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Baa/aﬁround Z  Categons theon

We assume without comment sef theovelic foundations which include sefs and clases [ FcT].
Theve is a class ofall ses, and of all abelian goups, efe. Cafegovy f’heoiz/ is the theouy

afumvma/pmpe/ﬁw) he on/y sane APL for many wmathematical conspuctions.

Det™ A cafegovy G consish of

(1) a class ob (B ) whore elements ave ca//ed%b/éiﬁ

(2) foreach pair abeob(E) aset G(ab) whore elements ave callec moyphivms
fom o b Wewrile £-a —>b fo mean £€ Clayb)

(3) foreach Mple a;b,c €0b(E) a function

Mabe - Glbc)x E(ab) —> C(3c)

callec| meDJ)'/’fOn e wiie ]COj for M ghe [75, 9)
(4) for each a€ 05(5) a morphism 1. a— A, called the /‘c/en/-/g

subject fo the nﬁo//owmg axiomns:

(f) (Ols&ondH/@) —for any ol@‘ecy‘r a, )o) c,/d éolo(g) the dr\agmm
myx L

E(C/d) X 8(’°)C) % 5(%6) — C(\")d) ><?j(q/lg)

1 xm J/ l m (1.1)

Glc,d) % E(ab) 5, E(a,d)

m

commutes. That fs)ﬁrqll 7£:a_——)la,j:b—)c/ h:c—>d

ho(90f) = (heg)-f (2)



(2) (@3 ‘ﬁ)f any O[DJE',C‘]‘S q/b Md\‘qgmm (ﬂ (s ﬂ’)e S\“ﬂjleﬁm ret {’k} )

1L xElab) < El(a) —> G(a,b)x1
L,x 1 1 1xlaq (21)
z(b)\o)XB(O,E) — E(qlb) <—m 8(q‘|o)>< Zﬁ(q/a)

tommules where Le (¥)= j—a) L () =Tu. Thatd, for all £:a—)}

1L°£=3C=J(:°Lk (2-2)

Remark Sometimes C(ﬂ;b) Is clenbkd HOW\Z? (Q/ L’)-

Example B2-1 (1) The CaJregovj Set wheve the objecﬁ'am fe/jj Set(a, E) is the ref

of-functions @ —> b and composifion m s function comporifion.
(2) The cqfegom Ab  wheve the olojedj ave abelian groups, Ab (a,b) 7
The set-of homomorphisms of quinps, ym is funchion wmpoifﬁon.

51'mila/ly Gep dentles the categony of all guoups.
(3) Givena ving R we obtain a caregon RMod of feff R-modules

(and R-lineav mo{P:) al/w(acqfegovy ModR mém\ghf R-moclules.
(4) Guivena field R we wiile R Vect for R Mocl ﬂwcaﬁeaoy

of R-vectorspaces and [inear maps.
(%) The categow with one 6 bjeck % and one moyphism Lo x —x

(6) The cafegony of novmed vedz)rfloac% over [ and bounded [(near maps.
(7) The cajregouy cff/’///beﬂtipatw and z/m//‘my maps.
(%) The cafeyog Eﬁ of hfeloyi(a/ spaces and continuous maps.



Det” Let J‘}/)B becajregoviej). A functor F.ﬂf—)ﬁ is the data of
() a funchion F:ob(at) —> ob(B)

(2) for each pair a, b eob() afunchon [, - A(ab) — B(Fa, Fb))
wheve ae aften wite F(F) for Fou(F).

SMIoJ‘echJroi/lAe {o”bwmg axioms -
(l> ﬁr any obJeO‘:r 01,5,6 €ob (ﬁ) The c/z’agram

(b g(ab) —— A(a0)
F\;c’“ ab |/ Fac

B(Fb,Fc) x B(Fa,Fb) — ﬁ(;q,&)
Lommuler Thatis, forall £+ a—=b, §-b—=C we have
F(9ef)=F(9)-F(+)
(2) forevew object aeob(A), F(1.)= Llra).

Example B2-2 (1) There ave forgetful funchon F:ib—e{e_f/ F: Gp — Jef efe

which send an abelian guoup (gvoup, efe ) 4o it undevlying set,
and ﬁma’iom fo themselres .
(2) The Tclenﬁ'ﬁj Ffunchr 14 A— S which is the (\C((’VJ/{/'?/ in
all objects aincl moyphisms.
(3) /]rmlocafegoy of S a functor £ B — ﬁw/n% i the
inclusion of a jbclar ob(B)< 0b(F) and Blab) <= SAa,b) fovall a,b.
(nole that 1o € P(aa) F aeob(F))




Lemma B2-1 IF F;J&—eﬁ) G}E—QC are ﬁmdan then Go & — 5 irqﬁmc/vr-
definec by a t—> G (F(a)) on olg/ecﬁaml Fr— Q(F(£)) on mophism..

Froc We have (C°F)(1a)= GIF(1)) = G(Lra) = Taray = Liceryfa) and

%fmeofqbleawouus f:aﬁlg) jzb_acj

(c-F)( 3£ )= G( F(3-F) )
= G(F(9)= F(F))
— QUF) > GIF(F)) = (@=F)(3)= (G=-F)(F)

Remark Functor compon’ﬁbn is agociahve and Lot A=A ack a1 an ?o(emliél/_

Given o funchion §: S —> Z wre cll {se S| f(f):FD} the suppot of [ and say
F hos Linile mEEowL i this sef is faike . With § any ref we consider

VI(s)= {)a"S_>ZI £ hon finile J%PPO/IL}

This is an abelian group with (F+9)) = F) *7@")) and it 1s 9ememﬁed on an glelian
3wmp\mﬂ’he ﬁmcﬁom 8 S — Z dobined forecich s S by §(t)=0 if 5= € and
{s()=1 Clea/lj JL = Zse S JC(S)J: an elements of \/[f). /Hmm'ng notation we may
wike S for ds andview F£€ V(S) as formal linear wmbinations of elements F S. We
denole by L S — V(S) the map sending s fo Lls)={,.

Lemma B2-2  (Giiven any abe flian goup B, set S and function h: S —> B there
Is a unigue moyphism o abelion Gooups hV(s)—B maileing fhe

ﬁ/lowir\a diagram commutle

ad

I
V) - ---— B (1)

LT/



froof (e define R( f)= Z;c—S £(s) h(s). Thissum is Finite sine £ han ﬁ'n/}[em/gloo/f
Thiseany o check that R is c moyphism of abelian groups, and het=h Tose
uniquensss s uppose R weve ansther movphism of abe/fqnﬁuoqu with B o0= Rl Then

wnwre h&(l/t

~/

V(F) = B2 F0)d)
= > KoL)
= 2L s FOIRE)
= S s FeIn(s) = R(F)

(r.1)

so Tb ianicfueaﬂdallmgd\g

The abelian guoup \//f) (0' More oomecHy the /Dair [\/(l)/ b)) is called the free abelian qroup

3enemkd bv Q. The word “red" summavises the um‘vewa/’pmpe»’iq ex/Dm%Jed n (4-1). Qe/olacmj

Z by any 1ng R e same methoc conshuds 1he free R-module on aset S (and i
R isafield we call this the free vedor space ).

Exerciie B2=| Rove that if A 5 a feld and S s a sef, Then 14 };GS ¥ a banjs of
the freo vechr space V(S)

Lemma B2-3 Giiven a ﬁmcﬁon f‘- § — ¢ be fween Jef'r/, lef \/(7CJ densle the
unique moyphism of abelian guoups W)a/&/nj

V(s) ~—Y£F—)——> V(s')
§ K (r2)
S S’

Jl;

commude Then V= Set —> Ab is a ﬁmc%ofj called the free émﬁﬂ



_Pi.o_l)r Tf jcsjs then 1V(S) makes [I‘—Z) wmmukandﬂam \/(15): 1\/@) Bj
uniguenoss If §:S'— S" then wmmutatiity of

\(F) V(3)
V(S) V(") (")
L T /[L /{ L (¢.1)
S 5 S/ S“
f 9

means that Lo (90 f) = (V)= V(F) Jo U and 1o by uniquene) s \(9)sV(F)=\ (90 F). 7

Uiven abelion qroups A BT o funchion £+ AxB —> T s bilineav i F(atal,b)=Fla,b)3 ¥(a)b)
and Flab+b') = Flab)+¥lab) for all a,a'€A and byb'e B.

Lemme B2 Let A, B be abelion qoups. There existr apair (T, 9 ) concishng of an
abelian gwap T and bilinear mop f-Ax B —> T whichis univenal ,
inthe following rence : if (8, ¥)is ang such pair, consirfing o
an abelian Group Q and ¥-AxB — & bilinear, there it a unique
mowhism of abelian guoups 2 making

AxB —— T

commue

M [ ef \/(AXB) clenote the free abelicin quoup on the fefAXB} and L AxB—=> V(A XB)
fhe canenical map. We will define a subgroup N < V(AXB) and prove Hraf
the composite A x B —5 V(AxB) —> V(AxB)/N =T s fh@/ffzfl/{/rea(

univewed bilinear map ba



Lel N be the wbﬁvoup fjenemled by the e lements

L(a+a’,la)~t(a,b)—t(q)/)o) a,q'c-/—) be R (71)
L(a,b+b') = ((ab) — L (a,b") ach b b'eB
Set [ = \/(AXB)//\/ an above gnd let Fbe Mol where T N(AXR) —> T is

The C(oneM. Then

f(aralb) = L(a+a’/lo))
= 7( tlap)+ Lla) b)) (7.)
= T (t(ab)) + T(t(a'b))
= f(a,v)+ Plalb)

and sx’mz'/a@ flabrb')=F(a,b)+ f/a,b’) o Pis bilinear lo prove tha unienal
pwpevhy suppore Y AxB —> R is bilinear. Then by the univevsad puoperty ot the
free abe/ianjwu/;m haee a an/‘gc{e wohism aﬁgwm{w ¥ v(AxB) — QR makring

/

V(Ax8) A

/:}B/

(/OVWW\Ml?) ancl

Y’(t(a+a’/b)—t(a/b)—L(a),b)): Y (clarale)) ¥ (clab)) - ¥'(¢(a)k))
= Y(aralb) - Flab)—t'(a)b)
=0

Sm”([qy(‘f f {{ Llabtb!) - tla,k) —t(a,b")) =0 o F(N)=0 ancl hence theve 5 a
unique momhismafaba/mm jwulp] VN T— QR willh }2‘0 T =" Thu



Vof = Pellel =F ot =7

o see haf ‘?U umique with this ]Dvopev/vj suppore 7C weve a MDM»/J}’}? ot abelian gwupr
with o =¥ 5o (Koem)eL=V /37 the univenal /:wpeu/yaf The frex veclor space
Lo Tl = ¥ ancl thws KT = ¥ = ’3\5°7~ Since 7C juyécﬁm c="F 7

Q%EL A mmohifm jc-'fl%b J'V\chafeaomj ﬁj’: an iJomoggl/l)‘J//M 7 there exivls 3 b— a
W}ﬁ’\ 7003 21],/ 8 ojpsiq.

Amj Hwo paiv (T, P),(T) ") with the sqme univenal PwP"”jW’f (un/‘c(me[y) isomoyphic

Lemmm 52’5‘ IVL ﬂ"é’_ GlL)DI/‘E’ s/'%uaﬁom/ JM/JPOIe (T/J th ,) 61/10 Poﬂe/u& W an/’l/ewa//fom}pen?
By the V\%/Deﬁ[ﬂ/ﬂ univenal }pwpe/ﬁw fheve are unique moyphisims of abelian
jvouln é/ E an/n W clfagmm be/D(/U

safisfying §f=F"and €¥'=Y¥, and these monphisms aremutually jnveve,
c§=1r fe=171

Eoﬂl’) The staled mowphisms é/é exist bﬂ hypoﬂ)eﬂig. Nofe that § € - TI—QT,S‘HW‘J’#GA
§e€o¥'=8F =9 spdo by the univenal puoperty of (T)¥') we have Joe =141
S)m;laﬂy 6"& = 1‘(. D

Det™ Giiven abeli‘anawulos A, B we define AOB = V[AXB>//\I an above ancl call thix
the fensor pwcluct of A;B. The equiralence class [tUab))eA®B isdenokd aeb.




Exercire B2-2 (l> Fore that a@0O=0@b=0 in A&B 7%r all aéA/ beR

(i) Pove that {aeb}qef)‘beB generater A®B a4 an abelian group
but give an example of A, B for which AX R—A8B, & a6b
is not sujochive (nof all elementsof AGB ave “pure! fensos)

(i) Given movphisms aﬂabe\fangmups ~A—4, BB ) puove that
theve 1s a well-defined morphism of abelian guups « @2 Ao B — A'®R /
with @ @@)(agh) = (a)ef(b) Pove that 140 1s = Lyon and
£ (A=A ﬁ"— B"—B" sre moyphisms o abelian roups Yhen

(alap')e (o) = (4"} & [¢-p)
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[FCT] Foundathions for Cafego»ﬁ Theow The risingseq.org.

[B] Barce,uxJ “Hawdboah 072 ca?Legoyica/ a/gebm ”.



