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Backqmumd 1 = Mahix exponentials

Let [F denote either R or €. 8y avechr space we will always mean a vector spcice over /
Given a finife ~dimensional vector space \/, an operator on \/ is a linear Hamsformatkion
TV —V Weassume Am///a@ with nomed vector ppaces (see ey [MHI, LI, L197) and
the novm of o linear franstormation.

Lemma B1-1 ng fwo norms I1=lla_1=lb on a finile—dimensional t/\‘ldbrf/nacz V

ave Lipschitz equivalent, e. there exisl 0< €S & such fhaf

Cllxll, < llxllb € Gllxlla WxeV

Fod Tt Iseany fo check that this velafion of Lipschitz equimlemm ~ i symmehic anc
ansitive, soit suffiws o prove fhat for any norm =l we howe =l ~ =111 where
the lalev norm is defined loy dnooﬁnﬂ baais Vi, -Nn for \V and c/eﬁ’m’nj

H Z'i'ﬂ:| 4iNe

7 = Z:u lqil. (1-1)

i is eauily cheched o be a norm [ indeed i is #he norm induced on'\/' by the
vechor space somonphism V=F" and the L1 nowm on F [MHS, Thm L /J»[})_

To prove =~ 111 we fint prove that I=1-V—IF i (aniformly) continuons when
Vs quen the metnc cletevmined bj =112, or whatis the scume

Vevo 3&>O( lx=x'l < 8§ = | lal) =l (<e) (12)

To see +his nofe by the revewse i-n‘angleiwequalﬂj ‘U" H—“i’ﬂ{ € le="ll gand
ik X:Z’i:\-!qiv‘) = Zill a;ve then with C = SMP{ Ve |l { [< is”}



= = “ 20 (ac —a)v, “

< 200 lac—a/ | lIve ll

IN

C Z;V;( la: - a; l

l

Cllx=z"14

From s we eanly deduae (12), poving that =l (V, Il ) —> (F1-1) s

continuous. Now by constuction V with the lI-llz —induwd fopelogy is homeomoyphre fo

R andso {ve V| IIll= 1§ is compack since fhe cowerponding et in R” s closed

avd hounded [MHS, Theorem 110-3]. Hene by the exfreme value theorem [MHS, Cowllawy LI ]
fhe ontinuows Function (|-l atains ifs supremum and infimum ownthis unit ”—'Ni'JPI/LQV’e

c, = inf{ vl | Wvlla=t1]

(21)
c. = supd IvI | vl =1},

Thad is, C,= [vI] and ¢, = [w forome \,w witl (Vi = lwllp=1. Ta Pavﬁculalf
Vw0 and ¢ C,GF O We claim that for ald veV

C\“VH]_ < HV“ < C).H\’Hj_ (2.2)

J
This immediate if IVIz=1 or v=0, and otherwise we may multiply by Ivily o
re duce fo this cove . (]



Lemma BL-2  Lef (V, “’”v)) (w, -llw) be normed spaw with ﬁ’m‘ie—cl{mam/'ond/. Then
any [inear hansformation 1=V —W s bounded.

Proot A hransformaton is bounded with verpect fo a poir of norms (. i+is boundecl with verpect
hanﬂ Lipschitz equivalent noyms , Jo by Lemmo B1-1 we may ajsume (1=l =/l
for some banis Vi,- ) Un o{i\/. But thenif T-V—W i linear and =« = Z.‘n:‘ AVe

| T, = {{ Z;, a; T(v) //w
= D ] T

< Clli=lly

where C = SMP{ ”T(W)UWJ [<c<n} Hena T s bounded 0

Lemma B1-3 Let U V, W be normed spawn and SN —W, T'U—V be bounded
linearopevators. Thew Se T is bounded and. || =T F=as<ili.

M Given. x € U we have

6Ty = 1SCTE )
< IS ITE) |y
< (s 0TA =y

o claimed - D

To inhduce the matix exponenh\a( we require some basic bachgwumd in requenwn,

sevien and convergence inanormed Jpace . Recadd that the norm || Il cefermine, a mee

d(x9) = == 9ll and we say a sequence isconvergent or Cauchy, and aseren is vonvergent,

Fthee statements hold in the wiual sense with I/‘M/MC/L?LO hal memc -



(28]

* arequence (u)nzo in anormed space (V, I-1) wonverge o ue\V if
Je>ogNel e N(n? N = llun—wll< €)
+ arequence (Un)nZo in o normed space (v, (1-1) s Cauchy i
Ve>0ANEN Vimne N ((vn?/\l and 13 N) => || um—un ([ g)

° o Seven ano Un (“’h'\d\ is ac{ua“ﬂ the data of (MV‘):;D) is said 1o converge
(1" oo
n o normed spac (\, 1l '//) it the requena ( Zn:o Un )m:o o partral

o

Jums wonverge), anc we wite Z::o Un = “m.mam cho Un_.
* q novmed space (V, l\—ll) s complele Tf eveys (auchy sequene in \/ onve ges.

Erercie B1-1 Ure Lemma BL-1 4o prove ’ﬂ/\mLevenf’ finite ~climenyfonal normed Jpace

ir complede  (gou mayure thak R s womplefe ). Henwe evew finjte— imengionak
inner pwductspau is a H;’/ber)wlbacz.

We can reducce c(/)eckmg wnv ergenw crf asenenin V fo c[f)echl'ng onvergeny & arenesin R

Lemma BL-4 Let (V, I-1l) be o complefe normed vector space and D opeoln a
senen which has the prope /ﬁj Mat Z,:o [ un || onverges jn I]R_
(such a revien is called absolutely convergent ). Then S s Un converges

P”0”£ szf A = ana Un . 77’16VL 7£Df m 2 m/

// Am = Qm’ // - // Zntm/+} U “ = i:\;m’ﬂ // Un ” . (’-{/)

The sequenc ( Z:\LU J[ un //j,:;o is asrumed fo wonverge and is therefore Cauchy ,



so given £2 O we can choore N st for m>m'Z N the RHS o (4.1) is leas than & .

It bllows that (9 Jmeo 15 (auc[’)y in \/ and hence convergen. []

We assume fayynliam’@ with the vanow feofs for onvergente for senes in R. Tt s eany +o
see thal i linecy Pransformations S, T ave bounded 5o fo0 are S+T and AT for A€ JF

Def* Given normed spaes (Y, I1-11), (W, II-11) we wiik BV, W) for the vector

space of bounded linear tromsformabions V —y W with fhe Pomfw;)e opemh'om

(T+8)(x) = TG) + (=) T, SeB(V), xeV/
(ATIE) = A T(=) Te B(V), xeV

Lewwna B1-§ The opem?'vr norm mabE/J ﬁ (V/W) a worm&i &Paie .

M Tt isclear Fhat 1 TH70 and that | TH=0 /'M/)//'w T=0 Civen NEIF

ATl = sp BTN )0}

= Jup{ I\ /ﬂ / O}

| T(=)l) _
= || WPZ( ///X// /;r# O} ==/>\//////_

U 5, T are bounded then

”Si"}— =Juf{ ———(




Recal] thatf a normed space is called Banach i F s complefe [meam’nj #ll Cauchy requenes
w/Th vespecto e induced memc con veage).

Lemma B1-6 TF W is Banach then so is }3( v \/V) +or any hormed space V.

Rocf Let (7:»3:0:0 be a Cauchy fequence in ,B(\/, W), weach TV — Wi bounded and

Yer0INeNVmnzN( [Ta-Tll< <) @)

Civen xe V' we finkclaim (ﬂ (i))rcuio is (auchtj in W. Given £>0 leF N be as in (6-)
bt for the posifive real number <C‘/ﬂx“\, (if % =0 the requence 75 hivially Cauchy ). Then
Fw mmn 7 N

[ 76 =7 N (TRl M=l < Gyl = (+2)

o claimed. Since W s as rumed comple}ewe may et T(2) = limn—eo Ta (). remans

o prove that fhus defined T is linear and bounded | and that Tn—Tm SV, w).

To ree that T is [ineav we we that any normed Space is aﬁ)po/og/ca/ vector spaw
[MHS, Ex LI thaf is, the oloemh‘ém are wnfinuows (and thevefore

commute with mit [MHS, L8] )

T(zi—gj) = “mh_aan (ertj)
= limysw (o) Tnly))
= [Masoo (T () + liMnms o (T (4)
= T(x) +Tly)

(6.3)

T( )i> = [IMmprae T (>\I>
= HVV\Y\—\W >\ T:\(?C) - A [H’V),\Aoo T,,()C) = )T(X)



The novm on )3(\/, W) I mm’formlﬂ onfinown [MHg) Lemma ’—[?'3] and the image a#
a Cauchy sequence under a um'fo»fmly onfinuows motp I5 (auchy | so (” T ):ZD s Cauchy in R
and thus wnverger, say fo X - We daim that ITE < (2]l forall x€V.

To show his leb e \/ nonzero and <2 0 be given. Let'N be large enough that
176 =TuE) < o and | DTl =<1 < &/ 2)z]) Then

[T = 1 TE)— T+ Tu@ ||
< | TE =T + || ToE) ||
< &, 4+ (Tl =1 (7.1)

< oot (st Hapen ) Il

= € + o=

Siynu ¢ 70 wom a/lo)'ﬁ’al/lj ﬂ/)r‘s )DI/OVP/J “ T(") “ € “x“ and 5o TIS IDOMHdLCL

TOPI/O(/E, T T i BVW) J"SfD)owmma/L [To=TI—=0 in R. Given £20 ure
may since (T;' )nw:D i (al/tchg Fod N such that | Ton — I N <€, whemever WI,VL7//\f-
Given x €\ nonzew let Nu be such thal JTn(x) = T() )< S =1l whenever

M= N, . Ve may o siume N, Z N. Then for any 1 nonzew and n 7 N

| T =T € | o) = To (=) + Ton () =TV ]
< | Tl =T N+ [ T (8 = T

< IT=Tu =l + 0=l < 0=+ Sh=ll = £ (I=]]

Hemw “ Tn — T“ £c 1@3( n7 (N ancl hena T}: — n ]3(\/, WJ o c/a/’med./j



(,U@ the /BL\/) ]qbf /B(V/ V) ﬂ)e m)vmec\ Spa(.& o,p/boumcled DPeVmLOw bin \/ &/'Ven 7-6/8{\/)
wewrle T  for To == o[ the n-fold compwiﬁon P T with ifself

Theovem BI-7  Lf T-:V—V 15 o boundled opemﬁr on o Banach spate \/ #hen the Jevien
oo A
exp(T) = Dol T (51)

(bnverge, a‘owlul‘ely n )5 (\/)

s

—N—

M ij Lemma BL-3 the Opemf‘an T =T oT are bounc[(’cl) Jo the POVJL?\O‘/

sums Sp = Z?:v ;‘T Tnam ve v in /B/\/) Bj Lemma B|—6 /B[V) is a Banach Jpace
So by Lemma Bl=U o show that (£.1) wnverges i7 suffiwn fo chow that the sewes

ZZD j 7~ (#.2)

tonvergen in IR Buf Lomma B1-3 this (posifive) senien is dominaled by Zn on! /l T~
which wnverges (o CXP(/ITH) hena (&9 2) alw wnverges - []

Exampe B1-1 V= F"™ with fhe 17\ norm, 12, = (pfr - +lTnUL}z) any linearopevator T
on \/ is bounded (Lemme B1-2Y and 5o exp(T) converges with respect-fo

the operafdr no/m on )B(\/) = Ende (V)) WJpaLw}Q all lnear oPeVai‘Dw

Nok that since Endie (V) s finile~dimensional the senes 2:; AT

wnverges by Lemma BL-1 with regpectfo any norm on Endre (V).

In particular fhe senes Lonverges with reapecto the Fobenius norm

Isl= (=5 sl ) (5.3)

thchisjum"ﬂ?e novm induced hﬂ EY\C\ﬁ:(\/) = /}:nzand e 1], riovm on /th



Lewma BI-8  Let UV, W be pormed vector Jlaaa)/).Them the LomPDJI'ﬁon map

B(v,w)x Bu,v) —— Blu,w)

(s,T) ——> ST

is confinuown -

Froof Hevzsu/‘etj\'me )S(V,w)xﬁ(u,\/) the Pmducmemc [MHS, ExLI3—=&]

d(('S‘/T')) (SZ/Tl)) = ”gl ‘7—)” *’N SL—TZ “ .

Tiufficen fo puve that if (52,T0) = (5,T) in Blu,w) x BLUV) Then
SnoTw —> SeTin BLO,W) [MHS Lemma LE-4] The pwjections

Hrom }K(V,W)X;B/U/\/) o thtwo factow ave continuous, So Sa—> S cand Ta —> T
Ob;eweﬁml'

[SneTn— SeT =1 SeeTn— SnaT# SueT— 5T
S I sallliTa=TH + N S=SU T
Since (1=l is continuow, NSl — |l S| aind 5o

fion (S8 I =Tl + U= SIUTI)

w0

_ U@M&MUmuﬁ—TM+IL@mruwnTH

n— @

= Isl-o~olTh=0

Hewwalso liYVl NEYES) “S—hoT\— S T U =0 as claimed| []



Lemma BL-1 TF V'is a Banach spaw and 2oV converges absolulely , Hen any
mqrmmgemem‘ Z,:,, VJ—(,,) converges abylufely and Z:ZO Vo = Z:;Vj'(n)_
NN SN o ljection
Fodf Fom (ahsolule ) convergence of Doz Imll e onow by fhe wwpunoh‘nj verulffor IR
(whichweassume) that 2 o 1 Vies Il ovvergen anc Fo 1 same fimit- Hence
2o VJ'(n) converges and we need only ¢how n(jbv“ = Z:—; Y(n).
Set L = an:a\/n; Re= Z::o Vi) We show My, o |l L =R ||= 0.
To thisend let €> O be given. We cim fo show thal fhere exivh N such that
Sorak m7 N we have || Lo =R lI< €.

Set S = Z:;o Vel Siw&’ﬂmmqaen& (f*ﬂ)r:o:v is Cowtchy we CCn
ﬁn&‘ N/ auch f’haf ﬂ)/ m,m’ > N l S — S’ I< E/z‘ f/lemz ]%r m'>m 7 (\J,

P

L= m#l

/

Vel = s/ = m < E/z

This )mph’wﬂqal’for B< N\ {O/ 4-/1\);’% File ZQEB Jlv. <€l

Let N, = mand j7(0), ., (M) ] el N=max{ Ny Vo] Tha for > N
we have | (m) &1, N} Hene witih A= 13710, 57N}

L,m_ - Qm = Zy)m Vo — v::ov\j(”) = Zm N — Z—J \/J(L)

- =Nl pe{o.,mI\A

Sine Z::o Yo = ZCGA VJ(L) Buf {N\%\)"‘/W\}) JGO,‘w,YV"}\A) ave both ﬁhd—e
sely disjoin\‘fwm o, N)} Jo

IRl < 27,0 el + 2y Vo |

<2/2‘|’€/7_:g

@) clajmed - [J



Lemma BL-I0 IV s o Banach spaw and. 2o converges ahsolujely then for any
suygective map J':}Nﬁ/}\} with the propevty that J7(0) is fnite forall ne N
the sener 2,1, ( Zié\}"(ﬂ)VLB Lonverger abwtuk(j and
Z:;(Saej*'(n) \/;) = > Nn.

Focf (e define a bv‘ecﬁon TN—=N by emume»aﬁnﬂ J'I(b) ﬂ/tev\\'/"([) and soon an)nMdl‘admm:

c il / (1)

e —§36), 700, T(@) 1) = [Tlar), .., TR} ;= {J(Lm),..,}

/ number r/';e elewwel/\h

Move formally, Jeb o (0) =a;m# @) ad # 7'(lO) apanged in

antonding order ontains () sloment shicHly leos Han ¢, define T(e) = AV (e

Bj Lomma B1-9 the senes :a:o Vrin) wonverge abJO[M[f(j to Z:;,V’\« Rut

Wit S = Do VT6) we tee that & meo Z;@J—'(n) Ve is aubrequenc of (Il

and hence oom/evgmﬁ the same Iimit. [J

Theorem R1-Il  Let S, T be bouncled Olpemfmo ona Banach space \/

(i) exp(o)= Tv

(i) F ST=TS then exP(S)exP(T) = exp(&%/’)

(i) iF ot @€ then exp (s )exp(S) = exp( (4+£)S)
(iv) 6XP(S) is invevtible with invewe exp(=S).

M (1) is immediate fuom (&9'1) and (i) = (i) = (iV) 5o we need ovﬂj plove (i) .
By definfon exp(5+T) ithelimit 8 Am = 2opce a1 (S 7)™ and

we claim that

(s+T) = Z; C) S" T (1.2)



This Ts proven by inductionon 1, Wil n="0 gnck n=| loe(ng Pvial and the
incduchive step um%a ST=TS w follows

(s+T)™" = (s¢7) (1) T
- > (s e s 2 (s
- )y st

((2-1)
Sy s
Henw
aw = 2w (sHT) ,
= Z:O nl Z;o Ln |5V\LTL (12.2)

S D N e ‘) 7Y
- T (FS) ST

. ke oA . ‘1 o«
Now bﬂ deﬁniﬁon QXP(S)’:)Q/TW ZV,:D n! S J eXP(T) :/L/ano tho nt T ]oy
LMYWY\O\ B"g Wehame

exp[&)exp(T) ’—‘kﬂﬂl[ (Znion%sh>(2;l::u V:TTn>j( [[1.3)

—lim 28 (ST

h— oo a,b=0

P N
L we wile Xa,b = ol S bl T Then we hawe shown [a,b7/0 n ﬂlﬂ][bﬁowing>

exP(Sf-T) = lim Z qub La

M= oo atrbsm

exp(5) exp(T) = lIm Z acm bsm Xk

whm—) 00O



LCJ( :F‘ N—> lNXN be ﬂ)e b‘u‘edim which emumemM N xIN o |oe[ouu:

(13.1)

oo ) ac |y b,
Set (a,bi) = £(0). Then Z;:D al WS ET N wavergen sine it 15 he
limit of a sequence of partial sums which hoo 2 aroem allsi® 0TI wa
fubsequeme (this sequena wnuevgen by an analogue o (2-2) fo exp (sl #1TH)) and

an increning sequience with o conve rging subseguence 1s boundled, henw wwuevgem}_

Then the senes Zg:o X{(a) LONVe rgen aloJo[m;Le@ Sing

k R co .
S 2 225 S s1U et g

Let (s € @1 € - be any stictly ascencling chain A nonemply finite subre of NxIN
with () ®Oc = INxN, and define | NN by j(a)= inf{ i(fa)e O:} i is eanly
seento be sur\]ecﬁwe, and hence by Lewmma B1-10 the sevien z:_:o ( ZLGJ"(n) X e B

tonverges abslulely o 220 X Taking allernatively

O = {@DENN | arbsm |

(13-3
Om = {(‘l,\o)eJMXIN | a<wm, \osvn} )

Shows that BXP(“'T) :CXPU) eXP(T) wing (12.4).[]



Exercite BL-Z (i) Lel V be a novmed space and Ve V. oLet 7o F—V
be. the linear hansformation T (A) = Av. Rove [T lI=1IvI

wheve we use he norm 1= on I

(i) Povethal there is a norm — presewing iscrovphism ot ve ctor spates
N —> BIFE V) sendingv b 7,
(i) Fove that for normed vector spater V) W the function

Bluw) <N —— W
(T,v) — T(v)

is Lo nuUows-
(iv) Let TV —V be a bounded //'V;earopemllbr on o Banach Jpace V.
Pove that for ve V' we have

exp(T)(Y) = lim (i ;\‘77“@)

M — co =

Execcire BL-3  Leb VW he Banach spaces and S-V—W ¢4 norm—prerening
isomosphism of vedtor spas . Lel T-V— V' be a bounded

linear operator. Pove that an opemfbn on W,
Sexp(T) ST = exp(STS)

Exercie Bl-  With F=R consicler V=C o a two—dimensional [R-vector
S‘DCLCQ with basis /B"’{l,i} and lef T-V—V he mulﬁph’caﬁbn by v,
so 1= (O 5 ) as amatix. Rove that eifp:W@ tcoing, e for JeR

| O

wsO® —s5in(@
exp(@T) = ( )

sin@  ws 0@



Example BL-Z  Suppore dim(V)=n< 00 and T-V—V i linear, hence bounded

over [F=C  The existence of a Jordan normal 7C0Vm for T
means that with mpecf'h Jome ba TS}

(115 = F\\Q -
D1

where each J; s oo Jordan block, 1e-ae mabix of the. form

N Cue2)

wheve N is an ergemvalueof 7" Nole that this block is A T+ N where
N is nilpolent (some power s zevw ). A bowis-free ey of expressing
(1g4.0) s +om9 that theve is o diveck yum dewmpou'ﬁon

V=V & - @\, (15-2)

with each \: a T-invaviant Subspace (e T(V:)<= Ve J and
1he reapiction T/Vg e — Y equal o A; T+ N, Arsome e €
and ni|Pofemf opem{-or N¢ Then

exp(T> = eXpU,IH\J;) ® - & exp(%mIH\]m) (k)

Thws in Evinofge_ﬁ wm pmle the exponenﬁ‘al dﬂang op«emﬁ)r on a ﬁn//e-d/}’nem/bna/
C-vechr space, wre need only compute exponentials exp(AT+N) of Jordan
blocks. Buf A T commules with N/ and so bj Theorem BI-11 if /\fk=0)



exp(AT+N) = exp (AT ) exp(N)

(lé-l)
e ,:l PN TN —-'4—(}:_\)1 Nkﬁl]

I

Recall from (15:2) that N consish of 1's on the erf—dragonal) and so

6 - (16.2)

\\\\ \\\ l(\ Clé_g),

This is housever leas useful Fhan i appeass; because we are offen given opevaton (such as 7")
defined abstactly for which we may not hawe a convenient way of- defermining the Jordan

nomal form.

Exerciie BI-S Prove that Foramﬂ matix X € Ma (C)

exp( tX ) = det( exp (X))

Exercite BI-6 Compule ex'fo(o(X)) axp(d\/)) exp «H) for x€ R where

o | oj ( oo> o o |
_|looo ]|, 1= ol |, H=|0o o o |
X (Doo O © (O o O>

G O O



Lemma B1-12 | et \/ be . Banach space. The funchon exp - B (V) — BIV) s continuoun.

m [

Froof By Lemma Bl-€ fhe pavhial sums Am (X) = p=0 ;.'—XK are LoNFnUsUs maps
)3(\/) 4;?[\/)_ Given R>0 Jef da = {Xc-/g[\/) / //x//g,Q}' %efeyaeme

oo

( QMISK - Sa— B(v) )m:/D (171)

tonverges umiﬁ)vmly sImMQ 91‘4/\% £>0
[an(x)—epx || = Z.2,,, X

— [ lim 520 x|

h— oo
(17.2)
N-10ischs h
. 1 ow
= h(}-aW:o “ Zn=m+l n',X ”
Levma B)-3 N
. | n
¢ Jim 20l
' S A n ©o J n
< Jo > WRY = 2 DL WR

If Sm= Z,\W-:o iRﬂ then s Sm—> € we have € — Sm — O and hena

S W R0 s m—> o0 Tny, given £ O we canfind N such that for

all m> N Z::W, VJ\TR" <2 and thw JMF{ /) ﬂmfx)—exp)( // | X€E 5&} ¢
T%isi)wmﬂmf (17:1) womverges um’formly o exp(X) as functions on SR cimdl bence

an the anifpron limif of confinuous fancions, exp (K)/SR s contmuons (MU 5, Theovem L3 ’J—]_
Bul if Xeﬁ(\/) Then fhewe is an open nefyhébwhood A X contained in SR for

R sufficiently lorge, hena exp is confinuowr at- X, and henc on all of Al .0




Loaar’n%ms

The ﬁ//owmg s faken fom [H) §2.3] We fake oo given thal the )powerfen'w

o

m+ | ~l_)m
logz = PINE (zm (15.)

m=I

Converges abm/uﬁehj for all 2e C with [2 ~1/<1, and that e =z for such 2 . For all

w with /Mdogz)mﬁaw /eu‘—i/< 1 ond (Ogewz W

Lemma BI-13 TF Tis a bounded opemjrorona Banach space Vanedk | T= 16 1< L then the sevies

Io\cj<T} :Zm ‘ (_[)m—l(T—'njv) (l&l)

n—

converge) abso(u#clg n V) win U= [T IT-2ell< 1 e funchion

’Oj ~U — BV s confinuomw.

Roof  This issimilar fo Theovem B(-7 The operafors (T—jv)n—ay‘e hounded kj Lemmoy BI=3
and saisfy 102312 1 T-2 07 with 2 = 1 T-1v [l we have by ((11) that

m+1z2m

log(l+2) = ZQ;:\ ) =

tonvergera hm(mk[y and hence

Zoo I[(T:L1V) N$ ani _&r_\'} < oo

n=|

5o that (1£.2) converge) aloro/u/c{y ancl hence convergen (Lumma 8)’4)\ Conﬁhwify follows
m ( nel (T._lv)n

in tha same way ey for exp 74;/ R<1 Jequence Qm = Zn—,, -1) Y conveig el

umﬁ)/mly o (OjT on dp = {T IT=1(I< R} amdl ar a uniform limit-af confimuouy

Functions (ij s tonfindewron IR . D




Exercie BL-7  Lek V, W be Banadh spaces and. S -V —>W a norm —prerening
isomosphism of vector spaws . Lek T-V— V' be a bounded
fl'nearoPerath satishying | T— 1y // <71 Pove that I STS'=Awl|<1 and

Slog(T)s™ = log(STS™)

Some pwperhes o the logavithm we will puove only for \/' finite-dimensional, sce the general

arquments ave (o4 faran I can fell ) wove involved.

Fyevcire B1-8  Rove that the set D € Ma(C) i c//‘agona//‘mble maman is dense | 1-e. for eveyy
X € Ma(C) thuve is a jequen(e (Y)nzo in D with iy Ya = X
(fhe limif being sy with vespect-fo he Frobeniun novm N=lF, bukby Lemma Bl
you can choomaownbym) (Hink + an nxn madix with v didhnct eigenvalues

is diagonalisable . Genendally, n. wmplex numbew ave distnet! ).
Lemma BI-14  Let \ be a fnite-cimensional wmplex nomed space . Then with

U={Tept) ) IT-12vfl< 1}
W={ Xep(V) [ Ixl<bg2}

(19.1)

we have

() exp(X) €U for all XEW
(i7) exP(IU(jT)=T ’]CDYC(,U,TGU
(i) |03(€\<PX):X foralk XeW

froof  Sinwe F= C he d/’agoma//mb/e mapiws are dense in ﬁ(V) = Ma (@)

(hem n = dl‘h’\ \/). Su'opo/-e we cgin PVD(/E eXP( /0_9/3r) :/—\ ﬁrany a//agonq//;raé/e A 7;7en

with (Am)im= a sequen of clragonalivable maticws onverging o 1, we have



wing confinuity of exp, log (we moy assume [[Am — 1 1< 1 fv alhme)

exp(logT) = exp( log( liMyysom Am) )
= exP( i‘)ﬁqﬁo \@3 Am)
= VlL"’\m exp ( log Aw ) (201)

= lim A= T

n— o9

Henc we can veduce fo checﬁu’r\g that exp(/og A)= A for dragonglisable AelU. IF STAS =D Hor
D=(d,..-,dn) cll'ajonal, then

exp(lwA) = exP(l%(S"DSBB

Ex8l-{

= exp( §'lbgD § )

Ex B1-3
— S/I exlg \D%O\l‘\ S
\ koﬂdl«
= s [eelind) S = S'DS=4

~

~
~

) exP(\ogdu)

Noke that A, D have the same <igenvalues dly,..., dn ancl so de—1] <lA=1v 1<
7%//4— cen (EX B"'fo) qng‘ h@MC& /ogd[ (s bOyVlPMI—(’C{ brj (}CP)J dVlGL @XP(/O?C(L) = dt\

Now suppore XE W that is // X//</0‘72- Then expX &€ U sine

arin ((7.2)

[ewx-1. )l = [ 255N« T2 51X = explixli -1 < 1



The pwoof. that log (expX) = X fullows the same palterm : we fink reduce %jwnﬁnw’@ 1 He
e wheve X s ch'agona/fmble ancl then we use a calculation ke (26.2) in this cave .
Nofe that i X = diag (dy-—,cn) is diagonal ant [} X1I<1o92 then |dc|< log2
and hene /07(expcl¢) =d, forad 1€ csn.

Exercise BI-D There js po exevcise BI-9.

Exercise BI-I0 Let T: V—V be abounded [neqy opem/w on a novmed Jpowe \/

and NI gn el‘gevwalue of T. Then N < 1T

Fxerciie BI-l|  Rove that iF ]\‘l\b -l are L{PXCV\iJF% CC(uI\ra\enjr novns on o 1ector spoce \/)
Then ﬂmj induce LiPschif% ec(w'mlenf opem‘bv novms on‘ﬁ(\/).

Remark Leb U ={ TeMa(R) | I T-Toll< 2} W= { XeMalR) | IXI< leg2] where

I=1l means the eperator novm withvespecto (I, on R" Let Uge € MW (C)
We € Ma(C) dencle the analogoussubsets for (T 11-112 Y Under the
canonreal indunon Mo (R) < Mn(C) we hare U< Uc, W< We

arel the exponential and logavithm for complex mamies restrict fo those

for recil matian, so from Lemmo Bl-1Y we deduct also for real matvwes thal

() exp(X)eU for al XEW
(i) exp(logT) =T for all T€U
(iii) log(expX)=X frall XeW



Lemma BI-1S Let T be a bounded operafor ona Ranach space V with I TI< 2. Then

Jlog(1,+T) =T )l <l TI® (221)

where C Is a com/'cm/L/’m/e/oenden/L:f7Z Yy

Rodd  Sinw
o me) T = m _[_m—-i
og(Lo+T)-T = 2L ()" o = T2 22 (0" =
we hawve
= ()"
| og (1r T) =T = 171* 2 =
co (%‘YV\—)\
and since ¢ = m=2 m_ Pnvevges we are done (by the o fwf)weare cone. (]

RKemark (Big 0 HD}WHDH) One o‘ﬁlm reesn (22-|) whHen an

/07(7'%1\/):T+ O(//T//Z)_ (22.2)

To inkerprebsuch stalemenh you looke insice e O(=) 4o finel the “vasiable”, in His
care T, and you veawange foobtaina bounded operator whichis o funchion

of this vanable, in this care Iog (T+1v) =T, andesay thisis O(II TI™)
isto suy that there exish <20 and £> O Juch thal whenever ITl<e
we have [l bg(Tr1v) =T )] < <l TI?



Theovem Bl-16  ( Lie Poduct ‘Fovmu\ﬂ Let S, T Le linear opem/m ona %‘m’k—d»'mem/onal

complex normed space \. Then

exp(5+7) = lim (Cexp(7])ep (%) )

froof - By Talorts theorem. (wifh fie Lagrange emainder, et L6 p-©) we hare for any teR
xp (b
exp() =1+t + Q_PL(’)fz (23.1)

where b dependn on t and. is befween O and b Hena

R
exp(“%l')-l‘@l — =1

> L (23.2)

(st oo /sy expl®) lIsN®
ﬁ;rwme 0<b< W Thatis, Z-:z |<‘m> = "= o Butthen

“ CXP(%\> -1- §wt ” < ZD_Q %(M)j= expl1) Ml (23 3)

Jll
SimilaV\q For some O 2 A€ Tn we hawre

[ exp(m)-1-%ll < Z;ﬁ(@JL o “%‘1 (234)

S 1
Noke that @XP[%B =1+twt O<mb> in The %{)ow;’nﬁpmw sepse « if || SI4log2 fhen
ex{;(bséexp(gﬁé Q%P(“S“> < 2 QWCl So

lep ()= —m [ & (o) 7 < = (25 ©)

We claimthaf

D)



I
in osente fo be made precise in a momenh. Jet L = CXP(VTIW)’iv m oand R = eXP(VIﬂ) ~LIv=m

Then

6xp(%)exp(%«)= (lv o x)(iw%wzﬁ
= 1y +;+R+i+gﬂ,ST+—SR (24.1)
X R LTHXR.

2 2 L
SU\PPOJe “S“<l072) “T”<lo7lA’n’)eV\ |og (23 'J_) ” Z_ ” £ ((0‘73_3 v‘_vﬁ—) ”Ru £ ((ugl} m2

cinolso for all mz |
[ exp(F)exp(m) =Ly =22 — m [
| R+ s msT AR F AT 2R

<RI+ e IsITI+ s hsh IR+ 24 2)
AT+ nzn LAl

) 3

2 | 21 2
= (log2Y g + (log2) f + o (o2 + aplieg?)

|
+ rvl1_3 ([00,3-)3 + ({072,)%;;9

2 |
< b(log2) pn < ;Y%'

S T
i ch proves (236). Sime mw — 0, 5 >0 = }5(\/) o mi = © and both the cxponenﬁ‘a/

and mulhiplication ave confinuoun (Lemma BI-8 cnd Lemma B)712) we hewve
exp(‘sm') exP(nlAB — 1y v m— 0 and hence Hpr ,m swﬁﬁ:\c.'ean lcivge This
PV%MML is in fie domain of the logavithm.. Hena by (23-6) for suffictently lavge m
and [5(< g2, 17 <1092

oqlen(Z)en(B)) = bo( v 5+ T+ 00} e



/ CI: 2[0721—6

S :\’_ s il £ < e :
Now /} S *O(m N ’m- m T = Tm whidais savacH‘j less than (=

far m mﬁefci@nflj large. Hence for such m, l’j Lesmma B1-14"

loq(exp(%)ex/’({?n)) - S+ mro(|= +%\+o(,’;a)/(z) (201)
= Y.ST\ + lf;L + O('EL)
Hene bj Lemma Bl applying exp o both side yields
(27.2)

exp(i)ex'a( %) = ex‘;(i t :,EL t O(m B

Henee by Lemma BI-II Git) for [ISlI<leq2, 1 TlI<leq2 and m»>O

(Y=

[ enp(F)ep(3) ] = ep(se T+ 0(m))

By conﬁnu'\hd of the exponential
i [ ep(H)erp(7) ] = ep(lim, (s+Te0 ()

= exP(Si—T>.

Aclznow’edqwnemh Thonls 1o /H?thWIZhavnj and Bvicin Chan for Fo;m’ma ouf
avn evrror /in Won'j)'nql stofement of Lemma Bl-10;
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