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Real ﬁ/lmﬁs have Sjmmefn‘ey. s is a mundane )OWLc/ee/J /Dlrmc;'/p/e - e wnfm,oox/ﬁl/e
isthat if a phewomen//z disappears when You change your wovdinale 53ermJ % pwz‘
chHmnHy iF the phenomena disappears when the measurements are made by a di e vent

but “equivalent" obsevver, then the phenomena. is probably nof real; it may juol be
an ar#‘fncfﬁfgyour/oowhﬁ view. Indeed this may be a Rind of fautology .

But when do fwo observers count an ”eo/wm/en%” ° Whatdoes JF mean for The }Dhenomem
b {(a/ifalﬂpearu 7 I, shovl, the modevn answevto the fint ?Me/ﬂ%m /s that-fwo observeis
Lount an equ/’m/emL if their reference frames are related by a Lie quoup awocialed 7o the

(ohenomgna ihe/,[’) and q Jysfem cf;g me&wumeem/D aﬂ mw%’p/e eq om/g/emL o brevvew

Lounfs an a ”nsa/phenomewa“ i the weonuvemenss fran sform as a 'ﬁ’/JV‘t%fﬁ/ﬁﬁb”l

of-that- Lie guoup. Thus Lie Groups and their ns/omem‘z{%zbm lie at The hearfm//ohyﬂa [i,2]

Exam gle The ﬁmf/DUJ/M/a fe 03£ J/De C/AOI/ r\e/a%iv//? [3] s

‘ The laws by which the stofes of physical 5y¢}e}’hf undergo
change ave notaffecked, whethey these changes of state
be referred 4o e one ov the other of o systems 4

co-ovdinales in uniform Mw.r/ah;vy moton. "

The velevant L/'eﬁwu/D is the foincare group which /s the group of covtrnuous maps R*— R’
j@nem/‘ec/ bj Fanslatons anc the Lorentz fanspematons O(3,1) < GLL, /”Q)/ which
are those linear hansformatons |~ IR — R* presewing the inRowske jnner /pwdm}

<‘£/\L> = — W\ + UVe + U3V + Uy Vg (rr)

All oﬂ This may be devived (cv Einsdein d/'c/) from ashort list mﬁ!)oﬂ’u‘ah?/l which ﬁgeﬁ/}er
define when fwo observevs are eg_u/'lfa/()nf From the point of view of special m/aﬁvizfcf‘
These idean are reviewed jn MAST30026 Lecturen | — 5.



To souy Fhat Guis aLie goup is simply 7'vmy that 1he prociu ¢ m GxG— G gnd mverion
1G> G defined by o(9) :j/’ have confinuows denvatives of all ordess, that /s, they
are smooth functions . To e a means ot cle fem;mmj which fanchons desinecl on &, Gr &
are smooth s #o define the shucture i a smooth manitold on Q. We will o his soon in
lechuren, bubdor G = 0(3,1) = My (R)=R" with G given s manifolel shuchure as
a reqular submanifold of R we can give an od hoc detinition

We ic\em%‘@ My (R)= 'R{éaﬂ a ﬁPD/Djf(a/ space. and quve G the subspace Fop D/Dyj

|6
(tec Lecture 6 of MAST30026 Hor the necessany bacéﬁwanc/) with inclupion J G — IR

M‘ for V€ G open a Function £ 0 —/R s called smodth i for evew p € U
There js an open Melyhborhaoc/ we zr/?/o fogether with VS R open and
=2 IR gmooth (in the woual sense of mulfivaviate calculua) such
hat VNC=W and 9, =F 1y

b 16 b 2
Pelblacmj CZQ /Rl Lj CX CL = R x {R, = [R ZJM})P),@ @ deﬁ'm’ﬁbn ff’£ a smoolh ma/*\/ﬂlMQCj
+anction on the /JWC/MC/L CxG [ajm'n/ we will return Fo i's more stylemaﬁ(a//j lafer ).

Defnfion  Lef U be either an open subset et Cor Cx G and U —> & a fnckon Then
7f ;SMA if 5\/5'{7 WVV’PD’JQW%U{ JOJZ v — /R(G is Jmoof'hJ fhat s, i+ 7%r S

6 Te
U— 6 —R"—>R

is smooth where Tk denotesr #e Rt }Dv\o/'e(ﬁbn.



Levmma il The mmlﬁph‘caﬁon m:CxCo— O and invenion ¢ - G.—> (& ave swmooth.

For the )oroo'f we need Cramer's vule.

Lemma L1-2 (Cmmw's m'e) Consider an nxn inverkible makix A over a freld 15)
avector be R" and an e7ua/7'on Ax=b. The ungue solution is

[

-
x = ol detA), L det(An) ) (2.)

where Ai s A with the ith column yep/a(ed by b, <.

4= (Aw A b AL ALY o)

Roof Consider The linear mop T R"— R" defed by

[

-
T) = T detm), . deb(An(s))

where AL‘ (3) s A with j Sl/fbﬂéﬁfffa[ /n The cth oo/umn, This is [inear /‘ny 5_7

bapic ﬁm/m?/ﬁ%mé detorminants- det(Ac(Y Jrj')) = def(Ac(v) +det(Acly))
ar)c( 6/€7L /A((]j)) == de/’/q Az/y)) = ;\C/@/L //'}t{y)) NaW 0/)J6’WE 7%5#

T(A.;;) = de;(A)(O/ - o‘ef//ﬁr)).-_) O)

Hence [ is sug'em%ej hence /rl;/'ecﬁm (dimensivn 76””“/”’)) that s |

is an )somoﬁﬂhum. Let T R"— R"™ be 7;(1> =Ax. Then we have
T Ta(e) = T(A-; ) = €l fyrall ¢ 5o we may conclude | Ta= 1)
fhat is, | = 7,;:) . Then the cAniqMEJo/NfD (31) s x=A b=T(k). O



Fodd o Lemma L1-1 The mu/ﬁ/a//‘caﬁm map L iafo a commaiutive aéi‘agram

R*

Rex R" i s R
) K TJ

&X&. 4 Ce

where The wmfoﬁeM/T P M send Tuo ma/n‘cm/ viewed qy column veci%w/ 7o
Some emw of the /ngc[ucf/ which (s o /Do/yz/)Dm/Z?/ fanction hence smooth .

The javewion ( GxC.—> G b mba wmmwhﬁm g//‘qymm

T
CLy(R) — Rle

T E

G > (L

where GLy(R) < R s an open fef [#U/VGI/DW\/J/QV)MM/LJ/ def /O) a closedl seF)

and L is The funchion Jending an inverible makix 7o ifs invewe. Tt therefore su fficea
fo show I is smooth, and for tis it suffiees Jo show for (éj < 4 thaFthe function
T GLy(R)— R* Jsending /1 #o Fhe jh colurmn of A s smooth. But then

J
Ij (A) is the Mniq(/{e rolukion & A)ZJ (A) = €J- Jo by Cramer’s rule

.
T(A) = aagm detim), . der(m))

with A ¥ defined approprately The enpies in I (A) are rational, hence smeoth, funchons [



We hare now shown that he operzzz%m on o(3 i) are smooth. thnl'm/f\«/ +v show
0(31) isa L/'eﬂmup we alio hoive #o chech that O(3,1 ) is a requlor submanrfold of
/R/é (re. that # Jooks )oca//y ke [RR < R For some #) but we defer this o lafer

For nowlet ws vefurn 7o the 7“”790“ “what iy req/.?“dﬂc/ wmp/efe e fint fe/h’na aﬂ the
story that will serve as a moﬁ'm;’v‘ng thread for the clase. This brings ua Jo Wigner's
theovem, ﬁ//owmy Wembg@ [2,512]

Observers  As discussed above, the Loventz 9youp 0(31) is the gvoup A all lear

bansformations T RY¥—>R s that < T, Ty> = <297 forall 24e R’
where <> s (1),

Def” The Roincaré qoup is The group of Sunctions T(A,a) RT— R? defined by
T(/\—, 0\)(1) = Ax+a Wlf)eme /\~ € 0(3/ 1) and aefRf The 7»001/3 opemﬁ(m

[s wmlpon'ﬁow.

BVOWIDWPMA an observer s a pevwon or device which makes enpiesr in o /inva/-c
copy of R* defailing events (t,z,9, 2 ) which occur awund #hem. Observers are
relafed by fhe ﬁ//ow/nj vules (an a simple Fiot appwximation )

Bquwe Hal an ohserver A vecords a seviey o events oom%pomolmg fo the constant
linear mofion o another observer B Then A can use the 7%//001//‘/)9 procedure
b ]gmdl‘d— how B will measure any event that A ilelf measurea -

* Determine fom B's motion an a/apvopwdfe element T\, 2) o the Pojncaré gwovp

« Given an event x €R" ar megoured by A, then A prediich that B will meaoure
T(A,}q) ()

SPQG[OLI Re{a%Ul’{y Sagi ﬂ’)WL /}IS ]Drec’[\cﬁom /;Z BIS VV)eaOblmeeVﬂLf W/‘// be LO/PC’C/(.




We wil prove latev that he Foincare guonp Is c Lie group. Sothe above ruley y/‘ws our fint example
of “equivalent ohservers” being relafed by a Lie group (infact we may | once a “standard”

obierver is choren, identify observess with Lie group clements ) and their meanurements

bﬂlr}?’ PB’CL'}"ECI by an 61.647-0)’) V)Z f%/f L/E’ gwu/;} in this cave the ciction (C\= )Do/'ncay‘eljwujb)

b
y ¥ po
CL x }R R (6-0
(A /1) —— Ax
from a physical point of view i seems natural fo ot only vequire ¥ +o be a confinuows fanchon
o ity inpufs (swall vavafions in the oherver B's relative posifion or mofion Jead fo small vaviations
in their predic fed meowurements ) butalse smooth . Arguab(y if his were not the oue Then

ﬂ/)ephemmena bemy meanurved could not be me cvurec by macrcopic observen atall, since

evew oherver is ihelf Flucz‘uaﬁng acwir fime  (see MAST30026 L1 p.(D for more discussion ).

If Qisa Lie guoup then a vepresentafion of Ciis o vector space V ﬁj@ﬂﬂw with a
smosthmap GoxV — \/ sechisfying he obviows axioms. Righf now if-ir nof clear
whatwe mean by “smoo" but this will be defined carefully lafer. The general
principle of relcdivishc guantum mechanics is thaf asso ciated 7o each /z)mﬁ'c/e
is e representation of 1he oincart quoup jn this senre on he Hilbert space
ﬂﬂpaw‘fc/e Staten. Thwsone sfarﬁ'ng Pomf for an intwducfionto Quantuim
Fiell Theow (QFT) is the sfudy of thie repvesentation Theow of hir Lie Gueup [2].

As we will see 1his J/uc/y is much ascisted bj the we of Lie a/gebm/)J which exhibitthe
{(/WﬁWr'rlw/ma/j&nemfom . of Lie groups.

Next Jecture we will looR at the Lie guoup So(2) acﬁng on The Hilber} space L5(S i),
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