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Tn the fint lecture we explained how 0 bservers ewimle% Jo a fixed observer can be view ed

a» elements of a Lie gwoup and how the “wnvewipn" between meanurements of, drfferent
observers Taker the form of an achon o +hat Lie Goup on the space of possible et rements.

We gave +he exomple of the Po/manfjvw/o (. and mearurements R of clasical events,
where the achion G xIR7— R* was J"M} max mw/ﬁp/)'ca#on- This is /mrc/y deep,

but when we replace fhe space of meanurements R L/g;é classical even)s with the Hilbert space

0 of o quantum syskem a theoy a,fjrfa/ beau’y emerge [73. As #his will be our
Pm’bway into 1he mathemedical /%eouy of Lz'ejwu/or, we will in this lecture 3/’4/? a careful
heatment of- how we cometo believe the clas of gg@g Fransformations F—t

are The appwpviafe fansformarons 1o nzpvmenf elementr jé .

We recall bw‘m[/y some of the axiomatic framewovk of 7(Aan7Lmn mechanics [7321] Ascociated o

a gquamtum sysfem is c Hilbert space 3 of states Aphgf/ca/ state of. the system r‘EIDVI%EVUL@C[ by s
s an equivalence clay o unitvectors, where fuo unit vechn 5 ave equivalenf f-there exish
Fe U(1) (vecall this denolen the set of complex numbes Z with [2l=1) with ¥ =73V

Def™ The fefaag}ohyf/m/ffafw is denofed Sat. Element of S7¢ are called rays
anc( we dencte them by leflews Ike X, RS 5

Def™ A H///)erh/pa(e is separable if i contains a countable orthonormal basis,

that is, e countable orthonormal Jehpanmnj ovdense yubspace, ree

(MHS, Theorem L21 =10 Somebimes this is called o complete sef .

Most of the Jypical Hilbert spaces encountered in 7uam54m mechanics qre Jelogmb)e

(or 5o Tlmtold ) and L'l resbict 1o this cave so that MHS contains the ne corsany
bachjwundﬁfvbws W;‘yne;/b theovrem. The (7@/46/&7/ cewe is nof much harder.

So in what follows 7€ denoten a feparab/e Hilbert space. (e while <Y PP for #/be/pam'nj
and A Afor fhe wnngale and adop? The physics copvention that <, P > js linear in .



Ifa System is in o stake repmen}ed B% o ray K., and an expenmem} is done fo feot
whether it is one of the different states m}pmew/ed /oy he vays Ri, A,  which
ore mmﬁra//y or#;ojona/ and oomp/e}e in the senre that we can find an ovthonormal
dense banis f%}/::/ with Vi Eﬁk Sir all R > | (ﬁrexam/o/e it the A rf/DMen]L

definife valuesr of one or rore ohsewaloles ) hen the pro bab///z/y ﬂ;ﬁﬁnc/mg it in
the fafe m}omenfea{ by /?h is (ohooJf any unit vecor Y€ R )

P(/’{H/{»J = ‘<“7“)7€,>/2. (1)

To quojre \/\/einbevg [7] a ngmeﬁy hansformaton is a change in our Po/nfa;f view Thaf
cloer nof change the reaukis of possible expenments I an obsewer O sees at system in q
state represented by a ray R oo R or R, - Fhen an equivglenf observer O’ who
looks afthe same systern will obsewe if-in a different stale R, R, X, . but
he fwo observers must find the same pvo habilitien

PLIR—R.,) = P(R'— R) (1.12)
The refation befween obsewen is thuo a funchion QA Sre — Sre which presewes
%QP“"""“j‘J (1.51) between oy r. l/\/:gner’s theovem shows that evew such fymrne/y

anses Hom a unﬂmy ormnﬁmmfay hansfprmation 7€ — H.

Def* CPH is the sef 0»,?@7wa/em clases for The ﬁ//owmj equivalence velation
on the ref 2E\0Y of nonzew vecton in IC

f~Y «— FAeC N+0 and )023\'%

This sef (%opoloav'ca\&()ace) vﬁﬂ“j) is called the IpVDjecﬁmaf'l'OW 07»0 ot




Execcie L2\ (1) Pave fhat fer is @ bjjection €P3¢ — Sae sending [¥] +
[V ] where 7F II*PII 7 s physicel fales are points of/:myecme
space. Noke fhat O€ need not be fnife—imensional
(1) Roe frat fhe funchion P3¢ » CP¥® —— R, ([31,0¥]) —> | <9 %> |

s well-defined
(in) If you have the backgwund, prove this is alo continuow where CPH ho

fhe quoh\eﬂ% fbp ology.

M We define the ray Ewducf (“/“) YR Saf_ — R 103 (R} S) = I<f ‘7‘/>))
where yjé/e) FYe S are a»’b//m%

Recall that a funcfion £ 3 — o is anfilinear or w@ugalﬁ linear it £(¥+¥’)=F(H)+£(*)
for all $9'€3 and F(AF)=XNAF) forall A €, YeH This is the same #hing

w a linear fansprmation 2 — ¥ see [MHS, L20 fv] A linear fransformation
{3 — 28 is unitawy if <EY, FF7 = <KFD forall TYEH. Noke fhat

is bounded and indeed Il FIl = 1, so that £ is am‘amaﬁ‘ca//y sordinuows [MHS, Lemma L19-37.

Exevise L2-2 Fove that «a mm'ﬁwy hanstormation is injech'\/f’/ and give a wunferexqmple

Jo show that )7L /’m/} Vlecessalfilj 3urJecﬁve_

An antilivear trensformation f - H—>H i anfiunita Y if LFEFFy =<0
forall ¥ €F, and one proves such an £ is o continuoun by bjecﬁ(m an above.

Lef 3‘6 {TCM \ N1 = 1} We fayaﬁmdmn Q Sre — Sie presenes
the my ’pvoc[ucf if the c\uaqram below commutes:

Q*Q
S x Sse > See ¥ Soe

\<_)->\\ /K*,’N “— oy PwDWcF
R




®

Fremire 2-3 (1) TF U 3 — 3¢ unifawy or anfiunifavy then theve is a commutative diagram

A v ~
H— ¥
(2) i j @ :iﬁi?n}:uj

Sge—)S&e

where Q] prorewes the ray }bwc[ucf. Rove Q s a bdec%m it U is.

(i1) Rove hat inthe sifuafion of (1), Q mwm} be continuous when
we 35\;? See the ‘/Dpo/ogy of CPot.

So bijective um‘my and an/vumz‘ij bansformations I — 7 are the cononical source sz
oy ]Dvoduchpvwewmg (continuown) byjections Sre = SH (chmmeﬁa‘waf H
jie(d IUYYIVVIEH?/)G'][ e ) WI\‘jV)eY'S theorem asserts that this is the o_nlj source.

Theovem (Wi‘gner) Let H be g Je’oam)o/e Hilbertspace with dim?t > 1,
ond lef @ Sre = Joe be ray pvoducf —presewing sugection. Then there
exisk a loy‘ea‘iwz unitaw or amﬁum’/ay fansformation () € — %,’nduc/ng Q in
Fhe sense fhat (3-1) commules

we leae he reader To make
/ Vieceasany modifcations if dim < oo
Foof  |ef {5521 be a countnble orthonormal dlense bauis and lef W<
denole 1¥ea€ | <, ¥> %Q}) which is open. SMPP(NG we can wnshueh
o fundion U W —0€ which is either ynifaw oramﬁu{m/fa'f/ ancl induces
62 in the sense 7%0# whenever f\f/é I X,/MC-G: ond K)\Lfﬂ‘/t/\\féf/\/ thein

V(NP ) = AU(F) £ U(F) (unitawy cove ) (3.2)
Ut u¥) = XU+ U(F)  (anitunitoy come )



and for all f el

LU0ty = <> (wnifayy core) (4.1)
<Vt U¥> = < ¥ (artiunitaw cone)

and for any Re Sse and fé/? U(7) EQ(R)Y. (We ﬁ}w W the be/oare memc,
and nole that (- W — 7€ i uniformly confinuows because gi ven § e W if we fake

S jmﬁefuenﬁy small we have

Jos—0Y = JJUS =0(F4 §%) + 09+ §L)—UY |

< JUf—U(p4 8t + | U(F+ 81 ) —0P |

= (Vs N+ fuCr+ 8k =) (4-1)
= SN+ [+ g =1

< 280+ y—y )

Hemgivem >0 Fuetahe §< F(21%1+1) thon UI=U¥ [ <€ for

P teW ar cammed. Hence by the univewal properhy of Lomp lefe mehic spices
[MHS Lemmen LIE— Lf] thewe is a unique W\n%rmlg wondinvows J° mahmﬂ

ext

W A

J / (4 2)

commute. I%/‘ssﬁaighh%rwalrd fo chech. //”eaﬁ/Ly and (ﬂﬂ#)v’”l'{ﬂlfﬂy of UemL

gren that this holds en Wy complefing the procf -



We have now reduced fo oonw'ma‘ing W — 3 which induer Q ancl is either WWLCW
ov anhun/'fmy in The above sense. Let Ak clenote the ray wm%a/'m'nﬂ /\ZU/Q.

L et wo choase arb/?l?my vecdors \f/&/é Q (/QA) for R ) and obrewe that (wviting
(R, R") for the vy pwducf*)

[< ¥, Y Pl= (QAL), QLRL))
= (R}L,?x{>
=<, e 7l = Sre

so [L\'Vlk}k =) % an orthonovmal fam;}y I L0y =0 forall k=1 and &+ O
then 8 //y//ﬁ be/ﬂngmbamyk and since Q) s suwjechoe R'=Q(R) fr
some ray R and henre 0 =|< D, Hoyl= (QR), 0R)) = (R, R:)
Hor all RZ | But chovsing any vecior T € R tis implien LT, Ye>=0hra) k7

which is a conpaclicton [MAS, Theovem L21-107]. This shows thaf LK [Ty

s an orthorormal dense banis in the sepse of [ MHS, L21 p @ ]

I the dlesired W)/?Lavy omm‘mm;‘uy fransformation U exists hen by wmmmhﬁw’ﬁ/ A (31)

|A o e U ()
l J (4.1)
Se — doe

Rk Q (Re)

wo mudthave U () = 7/a\ff</ forsome Tk e U(L).



So the /pvo}o)em y;/ mngﬁuﬁ%ﬁ U is /omc/fe/y the problem 47;4 clhwosing phones 7k such thal
Fhe am‘jmmenf W= UYe i E/%ir unitaw or an/mm/my and makes (3-1)
cwmmute for evew unifvector Y€ €. The (ank) //'negy;’)y and (anki ) unitan
pvopevties ave .%ferdm//j pavial, buf making (3.1) ommuie is not. Nole for example
hot if U'ss linear and (&) =Tk Yy e k2| then for kA

O &+ ¥)) = 2 2t + Tte) ()

but with L\/ﬂ:fé[%i a )&) i is nof clear thot with Rul the ray Lontaining
¥ thot 7202k + T ¥e ) belong 7o Q (Rut). Tndeed, this camnot be fuie
for arbitvowy choiesof phares Tn, 74 (why?) so the guertion it whether it s

e fofa_vy choice.

We know & presewes he vy produch which implies that for '€ Q(R) that

<y ¥ >l= (&R, ®(R;))
- (AH//?iB (5-2)
- <3°)V¢ D
= J’I—;cgila%J—/Tzé,;{

honce P = Z(EH ATV ) S come To, T4 € VL) Since Funan
arbibany e/ememfﬁ{ The ay Q(Rk{) The phases Sk, 54 hawe no pavticular meaning,
but #he Cfmo/%emf Te 7/;' e U(1) » independent of this chorce and depencs only

on the pair (k) We could regard

/

Jet = J;z(“f’é t ?{?i'"ﬂi) e QRw) (1-3)

. . | /
an a “canonical " choice of mprwenfaﬁlre) sinice 1he coeftigent g-f Yiis 1. Buf

while Rre =Ktk we howe Joer_ + f,é}l /n ﬂenem/, which (sa/m/ob/em-/



The solution’s o ix a SPec(al index, say k=1, and consider ow}y ]Daim (2,4). As e will

see, this comesponds Jo constucting U only on 7he gpen set W< H which we have
aJVEadﬂ Jeen is JM]%‘c/’aVnL\ So %'na//y we define

—
uly) =t Ul ) = Tt5< Yy A>]
_

(61)

Nole {UWQ}}:Z) is an ovthonormal dense bauis and by the above ﬂ)rany <> that

=( Ut + 0l)) e QR (6.2)

Tn the earher no%m%n/ we have made e choicen 71 =1 and 7{ = iﬁ?l’.' Nole that while

R=1 ' a choice; the complex number T517 is determined by QR , the choic Of

bans {\70/1}}:21/. and the choices of mpmemfaﬁ/‘(% {_\H{])f:, . We claim +hal once

+the petivs [l, 1) ave “sovted out" his veoolven afl other such combinations, /omvidea‘ M)ey

involve the index 2. Move pvec/fe/y:

Claim 1  for any sequence of distinctindices 1,20, -, UN if we sef

& =jl\}—[+—’(“f’,+%{+-—~f%,\,) e R (632)

then  m= (V) + UK )+ 1 U(E,)) € QR

ﬁfvﬂﬂt}ﬂdmmi Take an arbﬁmm unit ve clor = Z:o ) CaYr with C F0 (e Pev)

and any v'e Q(R) where YEA. Wiiting Y= Z;{= Crl w7P/=L) we have for k7 |

ICll = < ul¥e), ¥> 1 = (@A), QR))

(6.4)
= (R, R) = || = |Cel



Now since for bF 1 we have Jé( V() + U('\F)l)) = @(21/9) we have

1C)+ Ch | = J2]<¥ =(ulh)+ LK) >|
_ (e, Q(Aaw)) (71)
= <Y, £(f 1) P
= |C, +Cr|

(omla)m'ng these Tuwo ewaﬁom gires (i Cr+40)

[+ S| = e FChl/cu) (7-2)
e/ e
— 1+ /cu

/
since we also have |S/cu | = /C‘/C/L/ / we can ref C‘/Ck = a+ib and
C’//C{Z = c+id anddeduce a2+b>= c’+d2) (+a) +b = (l+c)+d™
Hom which we phtain for all k|

Re(C/c,) = Re(“*/cl ) (7.3)
le(ch/c,) = iIVM( C}{/Cﬂi)

and thevefore for eack R+ 1 afleant one of 1he 7£0//0w/'n3 holds (perhaps both)

/
0) C"/C/i = Ch/fi
(7.4)

® CL/C\i _ (Ck/C1>

Now mpp/gﬁ)e ahouve fo P in the c/a/'m) with @GR, cmncl /e/'§/€ Q (R) From @,@
we fee that C;,\ /C;_ - Cb‘/ci =1 for k€ {ili"’)l}'\'3 So theve is ?60(1)

with £/=ﬁr( FTUMV)FSOV) 4+ -+ 350(F0)) asclajmed-



Claim 2 %ran% unif vector 171/ 2)2 CF%& with C; <0 with Ye R we
have o) CrU(t) € QR) or 2psi Cr LIT)eQ(R)

Foo of Claim 2 from the )owq@ of Clajm 1 we know that for evewy R + 1 one

]
PO o @ in (7.4) holds (PDm’Hy both). We claim furthey Hhat one
(Dr boﬂ\) dﬁwnd:%om @ @ he low )’)OH [ﬁyo(f Js, eij"her@ or @ holdn OankaéenJL}V)

O Vi1 Crjc, = /e,
(51)

O Yet1 Sl = (Gey)

queﬂ/ls!ef ’(:Hi be b ol"l/\d\fﬁemn?“}o 1. Then f(\P 7L47&/2+’L///()6 S ﬂmome vewy S
and by Claim 1 we have J‘ Vih) +u V’k)+l)(“ﬁt))é® (S> Hevne £ ¥ is oo
in The statement A£ Claim 2 with /= 2.7 CLUl) e QR) choren

a’rhijrv-avilg)
(Cat Gt Col =21<Y, F(ul¥)+ vlh) +U(Fe) > |
= [3(Q(R), a(s))
(§.2)

- 52(R,3)
| Cq + Cut Co |

i\/\c\mﬂ vajl/\ l”f] (G| =1C | we find that
( 1+ C’;/ /ot C/{/C[/ ) - ‘ 1+ Ck/c‘ t C{/C, \ (£.2)

viol @ a{o:)h@/_) o q7p Then w///hoot/‘

S\Appole {tor aconbvadidiion thot neither ©
loss of et/\emll}y both A/Cz C2/C4 ave complex and Cr/Cy = Cﬁ/Cl )

Cé/ Ci = C{/Ci Then by (& 3)



[ 1+ ey r a/c—l( 1 M+ Yoo |

which )mp))\% Im (Ql/Ci) Iim (Q/Ci) =0 wh ich conhadich the hypofhwl‘f
Yhat both vatios are comp/ex This wmp)eie/: the /Dvod;” #af either (O a/D/J))'w jn wchich cane

= = /Ch c
¥ = I{ZCIKU(%) ->C E,/EUW’IQ = k C % () = E_Z CeU ‘ﬁz)
=/ k=1

or@ applies in which case

oo

v = chum Zc, c/vtm Zlc.—um—

el

o 5 & ulh)
[ —

an daimed . N

We sy that a ray R isveal if if confzins avector ¥ such thalt fov all k=1 +he

coe fficienf < Yk, 2 isveal. Nofe thota Ty A is veal i and Om}lf if for eveny
Y = 507 Crth € R ancl distinet indiws b+ L we have thal C, Ct s redl
(infact # sutfiwn fo have Ce Ct reql +Hr any fixed k and all <)

Ciiven a ray A oond ¥ = sy CeVee R with C;F O note that bofh Z/::/ Ce U[ V)
oand S p=) Ch (Y1) belong o QRU(R) i R s veal, and moveover the convewe holds:

L both of theswe v»ecz’wbe}ongﬁg Q(R) and wesel Ch= e Ok for Ie € IR Then
trereexists 3 €0(L) with Ch = 5 Ce forall k7] and hence CoCt = LS Cy
= CuCe isveal, hewnce the oy Kis veal.

Dﬁﬁm We call @ non-real oy Y4 normal it for any (hence evevtj) Y= Zlil Cr Y ef
we have CiF 0O and Z,ZOZ(CP\U(YR) 6&(/{3_

Def* We call anon-real ray /?L wmiutgafe fﬁforany (hence evew ) '}52212,03/1 e A
we hove G O and okt Tl U(HK) € QUIA).



By Claim 2. and the above discussion each non-veal ray K with ¥e m/ﬁi@/'/)j <P 7 #0

s either vormal Drwnjugafe) ancl not both.

Cloam 3 Smppo;e /?/ S are non—real rowys with £ normal and Swnjuaa/c. If
o = Z::_; Ck\(’gé/z and ¥ = ZJ:;) Dr¥ € S Then

oo

Z{, IVY‘(D#AB;)IW\(QLC_{ ) - O
kA =l

Roof  Using standard theow of Hilber) spaces (vet e g. [1THS, Theorem L2]-167]

| S bece " = | LS PR Ut S ceUtk)
~ (s, ) = (52) = | ST B Ck

"7\

Since the o sevien Lonverge qlﬁb[uk[ﬂ (.Le,a. eq. [HHS) Leanma LZ[’(]) so do theiy w/\,/‘uya,lw/
and we can expamo( he square of #he abrolue value as the pmdu(/Lo{ He revies with i aw/ajak

Z Z,Dh.c\zﬁtq =Z§ _DLC){D{C_:_

a zo fk3f{=a azo ktd=a
which implies

ZZ CAC_{,(DKE-DTAD{> =0

azo k+l=a&

and thu Zix,{ IV”(D/{D_{)IW‘( cCe)=0 an clajmed - []



Note that (Ri, &) #O if-and only it forall ¥ €R we have <Y¥, ¥ >F 0.

Claim &4 TF A, S are non-yeal rays with (R, R)+0, (Ri,S)=+ O then either both

ave novmal or both ave w;i;/ uf}qle_

PrOO}Q 019 Claim L/— SMPPOI€ ’For a oonﬁ/ao/fcﬁon that R# S exist withl neither both /Q/S
ndrmal nor both wnjuga%‘ Lel up S0y A is noimal (hence not wnjuqu) and S is
onjugale (hence nof normal ). We lek € R, L€ S be anin the stalementof Claim 3

and Pwdu(e JL = 2:):{ Er'fa with E,7 O such hat

Zk,( Tm (DkDe ) Im( EnEe) + O
(10.2)

Zh ¢ I 6.C) T (Ex B ) + O

which is a contadichion | since the ray T iseither cbyduﬂak ov noemal  (Claim 27)

Swe A, S are non-veal, theve is an index € = 1 such that C+ Ce s oomp]eX- I
we canchoore L such that D1D s also complex then with N =5+ i‘&)

both ums in (10.2) are NoNzew an mgu[wd_

T we camvet so choose, let € +n be indiws such that Cq_@) D1Dn are complex bul

C1C DaD ave reak (ofheruie we are in fhe previows cone ) Set

JL = ﬁ(&‘?@f %{4‘\76)

in which cane the OIODI/P JUMS gre nonzewo. 0



So either evew non-req| oy s normal o evew non-reol @y is conjugale (MMC%,'ng altenbon
o v 4 7 7T

o thore vays with ot nonzew ray onolud with X))

(We now O/eﬁne (/ on unifFvechoa FE W} thoit s, unif rector with <“{’|,W>:*=O-
If evew non-real Yy is normal and ¥ = Z}:Z—l Ck*b\ is o uniFvector in a ay A

with (ﬁ'//e) +0 (not-asrumed non—rea/) then wre define

Uly) = Z:; C;LU(“hL) (1.3)

This senen vonvereo loy [M HJ, Lemima LZIFJ—J and clearly aq rees with the earlier
definition . () on the Vi TF evew non-real ray is wnj’mgak then we defrne

Ul¥) = 2200 Ce UlH) (14 )
By definition in either (e U(¥) € RUR ). T emains fo define U on all vechors.

We obviously sef U[0)=0 arcl f FEW s nonzewo we define u(¥) = Il v Vi ).
T+ remains o prove that U s (an$) linear inthe renre of (3.2) on W and (anh Juntaw
n the sense of (4.1) on W. We prove thol if evey non-rea rou I normal then (J:W —
is linear and unitawy in this senge, omd we leave the cngument thal U is ankilinear and

awﬁmm’fmy in the care where evew non—rea| row s wrjmﬂajre fo 1he veader.

Suppose evewy non-veal ay is normal , that freWw and X/AG € are yuch that
7\)"+/¢A\/’é W. Then with L = DT 4*/%? I<0, and

o 221:@'1%«) “7‘A’ :2;, DY,



we howe
O(F+p¥) = LU(TF+EY)
- Lyl S (X + A0 ) Y )
= L Z::) (—’,\:Cfl +%D)\) O t)
= STACUCR) + ST DU
= A0lE) + mul)
and

<uls), Uy > = 1T < Ulg), vit) >
= P ¥ < S, 00, 22 Drult) »

— I3l 57 Ce De
= <P, >

This suffius, (ov what we said althe begr’nnmg of the prodt, fo show thal theve exofr an
(am‘ﬂ)mmfﬂl/j U H —H fnclbtcmg K. This map is /'njecﬁwa foj ExL2-2 gnd ﬂ/{\lj@Cﬁl/‘e

sihce ] s sugecﬁu*e. 0

Achmowlcdqeyy‘em}g mC{M/QSﬁ T(—)W\ Waring CZVIC/ B)(//y Pﬂ‘(e ]gDV' ca)'cl"mj ewor n OV\C’
SUggesting Lixes fo the above /owoﬁ




Execise L2-4  Check thaf UmL of (4.2) is eithev linear and unitan or antilinear
and anfiunifavy, wing fhe conshuction of U i [MHS, L]
Rove also that [/ exf I3 a loy'ecﬁon.

Frerdse L2-5 (A/)’lj is i nof suapicions thal @ s not asumed continuousr m Wigner s
theorem?

Exercise L2-6  Cuvren Q is the U in Wigner's Theovem Mm/’que? If wol, what
is the m/ﬂﬁz)mh;/b befween +uo um’/—my or anﬁ'un/’fﬂt:y frans formations
U,}UZ . — € mc(mmg The same ﬁu/)cﬁan S7e — J)—E?

Exerciie L2=7  What is the wowect statement of W)‘gner’sa%eomm iFdimH =1 7

Exercite L2-8 A5 a wonseqyence a{ erwer‘.r 1he svem we Jee that o wéc%me ray Plfodmcl'

Pmewingﬁncﬁbn & See — 3z is necufaw‘/y also /'njecfﬂ/f. Give a
c/imf#/avoof (you may recycle an appmpﬁqk />av7‘d7—” fhe Orylﬂﬂ’leﬂf“qq/\?m
he on0£ of the theovem, but yahe this cc minimad FomL)

Exercise L2-7 T the sifuafion of the Theovem prove that W = fye%( LY %O}
is a dense sulsef of o
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