. ( 0,
Lecw‘um Z+ — Tnfnitesimal &ymmdnw 2r/3)2)
mpdak(i LL(Q’ZI

Tn Lechure D we have seen that $0(3) ack on L*(§% C) by uwh‘—a@ Hansformations, and
that evew Vel (S C) canbe wiiflen umque/y an a wnvergent renes v=S." "%
whoe b € ¥ (S?) isa sphencal havmonic i degree R | #he vestnction to § % of a

homogeneoun polynomial function £ on R* which is harmonit, 1e.

al 21 92
[511* ?jl+9%Z]JE = 0. ()
2 R 2t

" aym " 5zv is the Laplocian | o linear opevafor onthe vechor space

Heve A(P\3 - 3:;’ atf
C2(R?) of smooth (wealor wmplex-valued) funchionson R T We have defined also the

Laplacian KNev on smooth funchions en S and we know Acef=—k(1+k)f for LeH ()

That is, fhe gPlnem‘ca’ harmonics are eigenvecton of the Laplacfam on ST

Now we refurnfo the symmemes jC—JO(3) o the sphere and Hilbert ypace L*(s3¢C)
and seek 4o undewtand how these interack with the basis of sphevcal haymonjcs. Since
SO(3)Y s not abelian we cannof hope fo J;’mmHuneouwlj oll‘agonalne ol ﬂ)e g€ JO(B)
(if ¢-9. theve were a dence orthonormal baais of sphencal harmonics \/é hr L3252 C)
then iF cannch be that Y L is an elgenvech forevewy g€ 10(2) | sine Fhen
te ackions of §,h would wmmuteon (85 €) henceon Ch (§%€) which is fale)

But the nextbeat ﬂfn'na is Pe - e will show tat with

2 so(2) —— U(L(s3C)) (2)

A
clemO‘Hng the Vﬁpre/)en}a%‘am b (3) = Cj # Lemma L3-T, the olperaﬁvr Z(9) s block. c((‘agona|

9’60(53'> ot (5?) 961(»“)

N e s
e .

[ ] =
y s (1)

o
7 »
mamix wet a hani s 3('(531 0D /// o ( o
Uﬁsphem‘(a( hawnonics % !(
%L(SL) :‘ © : i \ % : )




Lemma Ly-1 era”jeﬂ)(g) we have 3(9)(%&(&)) < He(52) prall k70

Frool  The folbwing diagram comm utea

()e9
Cks(R? C) Ck (R C)
CHh(5:C) > Ch(s5C)
(=)°3

and soo pove that 6(9)(#) € %k/J&) for any fe Hel8%) it sutbiun fo pwve
Pogea(3) forany PeHe(3) (recall Hu(3) denctes the space of havmunic
polynomials of degree hin three vanables ), since then if £ € Hu(L*) is the veatrction
o P Hr(3) we have

(21)

2()(F) = Pls»og = (Pog) | € () (2.2)

Nofe that given any 3%3 real mahix A the movphiom of €~ algebya
C [Xt) K:.,Xg] —tk) @[Y\\)*J—(X}] deﬁnecl h‘j )DA (3([) == ZJi\A L'J' 96} sencdy a
polynomial P=Plr ) f
3
JOA— (P) = P( 2J:l A%JXJ ZJ_—\AZJ IJ y 22:(/43 XJ) (22)
and henw an a function on IR? we have fA (P) = P°j iF the motox "743 is A

Sofv‘owwzﬁer Pege %h(3) whenever PGH@(Q) it saffwto show that if
A is an orﬂwgomal marix ATA=L anel PEHe(2) thon AP (P)=0 . Buf

2

AV (P) = L =1 ESY 37\4 P(Z /\1J Zj AlfIJ' )SJ'Af)-:(J_)

= Z,/( Ik, \:TA( )Ait TA(%}E)AL ff\(ax BAhl

(2.4)
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w claimed. IF only remains fo chow Fu (P) s homogeneow of-degree 3, butthisis
<haightHorward . )

Exevcise Lik=1  Rove thal theve 1s no orthonormal dense banis P L*(§%C) comﬁrﬁng u£
simultaneouwn eigevwedom%v the set lrg(.‘i)}jejo(g).

Def" A representation of aguap (e on o complex vector space Visa moyphiom of
groups p Co—> Bute(V ) where Aute (V) devoten the guoup o €-linear
bU\ech’om fom V fo ikelf. A4 mloyepvmem}uﬁon P\ s a C-|inear J’(,I/OJ/)a(e weV
such ﬂ\od‘jo(?)(l/l/) S W for all g €. In 1his core fhe map 9 1—%/(9)/w
makey 1/ al/elﬂvwel’ﬁuﬁbn of Cin ifrown n‘ghl‘

In this language fhe lemma says that Hr(52) s a mbyﬁpmen/aﬁon o L*(53C)
Hor all k> O- Nok fhat He(§%) is a finile~cimensional complex Hilbert ipace and
[¥o) (3§Orac}x on He($*) lay um‘fmy hansformations.



Exercite -2 Poe dimg #e(8%) = 2kt 1.

Let wo now refurn fo the subje tt of the finttuo lectuven, and onsider fuo observens af reof velafive

7o each other and with o common ongin, af which we imagine is placed a quantum system — say

a hadvogem atom — with Hilbevt space H The wavefunctions YeH have q raclial compopent

V=Y (,0,F) but +his can be hrealed separaiely, e we can wike V= 7(r) T (0,7) and

freat the anqulav dependence ar ave chor T(oyr) e (53 C) This can be found in any
inhvodluctonf coune on guanfum mechanic, e §. [F, Chapler (1] 5o we consider d=L"(53%C)
o the Hilbevf s pace of s fateo.

As discussed in Leckues 3 and Z, the fuo observers O and O’ may obsewe the
system 1o be in diffeent states (re. roys R, R '€ Jre ) but an they agree on
hransition probabilifies fheve is by l/l/fgner’s theorem a utw'fuvy hansformation
() : H — Juch that if Y ER then U(V) GR/J thotis, U franslates stater an
Seen bg O info stales as seen [oj 0’ [m'o fva/omwe ﬁzcyLor)_ Comder/‘ng such
franslafions between frples O, o’ 0" of observers (atvest and with comimon ovigin ) one argues

that these anitaw hansformations defermine e pvojective mn[fmj vf:pn%en/mﬁbn

P s0(3) > U(2¢) (1)
1(9h)
where/hapwjecﬁve wpmenhfﬂ)h /0(9)/(/1) = € o /(914) instead "72/”{9)/0“’):/0{9}' )/
ree [W,§2.7] for detailc. PWJQCﬁV‘E representations awe important, both in morthemartic and

]DI/IUSiC() bufHor the momenk we afmme/D 5 a vepvwenbﬁon n the normal srenge .

We should nof rnioh 1o conclude %ha%/o =3 is the wpmewfa}ion of J0(2) on H =L*(¢% C)
fhal we have conshucted . Forall we know there ave other, easentially different; vepvesentativns on K

and it is the /ohys;‘q which decides which is “wrrect! #or our Jyj/-fﬂ’)» Nonetheless let ws Jupporse
that 8 js in fact the vtpmenfnﬁOn ﬁum/orﬁng between our pairs o observen  whalcloes the
blochdewmpon’h’on of (1.3) and Lemma Liy=1 mean in this context?



Tt meansthat if O obsewes the stake of the system o be ¥e Hu(52) for come k7 O #hen
O obsewer it +o be 3(3) (¥) for ome 9 € JOI3) whichis by Lemma Lis=1 afsoin He(S?).
Thw any pair of obseyvers not on/Jt/ agree on fransition }owbab///}%‘w buf-alio on the cinswer fo

+he 7‘/1%717.0” Cstote € Hp(?) 7 ﬁ:*’a”j R7 0. The jw/no answer fo #his countable sef
of predicates constituke a stream of bifs on which all observen agvee

Remavke L4—1  The Mamiltonian. H = =Asz ads an a constant on e (§) 10 by 1he Schrselinger

- k+)
e quatton K2V o HY = R DY e have HE) = o ZFHIy

which drffev only
'n )Jhafe fom ¥ Hence the “sheamof bits" s stable over fme and also invanant under
small perturhations in the obrerver s refevence frame. This information is, thevefore, by

the dandard elaboraled m Lectue 1, real I do nof know of anyﬁn’ng move veal Thon that.

What other fiumﬁons have “veal" pswers in is sense £ Ave theve integeror real valuec 7uanHHw
associated 4o wdkzmj like the one wnsicleved albove whichare “real” / (Can we c[am‘g all

such qmesﬁom and 7man+iﬁm ? The theons of Lie algebrao onvidea the answeit fo these c]uew\%‘

Geverators of volafiondl syMWIeJﬂ/}/

So far the factthat S0(3) is a space and nc}J'wﬁa et han not played any role. Recall that

we give SO(3) abFOID% bj /‘olewﬁﬁdﬂng F with o Jpet e A mahien. We have conshucted in
Lecture 3 a P_aﬂ_l, Ri in SO (3) with /Dammeh’r oL ﬁyram‘y unik veckor A in R3

and an we wnh'nuoow/y vaw the group element along This path we can ask if the
(/orvm/aondinj unH-an hansfrmationon L2(52 € ) also vaies wmﬁnuowﬂy) or even JVnODﬁl[j_
E xertise LLy-5 (i) frove that % R— S0(3) sencling & fo Rhoc is confinuown.

(i) Povethal T factos uniquely Thiough a continnows map T 55— 50(3).
(if) [for MHS ‘5717/‘0“"”}3] prove that the function S™ —> Z( 50(333 sencling

n to Th i continuowy wheve €7 is+he free looP JPme(//f Y fHHf) £ xample Lll—ll



Tomake sense of a wnﬁnmow)M or &moo}’h\j Vaing Pom‘r ot U(L*(s? C)) weuse that fhe
2(9) all have a block dewmponﬁ‘on (1-3) and we will jay a 1-Pammei€\f1/ut/m')y uf Juch

Hansformadions is confinuows orsmooth if each block vares m ﬁ\aztway - Sinw these blocks
owve jut finilke mabiwes wre can eanily what confinuity cnel smoothness mean for blocks. Fink

however we neecl 4o make some basic emavks aboutr difere Vﬁ-fan‘fng operafon with pa ramelen.

In the fo/)t)wmj V is a 74’)’)//\:’ - dimepsional C-vechor space and Endg (\/) denotes the C-veclor
space of linear o,oemfm on V' Given an ordeved bouis /B of \/ there is an isomorphism o vechor Jpaces

Fnde (V) % Ma(V) G.1)

C,B(T) = [T]/)s?
sending an operarior o ifs mapix, where d = dime (V)

Def* Let USSR be open. Adunchon £:U—> Endc (V) s smooth if the compovite

C
~ 2
U~ Eedetv) L Mye) — € 62

J4
is smooth, that s, it the enhies of the matix [H“) ]/B are ymooth fmm#bnm'z o -

De1['k Im ‘H’!e qbw& n0‘l'61+[0i’l we demofe ‘Oﬂ C,N(U/ EV\O‘C(V)) ﬂ/’e Jei’rf q// gmooﬂL
Fundhions U — Endc (v).

We say a funchion U — A”fdi(\/) is smooth i i is smooth when omposed withthe iclusjon
Autg (V) = Ende (V) S/’mi’av@ it i a Hilbert space oancd WeR"™ is open o function
W —> U(3C) is smooth i tis srmooth when wmpojed with (//99) = Aute (3)



@D

P
Def™ Tn the above nofafion we define for 1€ L€ q C-lineqr oPeeror ax. on C7(U, Endc(V))

fo be the q[DHow)"nva] wmpoﬂk

cpe(=)
C= (U, Endc(V)) —— C=(u, Md(C))
B (6.°1)
IR

(U, Ende(V)) «—— = (v, Ma(C))
CF/I°(—>
2]
wheve 3x; ads on mamiws of funchons ey —wise, Hhat 15, if f£-U— Md(c)
is idenfified with o motix ( {J’L(V‘)) offunchions then the devivadive is (Eg_xg( {Jh) ) _

Exevcise b1t («) Frove that - U—> Endc (V) is smooth. with werpect o some ba/)/'s/@
Hitic smsoth with reipect fo any bans.
(v) Pove that the opevador 9/9)(5 B (651) s /ndepenc{en}“ﬁp the
bauts P wiecldo cleine iH
(<) RBove that C °°<U, End C(V)> is a (C-a|9elom wheve (£9)(w) = f(u) °3(“).
(4) Pove that 2%; safisfien the Leibniz mle s fhatis, for £ g€ C(V, Ende(V))

2 (19) = 2(N9+ £ (3)

(¢) Prove that if £ U — Endec (V) is smooth then ro ave the
fundions U—=C given by wt— h(F)) and w—> def (£(4))
( give definitions o there frace andl deferminant funchions andl show
they ave independentof- the choree of basis).



|_emma L4-2 /"L_)rcmy nes? and R7 O the funchon

R —— Endg( 9’&/51))

o —> 2(RY)

e (§>)

is smooth .

Proof Recall that a = @[3) denoles the Jpace oﬂwmp/ex homogeneouﬂ Polymom‘qleﬂ

degree 3, Hi < e fheJu/oJ/boLfedf havmonic polywomyals. Given g€ Jo(3)
lef A be the mapix Jﬂj and ﬁ be anin (2. 3). Then we define « mpmevﬁuﬁorn. :/f JO(2)
on the complex vectorspace Ji by

/O
50(2)T ——> Autc (D) ()
/0(‘3) = Ja

We cheched that 1his restnclsfo avight ackion ép on PTh in the proof o Lemma Lip=1 , and
it is ey fo ree that fhe diagram

be Aute ( 3

/ [ - (7-2)
2\ Aate ( 7(59)

R

so(z)™

commutes , where the vevhical avvow v inducd bﬂ the iomovphism a‘ﬂvedbrvpam

M = e ($2) o Lewmma L3-7 and éy is the representation indued by 3 of (I-2)
and Lemmo LG-1 . T+ Meye{memﬁﬂwwfopwwz o > 3;:./( R;) is smooth . Lf /E /

5 o C-bauis of Hp extencledto o boanis ]? o Ji then for 9 e JO(3)



[p@ ] = [gm)]jf,' 0 "
0 Y

focaome mafix V- So Fuffiwato pove fhat & > £ (R%) i smooth. 8ut # A€ Mz(R)
denotes the moix of R 3 then we may fuke the monomials {lﬁj/ﬁ):k s our bapis fr /&,

(here e N and 2P = 22,3 |g)=p, +par s ) and

p (R () - Ta (1/3)
- 17 ZAU J]

L= (.2)

=ZJC?;1

l2l=k

o(
wher the Co are some polyvomials in A },< (j<y. To prove Hhe funchion IR— Aate (R )

sending ohtaf’ (RE«) i smooth i thevetore suffrces o prove hat any Polynom;a\ Funchon
n the ){/\°< 7],< LJKB & amooth an ol funchion of. & . But since sums, }Dwduc;’v and Jcalav

mulfiples of smooth funchions are smooth ifsuthun fo puove X ‘ﬂ /} € R & a smooth
x (@) Hhen

Funchion of- K Hor [<(ys3 fBﬁbjdeﬁmﬁon i~ = R R

Y

- Ry R R% Res R

Hene with S #he standavd banls o R’

At = [RL];
= L ; 0 o) [
(8.4)

0 Losd  —sina
0] sl s

j[i?: some L, L'eM; (IR) Thws A ;' is o linear com bi'nation 7 oI, shd, hence smooth - []



e (S*) - (§2)
i (3")
— \:"\\\\\\ >|//'7—//;'\l( ( )( (0{\|>
2o g 3R« 3
Ao (57) 1_7// a 2k (52)

Lreach R720 and 1 € S% we have desciibed a fmoofh/aaﬂl. in The spoice 074 um(l“a% hancformations
ot He(57) P ihell , o move wmcmebalg i (2Rr1) % (2ZRr 3 mamMws. This path s acﬁml/y « )D—o/-’
since #we increane & by 21T then szwur = R: : /3y Exercise L.3-6 eveu element of S0(3)

is of- the form R foravre (non-unique ) th X, Jo i we can undentand this loop we have
complelely undewatood how S0(3) actr on 20 (52) and thus L(15C )

To undewstand the Paﬂ'\ o« — 6( P\:Haﬁul) we AJnAdﬂ the relaled PaH/\ X l—%/’( Ri)
andl ks clerivative . We choose the C—basis 5 —1{ 153(,3/:h of monomials for Ja and
bgjih with the cane VAL: (’/OJD) a]g ofation Ru= Rig about the x-axis. The genem/ cae

is nomove difficult- Tnthis cane

AD(: ( 0 o)
0 wik —3Sinol

Sind. s

and so oy (8 »l>

( (RY) )(xF) = do( Fpe (2P ) (9.2)

d

- da\,[ x{ﬁ (C«DSO(:(,,—SMO( :(3>F( N A, + (08 o A5 j/?]

-1
= X',g“ﬁz , (cow( Xz—smow(g )Fl [_sm‘xxlfoo_ro(ﬂ(s](smouzat (/aro(%)

—)
+ 3(‘(3'. (cos AL, —Sin 0(13)/01~ﬁ3 -(J/‘no(3(1+ww(ig)/}3 [w;o(ozl—sm 0(3(3]

&



2" +1
=‘ﬁl x,/g(oosdxl—smo(ig)/g '(S|‘no<3(2+(,oJo(Yg)F3

. —
+ /33 xlﬁ(wsou(b~5rndo(3)ﬁ H( sindz, + (0 A 74 )/5‘3

Cl 2

- TA*( [17—53—13’27;_](1’@)>

We have puoven

d x 2 2
Lemmo L4=3  As linegr oloemz’z)rsorz R we have JZ/D(Rii) =f(R o()° { Lo ~Tag |

Given a pOIUnomia’ fé]}i this shows thot an funchions on R
d ~ 2 2 <
S PRO)P) = {735 () — x3m(P) foRY, (0.1

d /o B
Now J;(f(ﬁd) S loy anshuction a smooth funchion R — Endc (/D/a\) whidh we
: d x
m%g eva[MChle a} A=0 f 316(0( an opemfaf dd(/) (R d)) lo(=o on /0;9\/ whtch l’”j (lD-')fS

2
P — % 3g (P) —2,35% (P) (10.2)
That is, ap C~linear oiaermton on Pk

R(/D(Rz‘)>lo(:o :xz_;x__,) —7(3%1 (10.3)

2 3
The a/?/aeammedffhe operator 22Xy 2, 3%, o the infinilesimal vewion of the Jymmef@

P ( fo> of- the C-vector space S s our fint hint £ Lie a/gebﬂw' One way of veading (10.3) is
that for & small we have a good qppvoxima/?bn (a'ﬂopemﬁn)

x 2 2
/O(Rak) ~ 1_ + 0(‘{129—{3 _13;)(‘)_} ((D_q)



Nexf we consider the 3enem( cane where " € S and with the notation A (#3)

~

Rj’ R- Rfa R;@ R—ef (1.1)

> >
The velevant differenfial operator i now t.oh — Er2e, where tota,ts ave the wordinakea

A
with the same onentation ar 2y, X2, &5 but rofated fo have n ay the x-qxis «

TQ = [RZ;-@ R:v ;
2 (n.2)
L. = jor“(’(C):Z T; %
\j;'

d 5 2 2
LemmaLli-l As linear operators on Jh we have d—oL/O(R'*) =/D(R°‘)°{ bar, ~ts 34;}
froef  Sine p is o representodion and  dex sohisfien he Leibniz mle  (Ex Ly-4)
d A d =
i pRL) = d?(f(ﬂf Ry Rx Rv &R*T)>
— L pREe R p(RUP(RIRE-2))
3 d x
= /(Qg@ K-y )@/J(R*)/(R?} R;—?_ )

Lemma L4-3
2 2

= plRioRY) p(RU) ] mst ~ m 3] p(RERY ¢ )

’/(R Rz R )f(ﬁ? Rg—z)f(ari% R;) {%;{3 % ;ﬂ}/(lﬁ? Ry,{)

M

—1

(RS S ) 1



Now obsewe that on o monomial £/
Freed o — —3 5, 5 P (#F)
— Fre (7 3 () =% 35 (<)) (12-1)
= Fre [ paau ST g ST
o R G A R
(t.3% —tisn J(¢F)
Since tht L6 formn . C-hanis o Jo. wre conclude Hal
SpRY) = p(RUY e [ st — 6o |

as claimed. (]

You m»ﬂw notie that Lemma Li=4 looks similov fo afumiliar differential equqﬁbh
d‘d,fac(ﬂ = M%) with iniHal condifion £70)=1 anel unigue solution Flx)=¢e"
Tndeed it is @ syslem of differential equations and has a unique solution for His reazon,
by Prcard's ﬁeomw [MHS, Lecture 15] We are thevefore led 1o conclucle #hat
the achion /O(R ) is a matx_exponential as statec in the theovem below-

With d = dime Py we give Endc (A ) the mebic inducd hy the issmovphism
Endc(R) = CY £ (6.1) for any honis /3 and he mecfard meticon C4°
Given f € Endc (/D&) The revien e,xp( ) = Zmo ol P convevgen in This
mehic. Tou may have seen +his proved elre wheve, bufif alo Follows Aomthe

oncfﬁ of the vext theovem.



A 2 al
Theorem LU—S As oFem+onon Ph\ M/ﬁhallﬂ/)(R"( ) = exf(ﬁ[ba_ﬁ, — 71‘;]>

2 2
Frod  Let ™ denoke the mahix of the opembr taon — 1 3h with vespectfo Jome
ovdered banls of //Z (we don'Fcare which ) Then with X o dxd mobix er
unksown funcfions of o the ordr'nag drffevential fC[MCtIL?’Dn

JC{IX = XM (13.1)

5 actually a system of o clifferential equations
4 & |
do Ky (#) = Z{=| Xig (<) Me) (13.2)

Tf we add the infRal condition that X (0) = T4 then we may amﬂy Prcard's
theovem in The form stated 1w LMHS, Ex LIS=V] (ree Tuloral o +he 2020

class for a full SOIuﬁom) 4 see thal-the inifial value pwhlem har a unique So(utfron
on [-§,§] SR forsome d. As in [HHS, Examp/e Uf’/] his may be exfenclecl

Jo all o R, that is, theve is a unique so/™ on IR and moreover itis the fixed
Po}nf A the ilerafion on matws of funchons

\ 4 n
X)) =1+ [ xwMdy (59

starting with Xm: 1o 1His eary fo see that Xm =T+aM,

ol
X () = J,JrL (L+7MIMAdY
— 14+ aMt Ta*M® (13.4)

n) - A n n
ancd l’uﬂ induction XL () = 2izo nl & M Hene Wum‘?mewluh‘om
whichis limp_ oo XM) is the convergent sevies exp[dH) an claimed. Now by
Lemma Li~Ly | /D(Ri) is also a selufion of-his IVP, hena by uniquenes; p{Rg)—-exP(O(M} 0



Remark Hence ﬁ)rang Polymbml‘al P
A 0, 2 2
PR = Pt o[ B3 B3P 2 by b [ () +

Exevcise Ly=3~ Tn the proof o Theorem L =S prove that the hy potheseo for Pread 's
theovem ave safisfied, following the appvoach in [HHS) TmLon‘al&zozoj

Exevciie L4—6  yhat Jm'gonome}w‘c idew%ﬁ; ex,o/a//)S Fhe Juspicioun /Do/amg formula
n 2 2
1 :ﬁ(Rzﬁ>: €XP(27T[£L3£3—63952_])_

a) p)
Cxercite L4~7  Pove thot if P€ P is havmonic then go s [ él}—g — & o ] (P>
where #4215 ave the wordinales anocialed an ahvve o arbifauy i .

Exerclie L4-& Wnle formulan for Z(Rif), &(RY )) %(ﬁi)
) ojoerod‘bn on afh (Il)} an matnx exi)onenh\ah of ditferental

oPemfo;a n JPI’N?V)\CCI/ coorelinales. Btj jwemhhg Your own s})hem‘ca(

wovdinaler wntea geneml formula for 3 ( R2) an an exponential.

B A ~ 2
Exevcise LG Fnd exp/fc[/%a/mm/a/) for Tré (RI; ), dlef-6 (RZ«) on a'ek(g )
(ef Ex Ll—t (o) ).

Eyercise L4-10 T Lecture 3 P 6.3 we defined what i means for afunclion F:U—>C,
wheve US S* is open, Fo be smooth. Using #his, givea definitron for
what it means for a funchion £:0—> Endc(V) fo be rmooth,

where USS™ is open and Vis afinik-dimendonal C-vector spate.
According o this dlefinition prove that the funchion S*—> Endc(3€(59)
sencling n o &( Ki«)l Yer(cr) W smooth, where X € R i a«bﬁmg
and fixed.



T conclucion, wehave for n e $* and & ER o commutative diagram

~
o>

e (s5) ——— Ha

@l |

afh(\f?‘) T? A > P},\

e

> /r
f(RiJ (1s1)

2 )
The operm’vr él a/f-; - £5 5:,_ on /i rm/wc/tr fo %h and fhus ﬁfphem‘(a/ hcirmonics

ancl when viewed o an operafor on H (5%) we have by Theovem LY -5

3(Ri) = CXP( [ - 3&’@]) (1r.2)

While the achon & (R i )(V/) ="Vo R; s 7(4/')[6 exlu/l“cff on ¢ f/ahew’ca/ harmon/()
the form (I1.2) of- the acfionis much move useful, since it presents the z/m/’by

Nunsformaton 6 (Ria) of He [fl) e The exponemﬁ\a/ ﬂ‘£ an infinikesrmal
s._;,mmdv‘xj) V)amely 1he c/i'ﬁeetffnﬁa/ Dpem/vr éz 5?3 -

2
Ls o7, , in the rense fhat

3(Ri)= 14'0([1;3 3a+]‘/’0(°() (1/23)

Wit this in hane we are one slep closer fo ”wm,u/e%e/y“ unc/em?‘ancb’nj The vepvwem‘a%r‘on

2 ()‘f 50(9) on L.Z(Si C). To/awceedﬁ/ﬂ)er we will develop The abshack
theow of these infrnitesimal Jymmefn‘mv

= xevcise L4l

Give orthonormal boves for %(\fz)/ ad [Jz)) %2(52)‘ ot (JZ>
and wmpﬂe he mahix 0‘/ g(R i) in each of these banea.



Exerite LU-12 With the notatwn £ (11.2) prove

(l) 1-76 }/’\L: (OJ))O) ﬂ’)ey\ é)-—— As éz = —X, £3 = X3

(“) iFﬁ:(O/O/'> hen /c,:XS) {2: p oy 7/;3 = - x|,
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