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Recall that last [ectuve we defined a funclor from %poloaica\ spaws Fo simpliu‘oll efs

S+ Top > SSef (1.1)

on objech by deﬁnfwg SX to be the funclor SX= hx-(A5)" arin

N3
L\OP—(L’@;P'—X% Sof (1.2)

— /
e A" N —> TBp warthe dandard simplias [ A ER™ Given
confinwows X —Y we defined a natural bansfvmaton S¥ SX —> SV
abt\j hand" and 1n %c\ay‘f lecture ye ve-examine this more abﬁmcﬂy via (1-2).

Lemma. Let 6,8, % be,ca’regm/}en with G small and let Q& — /. be a
Functor. Then theve is an induced funcloy

Ay [6,8]—18 2]

AQ(F): ®°F
Ag(a:F—F") : QF — &-F'
{ A&("()C:Q("(c)

M Fintue need 4y dveck. A (4), ardefined,, s a natural bamtformakion
QeF —> ®~F’ Solet f., c—c' le g Vnovwhl‘rm in G. Wehave to
chedathat

As(®)c
(ReFXC) — (&-F)C)
(®-F)F) (@-F)(f)

o\/’(‘ S 9. Y
(a- F)(c) AR (Q-F')(c")



commutes. But thists he image wnder QL of Hhe dragvoam

Ac

FC — F'C
Ff L XF‘F
F¢' — 5 pie
X'

which commulen by natuialiy oA o oweledon : Aa(¥) is enaturak Nansformation
Q:F — Q@-F' and thw a movohiom in [5) ?L]

So we have defined a mapping Aa on dhjects and. moyphitms, iF remains fo check
that # 3 funchridl » Aa(id:F—F)c = Q(de) = idsc 5o Aa(id)=1d, and

As(9:4)c = Q((5+F)e) (44" Ae)
= Q9+ {c) (dyN wwxpo&ih‘om}o nat Nans )
= @(%\0&(1(&3 (® Haﬁm&w)
= As (‘J)c" As (F) .
= [A&@)"Aa(ﬁ ]C

Henw /‘l&(‘if’f'); As(3) > AslF) and we're dong . E[

Lemma. Let U, L., P be cateqoier with &, 8. small and lek @ 86—

he a funchr. Then Ve is an induced functor Be ' [2,9]— (G, 2]
defined by Ba [F)= F-&, Bs (a:F>F) e = oLy

Ex1 Pove the Lemma



Example Fom A+ DN —> Top we gef a funchor (4T INP— Top™ and. Hhus

Top™ Seb | —— [N Jeb | = Stef
lop

P > Fe ()T

(W)Odulo@g wo%efr\g rmall. Er'fthJ‘ahoWWI‘J or e qgmall, full wacai-fgmy
B QTQP_ fnc(uc\ing all e Ah 's ) The mer(/-tF 's o wnshuct a ﬁd/iCﬁ)V
oo mavked \f)y e dotled line

Top —-——-- > [IQPOQM]"_/%[/AOP/[&#]:J&F

X ——> hy ———> hye (X)F=:SX

Lommoe Let & be a small ca’regong. Theve 1s ofunchyr hey T — [ijiﬁ]
defined on o\ojedz by X > hx and on moyhisms £+ X — X' by

The natwal tvan sfovm ofion
A%: L\x » }1)(’
> )’Lx‘(c)

(he)e * hx(<)
ll )
Homg (C,X) Hovmg(CJ X‘)

(he)e (=)= Fea




P (O he i anahwaldandormation of funchom hx, hx' = CF— Lef

Suppoe t:c=c i & tha € —C i B We puadoshoww
wmmutativity of e ouder quae In

h (£)
l"x@) = ﬁ[’\x(C‘)
&<, X) —t Gl X)
b | 3| [#- 7| el
BEX) — 5 BlcLX)
Y o~ -~
hy (<) > gt (¢
L\x‘(H

Butall Hha movked squaves sommute by def¥, so it is enough fo show
Tl inner squave commutes, whichistwesng ¥ is x = = ()
and L s x —> (fex)ot Whl\chamequql Ey affocfaﬁw;ﬁj.

@ I/l(») is'ﬁmd\)vial Q. lf\;cl-’ 561/ \f\j,(“_: l’\j" ‘n{:‘

U\rax)c(") = idex =z o (hado= d
. \/\‘sz ic[hx

(hjojc)c(15= (9°F)-=
=9 (f-=)
~(hg)e( (W) () ) - (/\jo]f = hyohr
= [( hy)e® U"f—)c](ﬂf> an kol Nansfovmottion.
= [(/\j" Lwl]c(x) A



Q’Z (Yoneda LGWJMO‘) Let G be a cakgovg) and F:8°P— Jet
a ﬁmdvr. Wn’ﬁ'ng

Nat (F, F') = {”C‘J’Wi*‘faﬂfﬁvmot%‘om F— F’}

Pwu’e ‘H’IOI'J Yhe VVIGP

EN Nat(he, F) — F(©) o B p(2) = de(ide)

s ¢ B)‘jedw'on with the following propevhien

(C‘) @C,F— (s VIQ‘]UVZII inC : /!7:1)/ amy YYIDI/}OWJVYI f (— Cl in 8 ‘%LU/‘Q
is o commutative diagram

EX:

Nat(he F) ——> F(c)
—lys W T F(+)
Nat(he, F) > F(c')

éc\}(:

(V) ®oF s nahwal i Ft o any noduvalk ansfovmotion ol = F — F’
luwe 15 o vommudadive drag vam

T
Nat (he, F) — F(c)

o m J l/oa

Nat(he, F') —— F(c)

(<) Ts fhere o ungue fomily { @ Fle,rof b/jecﬁommmfyingﬁu
mah/ﬂra!f{y n (o), (W)7 Discuss.



Cowllawy Let G be asmall cateqowy. Then the funch

l’1(—) P — [fopj l,ef]

is fully faithful. T is called he Soueda emloedc(mg.

Roof  (iiven A, BeoblC) onsider F= hg in the above, avd the maps

S l’),c

|l

= Nat(hhs)

By oo o (i)

G(AB)

Thueawe mulrv\al\j fnvewe fince

(ne)a (Bd8) = foidy = £
ﬂMdM/EOl,Veal{lﬂ )?VIOL,U L)\Lj Ex Z‘H/IQJ’ S—E—A/"\B s a)WJQC/fO/’}, D

Condunion  Lek Top” be asmall fué(afegoly af Iop confaining 1A e (e finite
CW- oomplexp/J). Then we have a compon’ie funclor

Top > [Ttk | ——— [47 )= st ()
Noneda, ﬁ/’JV"‘/A,_)T—DP/

which rendn X € fgp/ +o Wffmpll“ciod et § X defnud eaz/lrel// e (6-1)
recoven (move abchacty ) e functor on p.D A Lecture I



