MA ST?OOG 8 — Lecture 5 iefis

In the Pnevi()ow /ecﬁ(m we inpoduced the J/'mp/ex cafegocy A) and n ﬁdaglx
lecture we. prove the fundamental theorem about if

T heorem /]wy MUVWW’" S (1= (plin D can be cwriffen mee’(% v
E(g ?JI . ()Z‘M

g___\/—\_/ —_— —
sp\‘} mon0— split epc

with ,D>/L’/> L>--->is20 and 0é\],< -'-<jt<7 and.
Z~t+5-’f- 77/11/’5/8;4}7’79/(9{:/ wmnpomdnﬁ s=t=0.
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Nole  [4]— [9-1— - = [q-t]— [s-#+]—> - [q-+1s=p]
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Puogﬁ Let he e[eVV)eVlkJ' o*£ f‘ﬂ WH/L\ /A(J-)iﬂ(f#—l) be

0 ) <--< Jt <9

Olrewe that  may be wrillen a /u=/t/\’°2jé 743,/,[: [q-1]— [P]
wl/wvy/u'(ﬁ)=/«\lﬂ) for all OSOléjé and /«A'(oﬂvft(aﬂ) for ox?fe
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Nek for a=je+] Hhe second dof™ pr'(e=1)= (=)
Check for 0£a< Jb e have
W) = pe) = ple)
whilefor a= je+ | / A ——— )
M (o) = ' () = plje) ;/A(jw)
and for a > jtt|
it (a) = (a) = pla)
Claim The list of | in (- with pm' ()= plj31) is Jy<-= 4 e,
Roef ofdaim TF 0 ) < Jb with pt (1= p' () theun pnG) = ujt0) so [€diy fe-}
I j=jt and p' ()= Gr1) then p() = mlge£2) implien

palfet1) = plje +2) conpadiching Hat Theoviginel j¢ war maxmnal
Tf J >J'LL Hen /J,((j') :ﬂl(ﬁ\) again whadrch max}ma/f/y «Z/A% _
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Applying he same aigument ap above to ' [1-1] — [p] we
maoy confinue witing /A/=/u///7”“' omd 5o on, unk| we hawe cmmﬁ/ta((y

=l e

Netice that fuo injechive moyphiams in /A with fhe same imogre ave cqual,
and for any sequiene O 7> ts in {0 P the map

eV g [p-s)—> [Pl

Mm‘mage {0/"/ P}\{ s ;S} IDy wonshuchon (Hhe aller e's don? mess
with eaylier oncn because N> > s ) Henu, il we Foke LYY s

' 3(0/~-~/P7} sach that {9, P} \{'\J/—/fs} = 1‘——M{}A)=Im {ﬁ) Hoen
/17: 2 E“S, Hemu/w: 2"'.‘- g"”]f'._. vt an claimed .
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Then sinw both f/d@ ha/ue the same image, s=s ' and ’,s = Iy 7%’ )<bs s,
Then € =" €% i mono and £ 77 - 4= €77 .. 7% impliey
'ZJ"W”‘ZJ“‘ =/'Z)’I-"q?jt//_ But the ordeved seF {97~ 5 )¢ } ix recovered.
from = ’VZJ/-.%J} o P indies 4. 7(G)=2G+4), so =t omel j,=}, amé

Ex | Rove that evew epd in A\ s Jp/er) and evew) mono is split

_Ei_% Ts Howml(m, [F] ) Qvn;e? If 50, how momy elements doos it confam?
of not ww ot 7



Dej" Let G be a categowy. Theopposik categouy E7 has

+ ob(g?) = ob(&)
5(AB) = E(B,A)
" han the same idendities an &
¢ Gt BT(B,O) =G P(AB) —> E(AHC) is defined by
Cgol,(ﬁ) 3C> = Cg(jc) 9), whee Cg : &(B,A) x f(C/B)—eg(C/ﬁ)
& the composi7ion in .

| 6 e e .
3 J
A \)c 7 A</ \C
Cor(3F) = F+3 3 J

Example Let G be acalegoz/y and Ae ob(E). Then thave is a funclor
hy « B — Jet
hs (B>:Hom2§’(5)/4)

+ for BB & 5o £:8'—>Bin G,
l’lﬁfva)‘%ﬁ(g’)’%}'ﬁ/g) 15 hﬁ(f)("):xﬂf (“’\5).

Lewma If F:8—> & icatunchy, he same dota definer o Fumchor
FP: 57— 9 with [(idg)¥=tpr, (C-F)T=CTF7




Def™ A simplicial sef is a funchr INT— Set

Exampke For n70 define the standard n-simplex fo be +ie fopological spate

_ {L:(lo/»--/7h)e)Rh+\ ( Zg:{{:l/ J(L'7/O}

and for any moyohism 75-‘ [a]— [P] in \ define Hu cks map
NN — N

) e. Ajc = ' ( Jf ) : [Rw% RFH
P

7
maix han (l‘/}') evﬁﬁy
eqaa\-}o S & £6)

f J °
Ex 3 Chechthal for () — [r] —> [£] in D\ we have ACL’AjC =Aa 5
u~e-i%a+7‘mabomdeﬁwaﬁmdor L —To N %y [n] —> A and
jC Ay Denole this funchor by A

Def"  The simplicial singularcomplex of a topological spae X js #he
simpliciol e X INP— St~ defiped by
o mepr A"— X ave called

(Sx PL]) HDW]T (A X> singulow ivnplices

(X (1) —13]) - Homaa 3, X) — Homag (55 1)

T — 1oAY
fhic s & moyphism’in IN?, 5o really

5 [ = [P in N



Nok We can wike S X an o mpoaile funchor
(AQ)QP op 1/\X

> Top ————> Sef

i\

e

P afunchy Top —> SSeb. Fou Hils we need #he nedion of o natural
hansformation .

Next wewant tomake acategow SSet of simplicial sefs and pomole X > SX

D Lt FG:GC— ¥ be funchon. A notual ermj,@ymah‘oy\ L F— G
is the ﬁ)/lowmﬁ datta :

(f) 7@}’@\/@% CGOE(G’) &IVV)OWh/ffm O(C : FC‘% &C /‘y] A)
Sulojecf‘wLo Hie oxiom

(2) Fore\/etAj mom%ﬁsl/h JC C—C'mn Z)Q 1he c)l’agmm

K
FC > GC

F(#) l l G(F)

F¢'— ac!
c!

commules.

ReVV[al/A /;: F— F deﬁ‘mc/ lay ('F)c = |F(C) iy a(wmjj a
natuizd Mmsﬁmaﬁb‘n (the /‘demﬁ'@ Vlah{m/ﬁfamﬁumy/ﬁoh)




é_[t I‘{- E/ FL/Ef (fﬂ ? are ’JQAVICJD:/)CWld A - [:{__3":)’ amd
B = T e natwal hansfovmations than o is foo: Fl— F
defind by //""o()c:fC"O(C-

Ex 5 Given ﬁmatow F,e0—F v cefl, 23,4} and natural hanshimarons

< £~ g
F, =3 >k, )Ef

we have T (ﬁ”d) - (D,°F>°O<. E)VH)@V/ i o:F—T3
is c natuved dainsformehon

g oot = L= oo /p
) nohwal fransormations
These exercisen pvove fhat the vext-definiFion makes senie .
Defl” Lot & & be categovieswith & small. Theve is a aategowy [5 9 [ whoce
Dlajedz ave funclon F: & — 8 and wheve mogohisms F—Fave

nahual banshmations S with wvmposfﬁ“om defned above.

M’ Wcafegovyd}o simplicial rer s STef = [NF ig‘]

Example  Guven a fopological space X Jet L(X) denok the poret whore clements
areopen subeh of Xwith. V<N & O is agubset of \/ Then L(X)
s q_pveorder) and we View it as a cafegow). T categowy B
pves heaves of abelian guoups on X is simply [Lx°r, Ab ],




Lemma_ The singular simplicial complex wnshuchun X &X

js pavHﬁmﬁmc}or S Top —> fef

M (/Ug,[/la,ue de—ﬁmed S on ob\)'ed; L@{' jo’ XH X' Le acﬁ VV)CIP.
Thon we howe a funchion, deudled ¥ 2, for any 170

Fe(-): HDVWEP/AA) X) — H()VV)@’,2 (AVL ')
T P70

We cdarm thwe fil-into o nahurad ﬂamﬁvma#‘m

S(f): SX —— SX/ o betharefunchn AP ef

S(Pgg + (XA0T) — (sx)(£1)
I 1
g (8,X) o (25,1

Thatis, we sel S(F g = F = ). We ned fo chack naturalify, r-e
that forany #+ (97— [pTin N (thw [p]— [4])in AP )

#ucll‘agmm
$0OP) g3
() [F1) — (sx)( [ )
($X)(4) l j SX)(4) (7.2)
(s []) » (sX)(07)
s(y 5

ommutes. But (7.2) s j'm/)f‘



O,

$o —
HOW\‘@P(AF) )() HomT_DE(AP/ x')
’OA\C l ] _OAF (37.\)
HOYV\@P_[A/X) o — > HDYY\@(Ai/ X,)

revecall AT = AT — AT

Rutitis dleav thal (c“)bomvwl@),e(g. Lr T:DNP—= X we howe

“ > FU

T
] (j%g)"ﬁc

Tl — fo(v-0f)
so wewndude  S(F) s natual . Clealy S( )= lsx and
$(924)=3(9)=3¢F), & Sisatuncr

Nofe This modelof spaw in simplicial sefe /s the starking pointof homolvgica |
%ﬂm@_ Tf V: St — /b deno/@)ﬁwﬁ/ﬁeﬂwup ﬁmcfofﬂ)m
Lechove 2, #hen the funchor

SX N
AT —— S ——> Ab

is he Aot from whith onr clefingy the (integral ) singular homology Ha(X)
The prindpal lgebvait invaiant of aﬁpologv“ca/Jpaa X (e will ceethiy
conatuchion in detzil foter | %eﬁmm‘nm‘al#y of Sue hawe juntshown leads
o linear maps HeX— HeY forany T X—Y, whichave fundamental .




Example Consider 2321521 []— [2] and the inducec

AEO’ N — N AS°(10,1(> = .o(c,) CC;)C:’) = (0, 7,1)
o |

N N 2
R* R .
NGy 1)) = (20,0, 20)
A&:L(Io)l\) = (3(077{1) O‘)
N A2
q \ I (Ae)
KA " Iw\([f )
> Zo f Y (
I (L)

Lef X be a fopological spaw. Then

(sx)(r1) = Homg, (Zl X) = fine segments in X
(sx)(29) (
(57()([2] Hom@p /Az/ X) = Tiangles in X

&emo@MIma%df
map A X

X
’ This hna is
(EX)e)()
B - l.e. CL fae
— —_ - - d'a 3 N X

(SX)(QO)(/O/) E A‘% X (.SX)(EOJ(T)(ID,IJ = <2'0A20)(:{0/1))
= 7(0,%,X1)



