©

lo)2[2]
updafed 27 (3(2)

Lecture 3 — Symwmetves o Hilberf space

We have seen in Lecture 2 how symmeties of o quantum sysfem with Hilbevt space H

may be idenfified with un//a/ﬁ or anﬁwm/uy fransformakions U 70— 2. Now we
explore fwo examples - symmetres of the Hilbert jpace L7(X, C) of complex-valued
Sunctions on the circle X = S ’ and| sphere X = 8 We will see that#he Lie

9voup S0(3) ack on LL2(S° C) by un/fa;y hansformations, and in some sense

th's mpmenfaﬁt)n is Cunivesal”

Fotwe /ow'e#/j vecall the definition o L=(X, € ). You have three choices- adopt the
definition fom [MAST which does nof reguire meanure ﬂ)eovy (bu#you need to kvow
how fo complete a normed xpace>) adopt the definifion of L*(X, C) square -inteqrakle
Hunchons modulo some relation (requirer mearave fheony ) orwait until T bell you an
orthonormal dense baals and adopf that as qour definton. Al ave accepfa ble .

with. X =13 . X=J5° c/enoﬁng the unif [~spheve and| 2-spheve

St={xepR* [ IxlI=1}  s*={xeR’ | [xll=1} (1)

Jet C(X, C) denofe the C-rector space ot confinuous complex-valued funchons
on X with oFemﬁDm (507‘ V)(IJ = f(x)t \{/[IJ) (xj})(’d = A f(f) and with the norm
//_//9_ cle)émed lo_L/

sl = {J g " (2)

where f;i is an Spec/ﬁec/ in [MHS, Lecture 17 ] and f;z means /nfegmﬁon over the
sphere defined as follows. We paramepire 8* by sphencal coordmales, recall

2 = rsin@cos ¥ 0«07, 0<¢f<2m r>0O

., = rsn@sinf

(1-3)
f = azimuthal amg(e

Az = rcos@

O = Polal/ amgle



(2-1)

5 >
z : J

2T
[L36)as = [ ] o, sinsin, cos®) sinus df

[

E xevcise L3—1 (if joub)oﬁ NHS) Chech that (52, J}) /s an /‘nfegml pa/r. You may

assume that fsz is linear.

Ej definiton LZ(X,C) (which we will sometimen denote simply by L2(X)) ;5 e
wmp/eﬁ'on ”f (579 (X/(E)/ /A ) an a normed J/Ja(e [MH-(; L& P @j which
means that there js a mwm-,om%ew//h_q |"r2/'ecﬁm lInear ma/D L Ch(x€)— L(X c)
(that s, we may view all continuows complex—valued fanctions Fon X ar vechw in
[*(X,C), wihing ((¥) simply as ¥) and the C-vector space shucture and.
norm on L2(X, C) can be described as follows
(2-2)
* evew vechor Y€ Lz()(/@) s limit Y= //'mn~> » T Gf a Jequence
o conbinuous functions ¥i € CIr (X, €). (50 C(X.C) s dense in LAX, c))

° iﬁ Y://vmh——xoo\kﬂ, f‘//.m,,_aooﬁ\ w/ﬁl %,f\(— CH (X/ @J
for ald n, then

@ YD = [ e Yl
() F+¥ = [imase (Futr )
() N\Y = ML oA Y e C

(2.2)



The space L3(X,C) isa Hilbert space [MHS, Theorem L20-13] with painng
b efween ? = /’lmn—aoo\/i) DD:— /)rm;q—)oo f*\ jﬂD/ t//n/ f\ e CH (X, C) jiven bj

<Y/) tf)> - }’Amn_aoo<\1/n,joh> (3./)
RIS ST
onvenhion diffen fvom
[MHs] )

It is nof appropriate fo think of vechow in L*(X, C) ar funchions, a given Yel’(x C)
the value Y ()€ € for xe X s ill-defined, e [MHs, L20, L21] Howewerthe

avernge value over a region is a(wags well-defined:

Exevcie L3-2 Borrow idean from  [MHS, Example L2071 4o define for any
“sphencal mcfangle " C defined by a<@<b, c<fs d the
C(U\GH‘H{H fc ‘\HZC{S +or any YG Lz(gz/ C) (P)"ysn‘ca/u,y)
this is infevprefed i ItI=1, asr the pmbab//ﬁ%} of a parficle with
wavefunchon ¥ being found in C ).

We wrile 4his et C o

C[a)bjx(cld] = {(xj‘ﬂ/%) I Qsﬁsé) c<f< 0(_} (3,)_)



_I Zn0
EXW",PIe L3 The IQ/L{IL—R e }neZ s a (oounf‘a(o)e) orthonormal dense bonis
Hfor LZ(S:L/ C) [MHS, Example L21-3] and the coefficients of
an avhitawy vector Vel (57 C) ave the fouvier coefficients.

Det™ The rofation quoup SO(n) is the Group of all linear fransformations f-R"— R"
which have deferminant 1 and fcw%@

Az, fy Vg = <2097 Vxye R (4.1)

"

whee 3,49 7pn = SI XY s e sandawel inner pwdict. The qroup

ope rafion is GDMIDDJ/%OH-

To [HHS, L37 we showed fhat SO(2) is jomcﬂe(yﬁoejef {R@}@e [o,27) of

6 —sin0@
rm%fﬁops) with /Q(Q/Qﬂ/ = /le}—(ﬁj ancl R(g = ;,—L;,S@ :)5@ J In 7enem/( we

may view S50(m) as a subguodp of all inverfible maties GL(n, R) and in
this way (recall Lechue 1) see that the mulfiplication and jnvewion on SO(n)
are smooth . We will prove later JO() ;s a Lje guoup.

/\/exfweexplam how SO(n+1) ot on the Hilbert J/jace L*( Sn, CB for ne {‘) 2},

SO(n+1) ackingon L*(S3€)  (ne §2})

Lt 3650(w+1} be given,, ond obsewe that 9 R Rﬁ*fxl linear angl thuws continuous
Tt follows fom (4.1) Wwﬁg veshchi fo a continuows map 9 - 8" —> s Bj pmwmposl’ﬁon

we have o C-linear map

Cy - Ch(S)C) — Ch(S",C)

(4-1)
Cq(Y) =7F=3



Exercise L3-3  fove that ﬁwj a albove L«Q%ﬂ)ds = fsn tdS for both n=1 or

n=2, wing o change -of—~vaviables formula +for the Riemann infegmr

By he exercise Cj is norm-presenving

', (o

| ol = { Jltoapas) = { [ 1¥eg s

" (51)
- [ rgras ) = el

ancl in Pav/v‘cular (j & hounded |l Cq I1=1 and Jinear, hena continupuwn [MHf, Lemma L)9-3]
and so by fhe univenal property of the wm,o/eﬁ'orl [MHS, Theorem LI®=7{ theve 15 a unique

confinuons linear map ﬁ making the 7[0//0w/’/)g d/'ayram commutle

&, )
L*(s", C) > (S ¢)
(v 2)
L L
Chs (s, C) > Ch (87,C)
G

By wmﬁmi*ﬂ F Y= [iMpso T anin (2:2) Hren CAj (+) = ‘llmn%m(ﬂffﬁj_

Lenma L3-L Forne {1,27 and g€ SO(+1) the linear hransformation Cj s
bijectire and unitoy, and Cq Cp = Chg | C,=1

M UN{TMW follows »]Q,Qm Ex L3-3s/nce for f/ e LL(S?’, C) wwiillen an limits
Y= fimpsw ¥, F=liMse I arin (222) we have by continuity of
@3 and the de ]Cr'n:'h‘on (3.1) o,ﬂ,ﬂﬂe Paivmg



<&, &0y = < & lim 1), GGllim %)

A

Cj chs ~ ~
= lim Cy(£) ) lim G 7
(J‘,L)(,ommmJ-M
= & Jim Gy, Jim Gl8D 7
(31)

= Im Moeg, feg )
(6.1)
= Jim o TR -5

- Jm, Jon (R3)-g 45

ExL3-3

= [im J;m?ﬁ ds

v\ 00

— <Y P>

for the second sef of claims let g, he SO(+1) be given and obsewe fhat since
Cj Cn (\7”) = Cj(\f"h) :(Y°A)°j = Y- (‘"‘3) = C“g(l/“) (/Ommmﬁ{'ivijmj
of the ouler square in

N ~

Ch Gy
L*(sne) —— L*(§C) —— [2(8)C)

S

Ch(sn C) > Ck (§" C) — Ck(S" C)

C“"j

implier by fhe univen al Pwpeﬁy fhat éj o Ch = Ehﬂ_ Similarly 64_ =1.7



Exevciie L3-4  Rove CqCn = Gy wiing limiks.

Def*  Civen a Hilbert spoce 9 JeF U(F) denote the guoup ot inverkible um’/‘ay
Hansformations 2€ —> ¢ uncler wmpon'ﬁon

Ths shows that the quoup SO(1+1) acks onthe set L5( 8 €) for nettizf
bg bnjecﬁ'\m mm’fmvy linecr Hransformations . The action is on the m‘gh#

1>(s" C) x So(n+1) — L*(s", C)

~ (7.1)
(’}0) g) — CS (“P)
Equim(cwﬂy ,Theve isa homomorphism oqﬁ 91@»{})5
op N .
SO(n+1) —iU( L2(s"c) ) 2)

3|——>C

J
where foraawup Cc the opposile gvoup CF how oPemf‘fon j*lA= l/)ﬂ - In summowy

L*(s" Q} Q go(mn}

| .
Example L3—2 Set un= o= €% e 12(5% €) and noke with q=Rue so(2)

A~ ! in(O+)
ng(u”) ~ = €
' ind in0 in o
=2 ¢ e =e"u

That is, iM“ I ez s an orthonoymal dense bapis o LZ(Sj@) wmfiﬁng
o simulfaneows e/gem\/ec}ow for all the éj , J¢ folz)



Basic shucture of SO(2)

While we more ov less undevstanc S0(2) acﬁnj on LQ'(Si C J/ the ccwe of 50(3) s
cuwemﬂj Jess well-developed. Next wevecall The charaderisaion of SOB) w a goup o votations.

%ﬂ (3D wetations ) Given X €IR we define [inear hnchom/laﬁ‘ons

R’; — | 0 O N
0 Losd  —sind&
0 sind s

R = wSA O sing
) | O

—sihA O 0SS A

RS, = sk —sink 0
SInAA s 0
, 0 l

z 3
Given a unitvechr A = Ry R@_g(el) for 00T, 0€F<2T e
define a linear tansfor mation

R,;COL, = Rjﬂ R{;—% Rz R;_j@ Rio




el e Y9 2
Sxercire L3-S Chechthal R = R, R = R, R% = R and that

Ri < SO(BB ’J%f C(U unif recton A

N

Exercise L3=6 (i) Rove thal #he function S*x [0,2M) — 30(3) sending (R, ) va\x
is sw\jed—ivf (Hint: chavaclevishe /Jolymom/a/) and continuopa .

(i) Define (W, o) ~ (™, f) it Rho& - RY; - Giive an eKP/l\c/'/Lc(ech}Dﬁ'on
of the velation ~ on 52 ® J:O, 9_71)_

Exercise L3-7 (om‘zhmnj Ex [3-2 [ef C be as given theve with a<b and c<d and congider
the veam'ction map

(e - Ch(s>Cc) —> Ck(C,T).

Rove this is |inear and bounded with verpect fo The [P~norm Nl=ll, and thua
Lonshuck a continuoun hnear extension (e : L3(S3€) —> L*(¢, C).

Use the Riesz yepm%enfzzﬁbn Theovem to prove #hat (—)lc admifr an acyb/ﬂf
E:L¥C,C) — LS5 C), that i, a confinuounn limear map safisfging

LEM), P> =LY% P> V ¥tel*(c @), Sel*(¢2C)

Uiven Ye Cﬁ(@ C) f/'vzz an c)gﬂ//’c/fc/efm}oﬁz)n 7 a requenice A, € Cis (S5 f)
with & — E(%) in Ll[Ji C)



Hovmonic polymomials

The analogue of the orthonormal dense baais [et? nez of L3 i C) fo the sphere

are a class o funchions Rnown as sphevcal harmonics. We will conshuck these fun chions

as vestictionsto S°efe havmonic po/ymm/a/ Hfuncions on R* Tn the qCD//OWMg nois

an I‘erger nz 1.

Def™ Lef ?(ﬂ denote the (E‘VECJFDFSPa(e of Polgnomf‘ah inn vanakles
2y, An with complex welficients. We denote log Jre () the Jubxpcue
of Poljmomia\s homoaemeou/l of dagree R so ])(”) = @l@o P}a ('”)

Example L3-3 ]Z("’): d:‘l)/?_(‘/‘):d:i\ @@ Cax,

R =Crlocames

Exertise L3-8  Each f(xy,xn) e Pln) detevmines o famction f: R" —> C

and we lef Pn) € CH(R", C) dencke the C-linear meflaa(ecrﬂrﬂ such polynomial functions.
Rove that- the map Pln) — P'(n) sending apolynomial to 7% Sunction ir an

somophism of  C-vechr spaces.

m+h’1)
Exevcise L3-9 Rove that dim ¢ /D}a (V‘) - R .

n |r<q€ ULt
Some notation d,ﬂ will stand for mulbi-indiwn | thatis, elementr i N and

oeN |
\0(\ means o(.+-~1‘0<n) 1d meows xfx'—-- Iv\d". We wrile Zo(_ for Zo(en\\“_

_D_ej_'\ Given PE P/V‘) with P= Zo(.—' Cax® we define a C’\inearmap
D(P) = Pla)—> P (o) by

d
?(P> - 205 Cx raxlo(l____axt:(h ({0-|)

R

2 22 0
Example L3 -4 9(1.2%-——-1—30\ ) is 1he Lae/an‘an N = oxr T - F 212




Given P = Zm\:nCoLx"‘ we denole by P the Polamvm\“al chh?og x4

Lemma L322 For R 7 O the C-vechor space }}1(”) i a Hilberf Space with

<pa>=[a@)P | , (1)
M Deﬁhea_})a;‘n‘hg <—"/_>/ on P”‘{h) b'j meaw'r\a « L. An ‘
/
<qu1°<) Z 190&10(\> = OC!a—o(,Bo(. (1.2)
[@]=R %)=k la|= R
dim B (n)

This 15 jut the standard H;"Beﬂm}:a(e shucture on C (scaled by

facton of o ! butthese do not change +hat the paiving defines a Hl hert JPa_(e).
We claim that <PQY = <P QY for all PAE Fuln) 5y consphuction

L~,~7 % linear in R and ooquac&e lineav in B so irsutfian fo puove Hhis for
szo( andk R = 2B But <1°(/1£ >=0 il o(—/s’ han cm\jv\egaﬁuf enten,

ancl if o 7/%; Lor 1€ 2 then

[A
)
A — - oy dn
<zt xf [BDC\F("Bxf“ (o > LNF
| oL ! ) _
C"(l /gl) (O(“ /g") wn()'

- [ (o(d_(}g)l_ A F ]wn:F

= ol Sep = LxxbY g

Exevciie L3-10 For £ R €P(?) show that 9(PR) = 0(P)=I(R) a, //'néaroloem}vw.

We sometimes wiile <—) —>k fo indicale the )Daiw'ng on /Dk ("’)



Mm/ﬂol/"(m'ﬂbn )Jy Q s ac{!'om)'ﬁy aloem-h'on Lg 9/5) :
Lemmq [L3-3 thV‘eFL PC’R(VI)) &C'P’C ("5) Ré’ 7m (V‘) W)'ﬂ’l {er:)Q

LPQRY = 2(Q)P, R ()

M Usjng Ex L3I0 anc[obfevul‘nﬂ 2P = a(§)$

<P QRY = P RA>
= [ AR&P [
= [ @P) [
= 3@, R Y. .
In Pam‘v‘cular it Pe /D/a(n) and QG@,L(HJ we have
P (x2+tx YRV =L OP, R (12.2)

We webe 1[I for 22+ -+ + 25

Del™ The space afwmplex harmonic polynomials of degvee R is

%h(”):{};eﬁk[n) ‘AP:O} (|z.3>

Ezample L3-8 The fo//OW,‘ng Foljnommh ave harmonic when n=3, (k=0) 1
(k=1) 19,2 (k=2) xl~‘j2/ xy, 94z, yz (R=3) 331& —2? Yz
This is clearly a C-vector subspacte, but it is vol clear et whalkits climension s, or why

we should be Fa/ch[aulj conceyned with thisclass aﬂpo/ynomiah - BuFas we will ree
there Polymaml\a( functions ave clense in | *(§3 ©) )



Theovem L3-4 The map ANE Ph(”) — E—Z(”) is JM&C%V\Q for all n) kR 2 oand

A= Ho(e l=11" R, (») (13.1)

N

an internal direct sum

Prog_ﬁ Note that it R< 2 then \Jacutowﬂj P){("‘) = }fh(”) soin asense (13-1) alss holds in these canes.

The subspace Hp () = Ker\ is closed (ina finifedimensional Hilbert space evel
linear subspace is clofec/) wis InDN S Joos(n). Hevre by (MHS, Lemma L20 '7_7

?{J“) = }ela (n) @ J’Ek(”)L

n (13.2)
2= TmDA® InA
Bul £ Q€ ImA Hhen by (122)
l=lFe, I<IPa y = < AR, @ > = O (123)

l'!en(c (/x“l&: O Ih PR(”) Wlf)em(e & =0 ih 2_»; /"’) So Iw) AJ—= O
and hence Im /A = A-a (”)) proving Hal A is Juyedﬁvﬁ. We have used thal

mu\ﬁplfcaﬁbn \mj Hx“2 is }nJ‘ecﬁue n ovmap })b,—L(”) — PA (”) which is eow.’ly cheched.

%puove (13) we obsewe that “1“2/)[1—:_(“) < (“)L by (12.2)
and. since AW Jwg‘ecﬁwe

dim po (n) = dim A _, (n) + dim Hk (n) (13-4)

while from (13.2)

dim P (n) = dim e (n) + dim Hk(")L, (13.¢)

o)

Arithmehic j{’m O{I'MP/L’L (n) =dim He and i'ry‘(’,cﬁvf}\j A xI'(-) implien
that Nz [P A2 (») = da ()" an claimed - []



Caro/}mu; L3-5 |et k=2a+b where a,beN and be{0,1} Then for n}/{7/2

Jo) = Kl Iz Ky ()@ @ =0, (p)  (141)

M By induchion on R with n £ixed. The base canesare k=1 or k =2= whith beth fllow
fzmmJ/MTheowm~ In the cane R =1 we vead (’4.1) an /?(h) = [n) 5Ulppo/€ ([LM)

holds for all infegens < k. and we $he Theorem fo wrike

P ()= Hewr () @ 12l P (o)

Bﬂ WPU%“D Pk—l (n) =t (n) @//I/}2%lz—3 MN& - & || 2OLIQ'(Jb' (n) where
k-l=2a’+b and b'e{0 T Then it follows

i) = Mo oY@ I3t ()6 & <l 30y ()

and k1= 2(a+)+b'. 0

Now for the magic{ Nofie that [x =1 on S ' o (141) says that when you

restick any polynomial function to the spheve it is a sum of harmonic polynomials.
More Care—ﬁ,q“j by Exercie L3-8 we have oo C-linear map

reohn cHon
Pl) > Ch(R", €) ——— CR(8",€C)  (w2)

Lemmo L3-6 The mop (14.2) js inJecﬁwe.

Roof If Pe B (v) then aﬂa'oo[vnomial funchion it is ecny Fo ree fhat for x € R’ Xe €
we have P(D2) = fAhP(r) and hence if Plsn- = Q [so= we have for x+ O
=)= P(lI=ll i x) = =" P(Z) = I=1"Q ({T3) = Q(=). I k=0 e

clarm is vacuoun and iF k> O then also P(D) =Q(®)=0 Jo we're done oy



Exercise LS'H Clﬂech ma{'ﬂ/)e _}DFD\DTJ on 7% (Vl) QSIUCfC{‘J‘Qd 'J‘O ‘Hf)e Pa)'n‘ng L_—/ —>
7SJ'WJH’If)e Jropologq on C dirm () waing the beayls {xd}wsk ancl
that e maP PJ:L (“) — Ch(”?hj C) 5 a homeomovpmm onto Hr image.

_Dﬂc_’\ A degwek s,plaevfca/ havmonic on Sﬂqis a continuows funchon f S"s
n the image of fhe map (R70,n72)

regtnct
H (1) — Ch(R,C) — (5", C)

J

that s, [isa resmiction 0}0 a havmonic /DOL\\j)’lD mial function of degma R

The m/)f/pace of all sphencal haymonics of- degree . in Cis (s"IC)
is denoted e (S"7')

Lemma L3 =7 The induced map He (n)— a'ﬁl“h’]) s an fwmovphilrm of vechor spaces.

Rod Ttis suyective by clefinition, and injechive by Lemma L3-6-0

Theovem L3—g 77’)? @//)'near SPQH Of U/g?,o %/{(SHF’) Is c/eme m C7LS (Smpj G:)J
with M})ecf%oﬁoe J=1l norm.

oo

Poof  Let Poly (S") €) denote the resichondo 5™ of polynomial funchionson IR
By Stone-Weierstrass [ MHS, Comllovy LI6 =4 | fhis subselis dense in ct(8" )
in the compack—open fopology (1-e- the topslogy from the [I=Iloo V)DVm) Jee
[MHS, Lemma L2-1T7 Hor the difference befween R-and C-valued funchions.

But if féf?v/y {SW// C) s the reapickion o P € P») then ww’ﬁng P:Zh Pl
an A Jum ofﬂLr %omogemeouw obvmoone\fﬂ1 PJL C‘/Dlz (“) we can b_tj Covollaw L3¢

wrte P (an:‘c{m(y) ) o Sum



A= He+ Il Hoa 4 Il He g o+ =074 L (69

where H i are harmonic Polﬂmommb of degre 7 - Bul realising these an funchions on
R" and vepicting o 8" 7' = [x€R™ [ I=1=1 } feads 2

R

sl H}z

gt + "\){,1’5\,,4 -+ Hb/&""’ ([é,z).

from which the claim follows

fut differently, evew condinuoun C-valued funchion on S" can be arbitvavily well-approximaled
inthe sense of ||l distance by a jum of JPhem‘ca, hormonics. Remarkable /' T, parhicular
we have found a natuval devse subret of the Hilberf speee of the rpheve:

Corollaw L3-9  The (-linear span of U/{ZO He(ST) s dense in LS C)

Proof  The span is dense in Ch(J3 (E) with rerpectalso fothe [1=ll,~normn ( ree the fechnique o

[MHS, Lemma L2(-2 ] ) and since CR(IC) irdense in LZ(£3 €) by Lonshuchion
this complelenthe prod « [

Example L3=6 (onsider the harmonic /aolymom/a/f x5 %Zarm{ 2y z of Ezamp)e L3-d
Tn 5P|r)em‘ca(ooorc{inajr€/) (1‘3) with X, =2, X, =Y,2, =2

(17—,_(:}1)‘32 = Sin?@cos*f — sin*Osin"f = Sz'r’)l@coS(Z“f)
(ajz)‘sz = sinOsinYeosY s@

’ ﬂ-}»h~/_]_ ﬂ‘}‘)R”3>
Exercite L3-12  fove thaf for R,NZ 2 Gflm%)z/”) = ke - k—2 )

Nextwe want fo axque thak He ($*) s orthogonal o He ($*) ifk +L, which we can
then wie fo constuck an orthonormal clense bopis of J/Dhel/fca/ havrmonits for L2 (53 C)



@D

Smooth functions on the sphere  (results and exevcises here ave labelled “R" o this sechon
can be shipped if You know differenticl ﬂwmdy)

Next we wanf consider a clifferential opemﬁm the La,u/ac[an, achng on Functions on
the sphere. That means we need fo Hecide whatthe deivative of such ofunction)s.
Using sphew‘(a/ coordinates This might seem J?Lm{?h/—?élfwalfd < we hawe from (1.3) a

5WJ'ecﬁ|/ﬁ Lonfrnuous map

f=0=21
J N
1o~ s .
(0,%) —> (sinOwsY, sinOsinY, OOJ@) \v

This of-course not )‘mjecﬁw_i J(Off) = (0,0,1) and J( T,7)=(90-1) Hor all \JO)
loM%J it /'mJecﬁ've when reshickeol o (0,70) % (0,2T0) | e image of awhich /s the
complement U= S7ef the red line in e aloove dfdﬂm)’l’l-

Pﬂf A confinuoun function ][? ST—= R J'JW]DOH/\ It
J Iy
(o,)x(0,21) ——> §*—— R (16 (.2)

a+b

[Z _
is smooth in the wual sense , thaf is the devivatives 3@79ye (’COJ ) exist forall 0,b70.

Nole thata funchon can be J~Svnoof’h but- “behave Ioac/ly\l acwss the ine $ =0 on
fhe spheve, by having ﬁ)rexamp/e

o TGN —FER) i f(350) — F(£ 21-4)

h—>0 )'L n-a0 )’\_

In this care %&% may existas afunction on (0 Tx(0, 27 ) and s U, but itmay not
he penodic in the rerse that iF extencls 7o a Lonfinuew funchon on all o J° This goes 7o
show that smoofhnoss om U is ol enough 4o define smoothnear on S ° The solution is #o
consider both U and another “wordinate chart” o the same kind-




sphevical wordinodkes

: 0£0<sT
x = rsin@ws¥
. , O<£Y<22T
y= rsinOsin¥
z = rws@
a
(l6-2-1)
alt sphen'al coordinaten peplen
71 = _rsin@’wsb"/ o<y’'c2m
4y = ws9’

/. /
7z = r’sindsmjo

We hoawe Fuo homeomonphisms associakedto these oordinodes ), th o detined, below
and 1he open cefs ()= Im(})) V o= Im(J’a’Jr) wver £ (Hhat s, S*=10 "\/)_

J
(om)x (0, 2m) —> S~ o*
(0,%) —> (sin@cws¥, sin@sin'¥f, UOJ@) |
\/C

“alk
(O/T()x(O)ZTC) S S’)_
(00 9") —> (=sin0wos?! wsO' 5sin® sin b‘”) (16.2.2)

o+b
2 R . alk ) calt 2__ . (]Co raljrj o
We;aj 7[:5 — K s y ~smooth if jFOJ is smooth (e 20 2Y J existfor
all a,lb> O. F:'nalljt

Def" ,4 wnhiNunoun %umcﬁoh fz 51% R is smooth if both f‘u and jf"J If are
smooth funchons on (0, T)=(0,21T). Awmp\ex—valued function on $2
15 smoothif #s veal and /'mag/nazy PO!V?LI ave beth smooth.



16-3

Note fhat on the overlap UNV we have fwo sefs o “compe)v'nj“ coordinalen O, F andl oy’
where wre view @ =0O(P), =1 (p) arfunchons of pel (vmp@ﬁbozano/ V) aring d—)
(o) wtmat (00p),90)) = j7(p), (0P, ¥'(p)) = (7 (p).
How do we ex press [@,f) infevms of (9 ') an funchons on vnv?

arceos: (-1,1) — (O,Tl')
Fistvecail. thal .
ot recall tha !

— T

(0, ) x(0,27) —

0 b)

U

J—’l(j/\jjz) = (avccos(%)) arg (x %\’3)3

(l6.3.1)
J'aH-
/x
(o,)»(02n) . TN
o’ ¥’
(J“W]F\(J(,kj)%) = (arcws(sj), an(’IJF"%))

Hence we howe (6.3 1)
" T J 0° JIQW oo — - l
( [ — e | ]
( | |l ,
M I ‘ h) \
[ II <\/l Ve — J l
[ A (") L

f s "

7 o (V)

J' Jal“
,\ — > e ot
(V) unv -, (™Y (v)
J’l Cju\\-)”‘
(Jalk)AJ’ ((9}‘3"\ = (a\rcw:(sim@‘sin)")) aq( — 5in@cos Y + st@)) ((e_g_g)

7 (00 8) = (arcoos(sin6'sin?), arg(=sinds9’ 1 (') )



The ﬁma‘mn arg(x Hy) can Ee eXPVP/)JPC[ uﬁmg #)e nvewe arcton - (— o0, 00) — (”5,1{) an

afunction on R\ “’(/0) 13‘7/0}

archan(Yy ) x>0
arg(xrig) = | T_ ar(m(x/ﬂ 470 N
—7 —arcton (f/g) y<0o
avd—om(ﬂ/i)fﬁ x<0,470
avchan (I)x) =T x40,y<0
_y x
This is a simooth funchon since avetan is, and va”ﬂ(l Fly) = (x”f‘jl ) atHY* ) Hence
(16:3:3) is o smooth maps, mutually inveue, behween J7'(V) and (j*")" (V). Thatis,
the change of oovdinates

@ = arceos(sin@iin¥) j”/=ar9(—s)'n(9wx8’+in(9) (16.4.1)

is smooth o a funchionof ) £ inthe sense ot both expressions are smwotn on (0 T) %[0, 271 J
These fwo sels of coovdlinaler give (in prin ciple ) fuo “different” ways 1o define clrffeventiation on S

Det” Tor TS (o,7) x(0, 2) open lef COO(T) denole the IR-=linear subs}aam of Chs (T {R)
wonsisting of smooth funchons. For WE U and R <V open we define |
sruoefh accos nfm\]
C(w)={ fecuR) [ f2je CT( 7wl ~

00 _ - N alk o™ —af !
CGQH’(&X { ’CCGI(Q)‘R) l JC J e C ( J Q )}\ svvmof’l/\acoomliw]% ol

)
These are R-linear subspaces o Chr(W,R) and Cfs (@R) rerpectively.




On J’heowevlap the fuo worclinale jﬁjkm agree on which funchons ave ymooth:

Lemma L38-1 TF WS UNV is cpen then c‘j’(w)= Qj;%(w)

Froof  Considev the diagam obined by mh‘cﬁ‘nﬂ ((6:3.3)
J‘ J'GH-

J"(W) W (JQH-J"(W)
J-\ J{Jl (\J‘aH')"

R

I+

Given £€ Cis(W,R) we have (sinc (J'QH)~‘°J ) J'\ DJQ are smooth, and by the

chainwle the composiles of smpoth funchions betuseen open subehr of R ave rmovth )
FecTlw) <= foje (W)
> ()70 € W)
> e e (GMYw)
= fe C;:|+(W). D

So finally we wn define which confinuows funchions count as smooth, on any open subsef of Ji

woing both coordinate chavtr in fzmndem

Def™ Civen W E S open we say a confinuows funchion £ = R i smooth if
Floaw € C—Oj(UﬂW§ and Jf/vnw € C;:‘* (\/f\ W) The et b all smooth
fw\d’ions is dewoled C®(W) € Ch(\/‘// fR).



Exercie L3821 (a) Rove that C°(W) € Ck (X, R) i 4 th‘neamubrloace
(b) vaeﬁuﬁg weU 7‘7184’\ cCr(w)= C (W) and it WEV

then C7Z(W) = uo\’f (W)

The nextexerare shows that C® (-) is a sheaf on S? (we will discucc sheaves Jater) .

(2) Pove thot f W' W is openand £ € C°(W) then Flwr€ C7(W').

Exercie L3B-2
(b) Rove thatif W< S* i open and f W4 Jxen is an open cwver A W

(3hatis, forevewy X €A W is an O/De/’)Jd}DJe?Lm/ W and U‘xe/x Wu = W)
and {Fetien is adfamily of funchons F«€ CT(Wa) such that
iy \wmvv/; = "Clemw,e for all d, BE A hen theve exish a umque
fe Co(W) such that Fly, = Fu for all *eA

(Noke - the emphy wover is a coverof ¢ and yields C(¢) — 1)

Differertial opevators on the sphere

Now that we have defined 4he &heapof synooth funchions W+ (W) on S% we can

2 2 2 2 ‘
define operafors a6, 2F 126,21/ There obviwly depencl on the chosen coordinates

but cevtain combinations (such o #he LmPlacr‘an) clo nok. Recall ) =Tm (ﬂ) V:Im(f% |

2
D_QE Given WEU we define an \R—lineayr oPeva'or 20 ¢ C_OOO/U) — C*=®(w) by

CW) ——— CT(IW) = o) —— (W)
()2 26 (™

wheve the DMLeVmaPS are JCJ and 9 9 J mPadﬂVf’j Slrmlalymdeéne
/a‘f ancl wing J / umuzoﬁd/UW\eceﬁne &0 /3)‘” on C (W) for any

open subset WE V.

How can we exdend these opemhvﬁo qr/o//m:/y oper) cubsels W< §* 7



l6.7

Lemma L38-2 Tf WEUNV s open hen for jfé C=(W) we have

oF —wsOsin¥ 2,5 N cos¥ ELC
30 J)—sin2sinty 00" T wt®O ros?f 3 o7
9F — sQcws¥ 9f wf@sin¥  3f

—

07 - Ji=sin?6s5in*y 20! —LOSLij—qu'@ or’
o elements of  CT(W).
o)
froof. By definition 561 i the fop ww inthe )ﬁo/lowfng tormutahve diagrum

> o)

(=)o) =9
CW) = W) = W) — Cw)

4
~alk L N AlF
e l SRR \J (,)U’N T Gy
3

C,oo('qwf‘l/\) _ Cw( ’“H'-'VV)

(16.7.2)

wheve by (16:33) the map £ is defined for 323((9’/5"') € COO(JqI+—]W) by

¥(9) = a%[ 35" ] ° JHJ'“\%
o

= }%[ﬂ( am)) arg(—&in@ooJ‘JDJr(qu@)\)_} DJ/\JaH—

:F/

Ch&! w W\\e

93 30 CINCH L - calf 3 ()= —
= 3'—_(9" 00 + 2Ff 29 J J Tn avceos(u) = —

Now with w= SinQsin¥, and a=-smBws¥, b= cosB

’3(9/ -1 — wsOsin¥P

2
20 | — u* 3'0(“) T Jl—dSinl&Sinlf (\673)




Y’ 2 L 2 >b
5 = aaalarit) 55 + Gy aglarck) 59
b " 0<O&T - sinG+0
= aal[”wj@w\d)] + q;;;bm@]
_ wstBwsY sin*@ws ¥ _ s ¥
w03 O +sin* B ws*0 +sin*@cos*y¥ w0 +ws* S
HQV](Q

Y(9)= — cos@sin Y 99 . os ¥ 99 o
N =sin8sinzy 96" wt 0 + ws*F 35"’]0 J J

and 0 relering Fo (16.72), given f W —> R smcth ancl wiiking £(6) ') he f2)"

% = Y(ﬁ(ﬁif‘))oﬂ*"

—wsOsin¥ ’aﬁ + cos S EE
Sl-ﬂl'n”‘(ﬁ?un’f 00’ o0 + sy 2 f'

o claimed.
2 3
Let © fifin adiagram like (16.72) butwith 2§ replacing 76 - Then

a(a) =gl 9-5 10"

©’ i
3 -~ . y
_ a_?[ g< arcw5(51n05""y)) ar@(—&in@wiﬁo‘f—(WJ@)B_} o\l('/\d—a”-
chmnvvx\e / /
_ [a_g ?LO_ + a_ﬂﬁ 0o 7" alt
30 3 o' oY J J

Now with u= sinOsinf and a=-5n0ws¥ b=cosl



26’ 2 ( )?)u — | 0 cos —sinOcs ¥
— - arcws (U a_ = n SInd cos =
J o g Ji=u J v — sin2esinty

¥’ > NG N2k
R Vﬁ(a+l‘°)a§r + abarﬂ(“fb)af

oy~ 9af
_ —b sinOsiny 4+ a O
a*+b* o>+ b*
- sin@cosO@sin¥ — cofOsin¥
s 0wty o0 T Pt wbr 0

Then we devve the reconcl 1Q>mnulok in ((67") on befove - U

Exercie L38-3 (o) Rovethatfor WE Szopem Me subet C (W) < Ci (W, R)

is closed mndevmulﬁplkaﬁon ond hence  (incombinafion with ExL38-1)

that C (W) s an IR—Mbalgelom_

(b) Let Homp( V. Vo) denoke Hhe R -vector space of linear hansformations
befween vector spacer Vi, Vo Rove that forr WE § Lo‘ben with
T(w) = Homp( C=(w), C°(w)) the map

mmlHP)Y(&HDV\ n C DO(W)

/
a- CPW)  T(w) — T(w), a(f,$)(3) = F(5)
makens (\T(W) into o left C°(W) —module .

With the nofation of smooth funchions adima on opevafons from ExL3B-3 (167:0) can
be wrilfen ag om equah’ﬁj of elements of T (W)

ra ’WJ[PJI-W)D P ‘}' wjf P}
30 B J)/-Sl'nz(ﬁ)iin?'f 30’ ct™O +ws?¥ ¥’

(16 .4.1)
e —sthQcos¥ 3 cwt@sin¥ 9

p——

0¥ B J(»—Jinzé’ii'n"j" a—@’ ws*f +wt*® oY’




The Laplacicm

We are now Pl/epmmdjro define the Laplacian Asr on C7(W) £, WWe Slopen We define
if fint on coordinate patches and fhen argue that these opeﬂﬁvn “j/ue" fogefher. hr WsU
andd @ €V, £€ C7(w) and g€ C=(Q ) we define

v — 2 sin0 ﬁ) Lo
Asz ({‘\ = s5in@© 20 26 ) T sin*@ aj’; (17.1)
' Gl A ) G
/l}lz (a) L= J)'V\@) 55,( 67“(9 90/) +J)'/)L(9) aba,b (|7,2,)

These opemﬁn Agul" COO(W) — COO(W) and A\Sll ’ CDO(Q> — COQ(O\ ) ave /M&Of.

Lemmal3B-3 foreach open wwheet WES “ there s a unique R-lmear o/DermLor
Asz: €= (W) —> C(W) such that e Fo//owmg o{fagmmf(/ommulk

ASL ArL
Co(w)— C=(w) C(w) —> C%(w)
07- 3) Oloaw J (I Monw (—)]v/\wJ( C‘)Ivnw
C=(unw) —> CZ(unw) C(vaw) —— C=(vnw)
D¢a A

froof. Um‘c(uewws and h’neariﬁj follow v‘wpecﬁv»e(g fomn the sheaf condition (Ex L3B—2(+))
and the /)heaﬂ'/y of A;uz.j /l:/x s i suftien Fo show thal for 7(6 CP(W) we have

ASV"( jC‘UAWB(Uﬂ\/(\V\/ - A;/l( JEIV(W\/)‘U“V(,W CI7L‘L)

T fhis holds Hrew  AY>(Floaw) € CP(UnW) and A& (Fluaw) e €2 (vaw)
cabichy The compatibility ondifron of Ex L3B-2 (b) for Fhe woer 1 UMW, VAW F A I
ancl hence ASL(FS e C® (W) with thedesived pwyperfies exish . To prove (7.4)
isaffien fo prove N (9)= A\S/L(ﬂ) wheve 9= Flunvaw . Move 9emem((% (ef
TEUV be open Then for g€ C7(T) wsing Lewma L3B-2



@D

—wsOsin¥ L cos¥ — 500 wif — wY0sinY
We wrike & = [Fancsinry =~ wi*Ora™y) 7 Jsinssioy ot:wx’—)” wot*0
Ioﬂlml'
2 .2 i 2 2 2
Thenweoompmk
viN L3 _3,8_) L2973
Ns2(9) = sin@© 20 5nb 35 )+ 5@ oy +
_ l I: (9—92-4—51'0(922 1 3‘25) (I’?.\,Z)
= ono | “Y 35 26* +sz(9 Ipz
23 99 2 99 99 12 29 29
_ O] CH I 22,44
EX 99, 2a 3 3y b 2 223
= awtBig: +boltlsp + 30 550+ 23850 + 55 55 26 79
d 99 J 2 99

3y / e Ye N

“3¥s0 T sin*G 3y ay’ + Jin*@ d oF oy’

Now
3 89 _ 29 29 ERE 279 a*g
76 0! a0 7T bﬁf‘%" y 303y a0y * L”a‘:f’l
(\7.0.3)
2 39 29 273 3 99 239 279
2¥ 30’ — C a0 *iay'ae' > 2% a2y~ Sopoy * d >
Hence
£ | sc |29 b1 ed 1%
As(e) = {‘m*@ Fe6 tun oy }w/ v {E“’m e +~f}'nlc95?}5§/
CL a’lj 2 dl 313
L - 2L
R LRl e D P
U714)
L CCk + C r"\l-?
g do +ab + sin*@  sin™@ 30'9r’



—ws@snY¥ cos¥

e —sin@ o — wYOsinY
“= (=anein s b= wi* O 1wy <7 = osia*?, od= wm
c2 d2% [
One checks that a® tsin® = L, b7+ Hn*@ = sin*@’

P | gc
at0 + 3¢ t 297y = ol

9b [ 3d
beot @ + 26 TS0y — O
cd
sin=@

= 0

ab +

H@VICC

U 2% ,9’9 | ?ﬁ \V}
Asl(a) = 800— + wt0 20’ t J‘{nlﬁlaf’l = Asl(ﬂj . D

Exerciie L3384 IF W'SWE Szalreopel/l pvoueﬂ/laf

AS'L
C?(w) — C7(w)

W l [ Ol

e (w') ———— C*(w')

SL

LOVWVVIl/d‘%- We Jay ASL s a moqoh/‘.fm #fhfavm.

The opemﬁv A_ra (or veally he fmm'/y ﬁ]ﬁoloemf‘ow on C (W) % each open W< J?‘) is called

the Laplacian . The Laplacian is defrned impinsically (e a//)%oufchgdymﬂ worc/)"m/w)

on any Riemannian manifslol (on R" it is A/R" = ;%L +---F Ih? ) but for this

toure we will make do with the aloove conshuction by j(“e"“‘ﬂ oloevz;d‘ow ovev cin open

vover of 8%

Exercire L3-12  Pove that for a smooth funchion f on Rg Hhre —Following holds on R¥\ {0

ARSJ: - ?l:—;“’(rlg‘ﬁ> iﬁsl}

(17.3)



Lemma L3 -10 F(Sre\/evg harmonic Folyy\omial Pe L (3) the respiction f= P\J—z € J—Q(Jl)
is an eigenvector of Dsr with eigenvalue —h(1+k)

M Qtj directcalculation uwiwj (17.2) . We have for r>0 and x€ 8% an expreasion for
Pin SPlnevical wovdinales P(W, o, K:P) = fhgc(@, T) and hence

0 —bP= H5(r? )+ E NP
rzgr(r R rh ‘JC\) el &slﬁ

kR -2
_ r;_ 9r< l+b\j€') + r_}{ A&Q_(

— R(rR)rE2f b PR AT

o N = ”‘Q“JFM;MCIOI/Med-Q

Det™ A wntinuous funclion £:8°— T ic smosth i Re(F), Tm(F) e C7(5%)
and ure devote by C(S5 Q) S Ch (55 C) tme CT-linear subspace of
ad smooth funcions.

The Latofcu;(‘an exdendst a C-linear ope o on CT(SS, C) by acting sopqm}e{y
onthe real and magindy Pcﬂk : Re(ASlF) = DNg2RelF), L (As2f)= Dg2lm (7).

Lemma L3=11 Civen £ g€ C”(S3% C) we have

\/;2 As’—f 30JS = f;_«jz:Ajlg dS ((g_l)

We will veturn to 7his /Dmdf VV)OW)@MUM(% buf fint we wank 4 examine i conrequentn .
Tn the %l/owmg we wite LENEN for dim C He (n)



Theorem L3-12 [Me have a direct Jumn dewmpwh%h

[*(stC) = D #.(5) (19.1)
k=o

in The sense that fhe jummands are clesed, pairwive orthogonal, and evew fel*(s2C)

«an /Je writen uml‘ﬁudg an o oonvevgmcj fene)

Fo= 2k fe€dl(s) (192)

PLD_Of L@l’ [Q:‘:{ ‘oe 3\'\/9[4) cnd |e{' )LG aﬂ(Slj) 9 e %{{\gz). Then Loj Lemma L3-10
we have Asl)c = —k(iH‘)F, Aslﬂ = -%(1+()j and hence loy Lemma L3- 1

|
LF9 Y=< ik As2f, 97>

I <'f"/ A323> ((7-3)

T R(1tk)

AL(1+2)
k(1 +k)

<f 9

Suppose <197 +0 then C(L+€)=k(IFR) which impliea { =R a conbadichon
{ﬂ/le F“Vld'fon X+X2 s mcreaoing ’J‘;:;r x>o>) l’!enw <‘F1 97; O claimed . The
subspac Ha(5*) are finike~dimensional, hence closed.

Now lef {\/L, -«-)\/? ] be an orthonormal banis for e (57, produced
sy by fhe Covam- Schmiclf procas. Sing 4 \/; , \/i 7 =0 whenever k41
the sef }3 =1 Ve, ho,o/ < i<ap is acountzble orthonormal sel - Morcover
Urro ¥ (ST) < SPO‘“C]% so by Covollaw L3-7 fhe fefﬁ ir an orthonormail
denie barir for L2(S3 C) e statement of (19-2) now follows fiom

[MAS, Theorem L21-107] with fi :Za:;‘< 77;) £ 7



TIm I
PVOOFGﬁ Lemma L3 I Wm‘ing f = fﬁeqbiﬂi ) ﬁ = jRe+ Zj m
holds for real-valued +funchions f,j. Then

Juppore (re))

AT, 9= L aeffined™, 547D
= (Dt b T, g gy

— </>szjcgej 3(2e> + l< Afi)crle) jIm>
i N F T gy =D fTT 9T

(20-))

= g Do ) F SR D™
+i<1clm) A§13R6> —<1CIM/ Afljim>

= Lf* Dag) s (-, Ay

§<’f) ArLﬂ>

note that the way The
So we may assume 70,3 real. We neec o show / inkgrol 15 defined we

need m\\y wre one wodinak chont

fﬂ(f {sm@ ~ 94‘) ;_;)4’2?9 s }j sin0d@df

2T |2 99 N
= J7 J‘ jc{J/)'nﬁa—@(S’n@a@) +LYI'_V)T(99\TL}J]”®CM9CDD"

(20.2)




Camcellmg e fachr of 3in© and. mwclem\ng the ?Megml ﬁm/) for Hu RHS

20 AT 3 29 Tt 1 27 913
[ atonsg)ana [ (74 22 ara

2

and for #ie LHS

J f 330 sin@ aﬂ)d@df +J szmﬁf 39)0

()

9
Set b= 5% Then via /'w%eﬂmﬁm by Pavh we “move all devivatives onto £

[ffar = [Trlpas

|
8]

i

>
Q))Q)
)

a

%

Becawse JC :]C[CQ/ )0) i /Dembdfc in both vanalbles by definifion . Tn Fav#cwlar
ar qjlund’ionof @) 7’1(@, Zﬂ) - 76((9) O) = 0. This C(Ioeviodl*cify + /nkgmﬁoz/\
bﬂ Pa\/ﬁ‘fm\c/z" (s evevywheme (see eg. [/‘“H’/-f) Lemma LZ/—37) and with o move

Subfle /Dvope//y replacing /oewbc/fc/@ it ic o cenpral idea in diffevential jeome/vy_ Anpay
tonfinuing (2)1’) and again wing /nfegraﬁbn by Pq/ﬁ

. L”SS; e
BT

2T ?11(‘
= J \PYEL



0 2L
Hencthe second summonds in (), (%) agree. Now with h= J4inl 78

J faﬁ(m’@w d@ fﬂcwd@
- T
~ [0 -] % s
frsg Jlf)@a@

= [g@flﬂ 3] +f ag(Sm@ )yo/@

(2z2.1)

Misfime the vanishing of. the ['1: tems is because sin(0) =sin(T) =0 (thewe s
no veguondo ascume F(0)=F(TC)). This proves (x) = () and wompleles the /wggf, [
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