well - Thanks o an audien@ Wember
,Fov pm’nﬁmﬂ oudHns ouevﬁahb

Lemma Tn I\ eve et s J’}?M mono and evew 7L' s ,r/D/j} e/;/‘. /

"ci e

R By (43), T¢si=1,0e (1] — [3]—[4]= ddpg.

Ex 3 Awy compoJﬂech epi's (rorp- sphtepis) in acakegoy G 3 q9ain
anepi (verp. split-epi) and fhe ame fov monos & split- movos.

Theorem /me moyphism ya [a]— (P]in A\ can be wriflen umique{% an

_ EI‘/___ E[g ’7J-I . quf

e

spl‘} wond split et

with p7L,7 2> >ls70 and 0<], < "‘<jb<‘7 and.
Z~f+5-’f. Ww/’dew#@/a:/ wmnpomdnﬁ c=t=0.

g 7 7 £ ¢
Nole  [q]— [3-1— - — [q-t]— [9-F+i]—> - [q-++s=p]
— ——— _

m}pom’blz for " kernel” aﬁ/‘k
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