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Background 2 : category theory updated 2914121

We assume without commentset-theoretic foundations which include sets and classes (FCT]
.

There is a classofall set
,
and of all abelian groups, etc . Category theory is the theory

of universal properties , the only sane API formany mathematical constructions.

Def
"

A category L consists of

(1) a class ob (8) whose elements are called objects
(2) foreach pair a , be ob (b) a set 8 la , b) whole elements are called morphisms

tomato b. Wewrite f- a→ b to mean f- c- Ela, b) .

(3) for each triple aib, c c- ob (E) a function

Mabe : 8lb, c) ✗ Ela, b) > Ela, c)

called composition .

We write fog for Mabe (f, g)
.

(4) for each aeob (8) amorphism Ia : a→ a
,
called the identity

subject to the following axioms :

(1) (associativity ) for any objects a,b, c, d c- ob (8) the diagram

mx 1

Etc, d) ✗ 8lb, c) ✗ Ela, b) > 8lb , d) ✗ 819, b)

1- xm m ( 1. 1)
v -

ble , d) ✗ Ela , b) > Ela , d)
m

commutes
.
That is

, for all f. a→ b
, g :b→ c

,
h :c→ d

h o ( go f) = ( h o g) of ii. 2)



②

(2) (units) for any objects a ,b the diagram (1 is the singleton set {*} )

1- ✗ Ela , b) < Ela ,b) > Ela , b) ✗I

↳ ✗ I
1

1 ✗ La (2-1)

v v v

Llb , b) ✗ Ela , b) > Ela , b) < Ela , b) ✗ 819, a)
m

m

commutes where Lal* I = 1a
,
lb 1*1=1 b. That is , for all f : a→ b

1b of = f = f- • Ia (2-2)

Remark sometimes Ela , b) is denoted Home 19 b) .

Example 132-1 (1) The category Set where the objects are sets, Letta , b) is the set

offunctions a→ band composition m is function composition .

(2) The category Ab_ where the objects are abelian groups, Ad (a) b) is

the setof homomorphisms of groups, mis function composition .

Similarly arp_ denotes the category of all groups .

(3) Given a ring R we obtain a category RMod_ of left R-modules

(and R- linear maps ) anda category ModR of right R -modules .

(4) Given afield kwe write kVe# for KMod
,
the category

of K-vectorspaces and linear maps .

( s) the category with one object * and one morphism 1-
*
:*→☒

.

(6) The category of normed vectorspaces over IF and bounded linearmaps .

(7) The category ofHilbertspaces and unitarymaps .

(8) The category -0¥ of topological spaces and continuous maps.



③

Def
"

Let it, 13 be categories .
A functor F-A→13 is the data of

(1) a function F : ob (A)→ ob(B)

(2) for each pair agbeob /A) a function Fab : Ala, b)→ Pl Fa , Fb ) ,
where we often write F( f) for Fab (f) .

subject to the following axioms :

(1) for any objects a ,b, c c- ob (A) the diagram

m

Alb , c) ✗ Ata, b) > Ala
, c)

Fbc ✗ Fab Fae
-

u

13 ( Fb, F-c) ✗ 131 Fa , Fb) > 13 ( Fa , Fe)
m

commutes .

That is
,
for all f- : a→ b

, g :b→ c we have

f- ( go f) = f-(g) of (f) .

(2) for every object a c- ob(A), F-( 1-a)
= IF (a) .

Example 132-2 (1) There are forgetful functors F : AI→ Let
,
F : arp_→ Let ek

which send an abelian group (group, etc) to its underlying set,
and functions to themselves .

(2) The identity functor 1s : it→ it which is the identity on

all objectsand morphisms .

(3) A subcategory of it is a functor F:P→A which is the

inclusion of a subclass ob(D) C- Ob(A) and Pla, b) E Ala, b) foralla, b.

(note that 1-a C- 1319, a) if a c- 0611311 .



④

Lemma 132-1 If F :A→ P
,
G :p→ 8 are functors then Go F :A→ 8 is a functor

defined by a l→ at Fla ) ) on objects and ft GIF(f)) on morphisms .

Proof we have (Go F) ( Ia ) = G1 Fl Ia ) ) = GI IFa) = 1-
alfa]

= 1-
( a. F) (a) and

for composable arrows f. a→ b
, g
:b→ c

,

(Go F) ( gof) = G( F( go f) )
= G1 Flg) of(f) )
= a (1--19) ) o al Fff ) ) = ( Go F) (g) 0 (Go F) (f) . ☐

Remand Functor composition is associative and 1A '

- it→ tack as an identity .

Given a function f :S→ 2 we call { se SI f-Is ) -1-0} the support of f- and say
f- has finite support if this set is finite . With S any setwe consider

V (s ) = { f:S→ 21 f- has finite support }

This is an abelian group with
(ft 9)G) = f-1st +91s)

,
and it is generated as an abelian

group by the functions 8s :S → 2 defined for each SES by 8s ( t ) = 0 if stt and

8s (s ) = 1 . Clearly f- = Esses f-G) Is as element of V15) . Abusing notation we may
write s for 8s and view f- c- V15 ) as formal linear combinations of elements of S . We

denote by L
: S→ V15) the map sending s to lls) = fs

.

Lemma 132-2 Given any abeliangroup B, sets and function h :S→ B there

is a uniquemorphism of abelian groups
Ñ : V(s )→ B making the

following diagram commute

VCs) - - I- → B
(4. 1)

itIs



⑤

Proof we define Ñ( f) = [ se s f- (s) hls ) .

This sum is finite since f- has finite support .
It is easy to check that

Ñ is a morphism of abelian groups, and
Ñ ° L = h

.

To see

uniqueness suppose Ñ
'
were another morphism of abeliangroups with ñ

'
o 5- To L . Then

we have

ñ
'

(f) = I'( Es es Hs) Js)
= Es es ti

'
( f- Is) Is )

(5. 1)
= Es

← s
f- (s ) till fs )

= Es es Hs ) h ( s ) = Tn ( f)

so Ñ is unique as claimed . ☐

The abelian group V15 ) (or more correctly the pair (V01, 4) is called the free abelian group

generated by S . The word "free " summarises the universalproperty expressed in (4-1) . Replacing
2 by any ring R the same method constructs the fveeR-mod on a set S (and if

R is a field we call this the fveepae ) .

ExerciseB Prove that if K is a field and S is a set
,
then { 8s }se s is a basis of

the free vector space V15) .

LemmaB Given a function f- : S → S
'
between sets

,
let ✓(f) denote the

unique morphism of abelian groups making

✗ (f)
✗ Is ) - - - - - -→ VCs ')

L T T u
(5. 2)

s
f

> S '

commute . Then V : set → Ab_ is a functor
,
called the freezer .



⑥

Proof If f- = Is then Ives ) makes (5-2) commute and thus V1 Is ) = 1- vest by

uniqueness .

If 9 :S
'
→ S

"
then commutativity of

V(f) V19)
VCs ) > VIS ' ) > VCs ")
n

ilf l | L (6. 1)

S > S
'

> S
"

f g

means that lo ( go f) = ( V19) 0111ft ) ° l and so by uniqueness V19 ) 01111-1--419of/ - ☐

Given abelian groups A , B, T a function 9
: A ✗B → Tis bilinear if Plata ! b) = Yla, b) 1- 9191, b)

and 919, btb
' ) = Y / a, b) 1- Yla, b

') for all a, a
'
c-A and b

,
b' c- B.

Lemma 132-4 Let A , B be abelian groups . There exists a pair (T, 9) consisting of an

abelian group T and bilinear map Y
: A ✗ B→ T which is universal

,

in the following sense : it (Q
,
4) is any such pair, consisting of

an abelian group Q and
X : A ✗ B→ Q bilinear

,
there is a unique

morphism of abelian groups Ñ making

P

A ✗ B > T

i
Y

→

☒

É F

commute
.

Proof Let V (A ✗ B) denote the free abelian group on the setA ✗ B, and L : A ✗B → VIA ✗B)

the canonical map .

We will define a subgroup N C- VIA ✗B) andprove that

the composite A ✗ B →l VIA ✗B)→ VIA✗ B) IN = :T is the required
universal bilinear map Y.



⑦

Let N be the subgroup generated by the elements

l( atal, b) - Lla , b) - Kal, b) 9,9
'
c-A be B (n )

Lla
,
btb ' ) - Lla , b) - Lla ,

b
' ) a c-A b. b'c-B

set T .
- =

HA ✗ B)IN as above and let T.be/ToL where IT : VIA ✗B)→ Tis

the quotient . Then

Plata ! b) = a-( Hata ! b) )
= Tt Lla , b) t Hal, b) ) (7-2)

= 17 ( Lla ,
b) ) 1- IT / Lla '

, b) )

= ya , b) t 9191, b)

and similarly Ylaibtb
'/ = Ya, b) +Mais

') so Yis bilinear
.

Toprove the universal

property suppose ✗ : AXB → Q is bilinear . Then by the universalpropertyof the

free abeliangwupwe have a unique morphism of groups Y
'

: VIA ✗B)→ Q making

✗(A- ✗ B) Q

+→
A- ✗ B

commute
,
and

Y
' (fatal, b) - da, b) -Kalb) ) = Y'(clatal, b) ) - Y

' 149
,
b) I -4449lb ) )

= Y(atal
, b) - Ha, b) - ✗

' Cal
, b)

= 0

similarly Y' ( llaibtb
' ) - 49lb) - Lla, b'11=0 so ✗

'
(N) -_ 0 and hence there is a

unique morphism of abelian groups Ñ
: T→Q with Yo -11=4 ! Thus



⑧

of = Foto L = Y'
o l = ✗

To see that 4- is unique with this property suppose K were a morphism ofabelian groups
with Ko Y = Y so ( ko Te ) ol = Y. By the universal propertyof the free vector space
Ko TI = X

'

and thus to IT = Y
'
= 4-☐ IT

. Since IT is surjective K-F. ☐

DEI Amorphism f- a→ b in a category A is an isomorphism it there exists g
:b→ a

with fog = 1- b
, g of = 1a .

Any two pairs (T, H, IT! T
' ) with the same universal property are (uniquely) isomorphic -

.

Lemma 132-5 In the above situation
, suppose ( T's Y

' ) also possesses the universalproperty.

By the respective universal properties there are unique morphisms of abelian

groups J, E as
in the diagram below

9 > T

A ✗ B S f) E
y
' TT '

satisfying 89--9
'

and c- Y
'
=P
,
and these morphisms aremutually inverse,

C- 8 = 1-1
,
f c- = IT !

Proof the stated morphisms J
,
E exist by hypothesis .

Note that foe -

- T
'

→ T
'

satisfies

80 E ° Y
'
= 809 = Y '

and so by the universal property of IT! T
') we have to C- = It !

Similarly C- of = IT
. ☐

DEI Given abelian groups A, B we define A
☒B =

V1A ✗B)IN as above and call this

the tensor product of A, B .
The equivalence class [ 49 b) ] c-A☒B is denoted a ☒ b.



⑨

Exercise 132-2 Ii) Prove that a☒ 0--00-6=0 in A☒B for all a c-A , b c-B

Iii) Prove that {ao-b3ac-A.beB generates A☒ B as an abelian group
but give an example of A , B for which A ✗ B→ A☒B

,
ca, b) I→ a 6- b

is not surjective (not all elementsof A⑦B are
"

pure
" tensors)

Liii) Given morphisms of abelian groups ✗
: A→ A '

, P :B→ B
'

prove that

there is a well-defined morphism of abelian groups ✗ ☒p : A⑦B→ A'☒ B
'

with @ ☒B) (a ☒ b) = ✗ (a) ☒Pcb) : Prove that 1A ☒ 1ps = 7-A ☒B and

if d. A'→ A
"

, p
"
- B'→ B

"

are morphisms of abelian groups then

( d '
☒ p

' ) o (✗☒f) = ( ✗ ↳ a) ☒ Iplop) .
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