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Nowweknowwhatlimibandcokmibargletusseesome examples . Tobeginwith ,

letusenumeralesomeexampksoflimibandwlimitsthatharespeciatna

.
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# Given a category 8 and a set of objects {Ajhzs a pwdtt of the

family is a pair ( P
,

{ TYTJEJ ) consisting of an object
P and

morph isms Tlj
: P -

Aj such that for every pair ( Q
,

{ 8j}jeJ )

where
bj

:

Q → Aj there is a unique m orphism
O :

Q → P such

that
 

tj
O =

by
-

for all j .

Examine
If 8 = Let then the usual Cartesian product Tljes Aj with

the
projections ti ( (ajsj ) = ai is a product , with O (

q ) - ( bjle ) )
.

DI With C
,

{ Aj }jeJ as above a wpwdu# is a pair ( C
,

{ lifts ) where

C is an object and lj
:

Aj
 → C are morphims ,

such that for every

other pair ( Q
,

{ bj
:

Aj
- Q }p→ ) there is a unique Morphis m

a : C → Q with Olj
 

=

g- for all j .

Examp1= ( 1 ) If 8- Let then the disjoint union

Hjes Aj
-

Uj { j }xAj

with functions ti: Ai →IJAJ given by Li (a)
- ( i

,
a ) is

a wpwduct .

(2) If 8=A± then Otjes Aj
 

= { ( aj ) ETJAJ I only finitely many

ajnonaw

}
is a wpwduct .



assume

alga
are disjoint
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Lemmas Let 8 be a category ,

{ Ja }aer a set of sets
,

and for each der

suppose { Aj }j€ja is a set of objects in 8
. Assuming all involved

products exist
,

there is a canonical isomorphismt.I.no ±

TITIB
where J - UAJA

.

Examples Let ( L
,

E) be a partially ordered set
,

viewed as a category .

Given SEL the product P of the set of objects
S would be

an object ( i.e. PEL ) with Morphis ms P → s for all ses ( te . PES for alls )

such that for
any

other family of Morphis ms Q → s ( he . Qes VTES )

there is a unique movphism Q → P ( 1
. e QEP )

.

Since uniqueness

is automatic
,

we conclude

• the Yt of S is
precisely the infimum of S ( if exists )

Similarly

• the adt of S is precisely the
suprenant of S tif exists )

DE A lattice is a partially ordered sets with binary pwdncb and wpwducts .

FI Pwve that a category with binary products ( rep. wpwducts ) has arbitrary

finite products ( resp . wpwducb ) .

EI Find a counterexample to the following statement : a category with fnile

products has an initial object .
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¥3 Let
Ring denote the category of commutative

rings
lwithrd entity )

,

and
suppose

we have
ring

morphine
> 12

,

%

!
2

we
sayRyRzaveS-a1g_ebras.Pwve1hatthepushoutofthischagraminRngisthetensovpwductRiQsR2withmorphismsRi-R1QsRzr-r@1Rz-RiOsRzri-1or.Exampk_CInitialandtevminalobjecthOftenweunte1foratevmina1objectl0fuvinitial.H

In set
,

0=0 and -1
=

{ . }

(2) In Att
,

0=11
= { 0 } .

(3) In
Eng ,

0=2
,

± = { o }←
Cae

.
1=0 )

EXAMPI ( Equaliser,
Coequaliser ) Consider Ag¥B

( i ) In Let
,

AI
, T# , Rnf the equaliser is the inclusion

{ aeal Hakgk ) } - A
.

(2) In set the co equaliser is Bt where ~ is the equiy.ve
IN

generated by

pain ( f (a) ,g( a ) ) for all AEA
.
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I

(3) In Att thew equaliser off , g
is B →

B/Im(
f- g) ,

Time quotient

Root Clearly
Tf (a) =

to (a) for all a
,

so 7f=7g . If

J : B → C isomorphism with Jf =

Jg then JLF - g) = 0

so J factors uniquely via T
. D

Functionality of limits and wlimils

Let 8 be a category
,

A an oriented graph and dydzi PG - 8 two

diagrams ,
with amorphism f : 2

,

→ dz
. Suppose both dydz have

limits
,

written Z
,

: Ttlimdl-74 and kiI¢imdd→ 22
.

Thenthem
orphism to H in

2
,

I ( lima
, ) - L

,

1

Illimf )
:

, |
,

f ( 5.1 )

:

¥ imdz ) =)
Lz

Tz

induces by the universal property of 72 a unique morphism limd
,

→ limdz

( call it limf ) such that 15.1 ) commutes
.

Pwposinhn the assignment f -7 limf is functional . That is
,

if
g

: as - 23

is am orphism of diagrams
then him ( go f) = lim (g) . lim ( t )

( assuming limb also exists ) and if 2 =L,

- dz and f= ids then

limlidx ) - iohima
.
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Roof We
prove

him ( gof ) = km ( 9) ° KMH ) and leave limlidd ) =  idling

as an exercise
.

Consider

Z
,

I ( lima
, ) - Li

Illimf ) | |
,

f

IHMGA) (think
)
# &

IC ling )
| |

,

g

v

s I( limas ) =) 2
}

73

By def
"

lim ( gf ) : limd
,

→ limb is unique , .t
. %I( limit ) ) - gfZ , ,

But we

hai
I( limgolimf ) = %I( ling )I( limf )

= GZII limf )

=

gf 21

So we deduce him ( Sf ) =

limg
° limf as claimed . D

6w±uy If
every diagram of shape Gino has a limit ( and we choose one

for each diagram) Hnereisafunctor

him : [ Pa
,

8 ] - 8

.

on objects
,

2 -7 limo

•

on morphing
, f :L

,
-22 1-7 limf : limd

,
→ limb

.



�7�

Ex4_ Check that the bijection of Lecture 8
,

formula 18.3 )
,

Horny ( C
,

limd ) ±

Homage ] ( IC
,

L ) ( 7.1 )

is also natural in d
.

FI Pwvethatwlimits ( when they exist ) are also functional
,

in the sense

of the above . Also
,

show that there is an analogue of ( 7.1 )
: if

Lisa
diagram with co limit eidtwlimx there is abjection

Home (
wlimd

,
C) ±

Homcpaie ]
( &

,

IC ) ( 7.2 )

natural in both 2
,

and C
.




