MAST 1006 8 — Lecture 8 0

Lantlecture we defived a d/‘agmm in o cafe@omd G Eshape G (an oviented gm/ol\>

o be a moyphtsm c/}ojmphs G—UGE, pvwhat is the same, a functor PG— G
wheve PG is the Fm% cafeyoby_

Ezamefe 61: = { * } a sfwgle vevkx) no amows. There is an ec/u/‘va/emce o:ﬁcqfegow‘w

[Pe 6] — &

defined on Oleeds loy E(¢)=<(*) andl on movohlims éﬁ EH)=#F .

The invene functor E~'+ G — [PQ)E’] sendn an oé‘ed‘ C o e dfa@VU}?’\
assighing e —> C.

The quwh‘on that mofivales ﬁday's lechuve is: when can a dragmm lhe

approximated by an oloject © Heve “appmoximated” should be undetood. 1n
he rense of +he following examples:

* Lk S be a set, V(s) the gfeaabell‘anjvoup on S Then V(£) is

he “best approxmottion” 4o S among abelian gwups, in that-any
Aunchon S —> A, A an abelian quoup, fuctow uniguely via
amuyzph/‘fm () — A i Ab

S — V(s)

/
Vs
N Y
A

« Tf Giis anoviented 9@)?/\/ PCUis the (‘Be/#appvom‘maﬁ‘om“ + G
amorg cafeaom‘efj-



Tnthealove examples, Jo “appurimate” sels by abelizn groups or graphs by

Cajregovim) e mwlkd a —ﬁ)ge}'ﬁut ﬁ,mdu\/ wb/fd/L Saﬂs : {,mdel/ly /‘nj amy g\/oq,P XY@ ‘,Lel/

and undedying any categouy is agreph
Tn what follows & is an oviented 3mph and G a Ca{fﬁow.

Lemma. Thereis a functr 1 & — [Pc.E] sending any object C 4
he [(/\dem'{y a’iagmm” at C, Fhat is

. 7[ora“ vevhior v of Q/ I(C)(\’):C)
° ﬁ)ra”eC\g,oo e ot &, T(c)le)=2dc.

&oﬁp As defned T(c) is aw//‘d©4h€d C//aymm. If £ C‘ﬁc’fya momhmfm
in G then T(F) T(O) — I(c') cdefsned bj ), = f ik a moyphism
o ;fl“agramr, cond ik is ean'ly checled this mahes T cotfunchr- ]

Remavk Lef Ceob(B) and Co = {v _)} } Comfcleraa[fagmm L in G
#shape G, 3

NN

szj

A natwal hansformation 7+ TC— & consish of moyphisims
U 0 C—> A sudnthat §70 =i, 3, = sy re both
Jm\qng\u in (2.1) commule. Notethat 7 i< defevmimed by Ta,l, 4.
jcfyv) = 37V,_.



®

DefV Let- Cecb(B) and - PG—E be qdiqamm~ A cone From C o «
1s e nadural fransformation 7 - TC —> oL

S}Oellecl out move concre{e(5 y

Def™ A come fiom C o adn‘agram A is a moyohiam 7 C—> &) in G for
evewvedex v in (1, such that fov evewy ecge e - V—V'in G, the diagram

7\/ > L (V)

o e

,\Z\/’ 3 O({V’)

C

vommules.

Def” A wocone from o o an o[ajecfc i a hatural hamsformation £ L — TC.
Thisisa fum:(y ofmomhm/ng £, ()= C forevew vedex v, sudn
That for evewy edge e: v — v he diagrom

O((V) Ev
[e) & T~ "wotonen on the Mght

A L\/') 2V

vommules.

Convention  Let un wife nahuval hansformations IC — & (-c-wnes ) an
simply C — &, wheve Hhis will notcawse confusion, gud

similady for cogonm.



I fora fixed. diagam o Theve is a univewal cone inbo oL (e Hu “beot
aPonthm%‘oMo ol by an Olg)‘ecb on the left” ) we call it e limif £ Hie
clragram. The univewal gocone (rFit exisk) s e wolimitof o«

DefV Lo Cech(B) and - PG—E be qd\qgmm A cone 71 Tc— <

is o limidt 7 4or any other cone 70’5 L e isa Unique movphism
O:Cc'— C mahu‘ngmdl‘agmm

/7
I — «

&\
TG /@
Tc'

commuk in [PG, 8]

5pe“ec( out move comreLe(U -.

Dof™ A come 1: TC— A Tsalimit F forevewy one O fom C7Loo(

Oy

/7/771@

Cl—---5 C oL[e)

’7,\/’ 3 O((V’)
o, >

there isa unlgue movphism O : c'— C such that ﬁrevey veuex \
mm( 7,8 = Ou
we call Phis the uhivenal ,’DWP‘%Aj of the limif




Nole  Not evewy diegramhas a [imit (re.can be appvenimaked by an objecf).

t:mp'& In the situation d{ (2D, The [rmit is a pairmpmowo%fsw
C — A, C— A such that-for any C'—A "> A,

Maklhj The square commule, Hure is unique C'— C 5.
C'—c—h=c'=A and c'=Ca A= =4,

C’——\

o C > Ay
| /
A)_ ) A_;

Thatis, e limif is precively the pullback.

Lemma If cvdiagiom o has a limit, it-is unique UpJo unigque issmovphisiy Thot 1y,
0 7,7 C— < ave both limik, +here s aLunTgue movphism
Y c'— Ciuch that

c! 7
A

/ oL(v)

C™ %

tormmubes for all v, andHhis ¥ s an Fomophism.



Pl Such o Pexishs by Y univen ol Pl/opou/vj of T C— o, and lihewise theve
J()'(/Lu[/“\que Y’-’ C’—')C/ W/%I ’7\',°f‘f/= ’7\/ 7§r 01// V. We K(C[l'm ’\f'lal\'w’—' lc
ond ngmﬁm”y Flof= |, O bsewe that for any v,

Do (Y- F) —
=('7v°\f’)o“f/ ‘f‘( j‘*\) oL [+)
(1) = Y c /7:
= ’7\/
= f?x/" )c

7
But /, C— A{) isq o, S Ayﬂu umy\o/wa)pwpeu/njgfm limb C— o
thore it aanigue morphiom C=C 5. € —=C— «(v) equals 9, forall v.
That s, |z is unique with W)J‘S}»opevy Fom (£:1) we wnclude Fo¥'=[c. 7

We are Yhevefore J'Mf'fﬁ’ec/ in saying the Jimit o A (i i exish ), and denoki n it [ Tmol.

Def Let J be o ef, viewed an an oviented 3mph with no eclgen. A-d fagram
J— 86 is juaf a collechon ofobjechr 5(/'577\/&7 inclexed by I The limif
of his diagram is calledl the product and crilen TTJH A (fitexisk)

That is, fhe pdech coneish of an object C, moyphicms 76 : C—>Aj for ead\\/\/
which is a univepal ﬁfmz'/y in the sense that F {/OJ' ! — Afjﬁ_j is another
wllection rﬂ moyphisms Yhere is a unigue mohiom 4 C'—+ C such that

2 A
N
C’sac/wf

/O

(/OYV]VVlMLf/J ‘63\[ a” J .



©

De_/ifN Ld_CGo‘o(B) and oA~ PG— 8 be O\diqgmm. Aamome Cr X —TC

N . f (9 - .
IS o wlimit T for any other vocone. d— TC'  Thawe is a unique monphum
O:c—c’ Vnahfngmclro\gmm

&

AN /
N
I S\ 0
T’

K

commuk in [ PG, &

That s, a wcone € o — TC is o colimi ffﬁreve(/j tocone O — T

O
L(v) €y
> & -
o((e)J/ / C —--> ¢
dlv')i/\
Oy’

v

there isa unlgue movphism 9 :C— C' such that ﬁ)revey vedex v, (98 =@,

Ex 4 Given an oviented gvapl« G ek G°F densle Yu 9mpln wiYla the
sameverhias butall amows reveved . Rovethisis o funchov (D Giaph — Graph .
Sina (-)°P=(=)P= 2d this 1s an 150rmovphtsm o# cotjragovim~

Ex2  Wedefined ealliev Huopposthe caLE(‘doM B and b F- 6 — P fhe funchy
For: 8P — PP Check this is o ﬁmcbr (=) Cat ——\_@‘j which agaﬁ/l

S an iJDVVIDyP%TJVVl snae (5 P (<) =W



Ex 3 Clude that e diogram of funchow

=

—)°P
Goraph > Gegh
P l l?
Gt ——— Gt

COVVWYIU\‘]‘Q)/ fin po\\r-]-rculav (Pc)?=PCT.
B b Rove that for an owenkdgmp% (C and (a»[egouy G, Fhere is an tsempyplitin
[Pe,57= [Pe™, 6" ]
That is, cliagrams in G of shope & == diagraims in GC* ol shape GF
(%opeﬁ/ll\j Mis 7s obovious! ). Given odiagvam o - PG — & and wmpondmﬂ
O{iqgmm AP PGT— BF Pw\feﬂ’lai—%wl/? (KRN Joijecﬁ‘on ﬁvr any CeG

Hom (raye] (1€« ) = HDW‘[P&”’, zsﬂ( A AC >

nodwal in both C and o (e conen C— X = weonos x®— C ) Aove
Hhot+his BU‘@CJH‘DY\ \"o\emh‘qcm |m on Hu leHw’IH\ olimitz on V\‘gM

ExS  Pove colimifr ave unrgue upFo unique isomopphim.



Recall () TrAb— fef foreefhid, the bestopprorimationfo a el S
loj an cbelian quoup was V() with nedhural loU'e ctons

Hom,%(\fd") 8) — HDWI;‘EF(S F(@)) (£.1)

(2) U+ Cat — Cumph fﬁmjehfw\)Wbm+albpcoxima7'7bmloagmph Ce
,05 acafegoxfj is the pa{/l/l ca{fgouy F&) with natuval \ochcHzmS

Homc_qi( PG, 5) — Hom_&ﬂé(&, U??) (€.2)

Lemma. Let=Ci be an ovienled @mplx\, G acc&egcuv and o&:PG— B a drogram.
’/-’uramy wne (- TC— K Yhove is aﬁmcﬁ'on

£ Homb( ¢ (_) — HOW\[PG,B](ICJ) o<>
B(F) = 7-If

which is nafual in C o, and £ is a louec-hom and omlv 'ﬁ
Uis Phalimikof

Ex6  Povethu Lemma.

That is, thawe is a noduval bijection
HOVV\}g(C)/ |iwm() = HDm[PO,,Bj<I’C’/ o(> (£.3)

(wmpa\mahd comfmnfh(g-’\)(d"l)y



Ex 7 Chedathat thewual pwd/uc} in Sel s a limit inthiv rense, and
Yhw 33 also cafcﬂom\cal produch.

Ex & Whatisthe pwduct in Ab and Top”

Exd  Ts thewe alwwjf OL]DI/Ode in ﬁif’.?
— ve @1 Tndaxed, by N

10 (What |‘:Mhmﬂ’0‘€ ﬂu&l‘aamm (mmampt\ i__\;\::.

., R{x) T RG], L, RIx]
éz‘) /(xl) /(x)

in Wcaiegwy gb | or commudcitive nngs, wheve T £) > = f(de
v 7u/o7'7‘cmfmapaf cach edge.



