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Driven o a lage degree by physics, our madthematical conception of space has evolved rapidly
over the courie of e last cem‘uvg. The MHS lectures rccaPhLMlafe the ﬁ'wf/ga/f o Phis
evolution, from the &ﬁAdj ﬂﬁJ/DaceA as refr X afloomﬁ with shucture (€-9.meic or
fopologrcal S/)acw) fo the study of spaces of functions on X, and ﬁ'na//y To the Hilbert
space o X (vectn in which ave wo)'/avo/)eﬂy wewed as functions, but rather ngl/la)f

or wavefunchipns )avopayaﬁnj on X )

In particular b the spheres §" we may asso ciale function tpace (5 (8% €) and
the Hilbevb/aacw L=($” C)) the canen n € {1,2] o which we have sfudied can:’%u/lj.

However this basic picture remains ia complefe. Space is not something we pevceive clirectly.

I is what o newoscientist ov machine learner would call an inductive bias = o parsimoniows

set of hyypotheses about the shuschure of the world thaf efficiently comprenses obrewations [ON, §1]
This is different lanquage for an iclea alveadly exposited in Lectures 1 and 2, namely, that

given i formation aloout a (quantum ) Jys%em as obtained by one of a jef of eqw’mlenf

obrerven we can andlyfically (1-e. wihout recoure fo obrewatisn ) clefevmine the state accorcling

) any other observer inthe set. To perform This fick we need 1o know how fo paramefise

observen by elements of a L/‘eghwf (f_yMy) and how 1his qwip ach by un//-aty Hanstormations

on Hilbertspace (re resentation ). Thws symmeduy is revealed an o Jorm of Lompreasion.

Now, concephs like “ohserven and “measurement” mightseem oufnide the sope of mathematics,

buf so oo is the choice of which objectr (eraxioms) fo study, and consiclesations like the above

shongly Juggwf'ﬂ/]af the worrect mathematical representative of “the J/)/Jen? "is not I or
(S C) oreven L*(S", (E)/ but rather “a Hilbertspace foreach obsewer and all
tanslations between them" or what is the same the veprerentation 8 of JO(nr1) on (85 C)
by un/ﬁwy tansformatfions.

2 3
What T'm Minﬂ%@;ag is © you have fo care abouf fhe o/Dem}Dm 152373 — ts 37, of Theomm Uf—f./



P 2
S how should we fhink aboul these opemjrom? We focunon X 2%y — Xz 2Kk, but evet@ﬁviﬂg

we howve fo soy applies To the 5eneml e Let f=7F(x,%2,%s) be a funchon with
wnfinuows locu/)m/ devivatives on some open sef USRS and let ae R Recall thal the
direchional denvative DV(H(Q) d Fafa along avechr VEIRS is

hv) — n~ f
IWVL )C(OU‘ ) )C(q) — Z v, %(a) (2.1)

h—0 h

2

ar\cljoﬁimema functon f we can infevprel [Iz o, Do, ] fzj ar the funcfion

which,  given aEIRla/)/anMIL) refuvns the dire ctional devivative
of of
a, éfxs(a) — Q, o, (Q) (2.2)

A faf a a/on3 the vector V= (O/ ‘0‘3)0&}_ This han asimple geomein‘c m}evpnsfaﬁonr

L)

-
(0,a.a3)

|

(O)'GS)QL)T< ‘ (9—-3)

We view a € R® ws hjing on a circle of adiw J%T%z cenleved af (qf,ojo)r A normol
vechr fo fhis circle at a is given by (0,92,0,)" (think of Vf where £ =2 +2")
and votatingfils by 3 anhiclockwise in the X,- X5 plane gives (0,= @5, 92)" So the
directional devivative (2-2) wmpules fora funchion £ defrned in a mefghbuurhoad oZ a,
the rate o change of [ along the directon of rofafion avound the Z ~axis wing the

3
rz‘ghf hand mle . The oPemfvr 1 ax, — 4 %1 sench each funcion F +o the function which

tomputes Fhis direchional devvative at each Po/m‘ aeR’



Momgememllg) with n aunit vector and t,) €2, /o@(hq arin (112) o Lecture 4, The
operafor {1}% — 4 9972, computes a divectional clevivative fungent fo a. circle centered on the n—axls

and in the plane orthogonalte #haf axis, in the dicedion of vight hand volation

This intevpretation as a directional devvafive makes fhe formula

Jfo Ri = exF(O&[Jc;_?_?_’s — & %;])(:F) (3.1)

of. Theovem LUY=5  look vew| amilarfo o Tay/or expandion avound the JP}')QVE - To explain, recall
Fhot if we wike So *R—R for the oFemﬁun Sa () =x + oL then fora function 3(")
witha converging Towlor revies expansion in a Juifable open nei7hbour/4 ovel (e.g.any po lyhbmfa/)

3 %5
3(x+o<) = g(x)+ %oc F T 5al F

- Zto ol % DU;
_ exF<d%)(3>

That i, the waual Taylor expansion along a line can be prerented ar a functional equation

SOS‘*: exp(i%)(@ (32)

e xpreasing fhe ackion on g of ﬁaa hanslation symmety S« an the action of an exponential of
the differential operafor ok 3 a,( We ave familiar with the fundamental role of +he Toylor
expantion n biidging fhe gap between the infinitesmal and the finile ' now we munk learn

+o view exPonenﬁalf oL differential operav‘m an e move yenem( and powerﬁf/ﬁo/ o

the same nature . Next lectuve e will develop this /”nu”yh} info a 3enem/ ﬁwoy.



" 2 2 2
M Given o unif vector n we call the o/nem/m /Z = 752373‘ — ¢, 2t (am’v'ng on /)DzJ 9‘6};/ o Hild?)
w1 the care may be ) fhe infinitesimal qenerator of the symmetyy R acting on funchions
via the vz‘zpvmenﬁlﬁon f fe Ri.

Ahjﬁme we ave presented with o linear operator we are nodura“j cumu/) aboul ifs elgenvecﬁ)ﬂ

and elgenvalie. Ifj R— C smooth is an e|5envedbra£ ?x with eigenvalite N then

%j = >\j = 9= Cef)‘x some CER (Lf[)

N
That is, the f/maza-f eigenvecton is one -dimensional and panned by € " In Mis care the RHS
of (3.3) reacs an

eXP(OQa%)(ﬂ) = [2: J" axJ ](3)

co ( ' J
ZJ:OJ} A9 (4.2)
LA
- e g
Alx+) AN Ax x A
which of coune matches the LHS which s jDJ;( = Ce = & Ce™ = C J-

That 5, for an er‘genvecbm‘/? 5 the hranstahon symmety acts by amulfiplicative factor. Neturally

We are cuvowd alowf“ anallogous Afemchons on S* which are etﬂenvﬁcy‘w) for the infinilesimal

9ewemﬁm 7 B‘j ﬂu same avgwmemtm n /Zf 2)
Lemma LS=1 Tf f is an eigenvector of 72 with eigenvalue then
n A
foRY = e " f VaeR .

A confinuous ﬁAmCﬁon f S*— € is in the kernel a-/f 7 d i and only Wi
rm"aﬁonallj Jymmeiw‘c about the i —axis) 1. FoR7 =1 hr all x€R



Next we fuvn tothe queation : what kind of operlor ave the 7" 7 Fiot vecall thait a. linear operator

Tonan rnner f)vod(/tcl' space i called fe(a[—adlb/'Hf it

<T1J‘j>=<7‘) Tj> ‘v[x,ge&”f_

Lemma LT-2 (Spedm( Theorem for Se|F-AclJ’oinf oPemﬁm) If ¢ 55 a finike-dimensional IWner/ol/OC[MCIL
spate and T-H—d€is a Jelffaf\l)bm}o]oembr then

(a) 4l eijenvalumaf T ave reall
(b) etgenvecton comeponding fo dishnct eigenvec/m are or’ﬁﬂogonal
() if [F=C then theve existsan ovthogonal banis of It

oomiJHng of el:genmede & T

ProO'ﬁ (a) SMPPO(& \/68{ IS nonzeuwo ClV)d T\/:’A\/./J—heh

dv, Tvy =L dvy = Ny >
< T\/, \/> = < >\\1, v> = i(v) V>,

Sinee Tis xel(-—adjoidﬂnweam ec(ual and hene an <\ V>F0, A =N is yeal.
(b) Suppose \,w F O safichy Tv=2¢, Tw=pMw with XU Then

LT, wP» =4 Iwy= Ay wy,  (wny (IX=X)
<y Twy = K% pw™> = pdvw>

Sine A% we condude L~ w7 =0 ond hence v, w are linearly mde/wndew/.
(<) By mduchion on n=dimd. TF n=0 (% 3 =0) the bawis is the emply ret
Suppote the stalement holds for 70 and dimd =n+1. Any operafor T on o
nonzew complex vechr spack has an ergenvector Vi, say TV, = AV, Lef
' be {\/D}LA This haa dimension € n and we clarm T €' < !
To see this noke that it o e 7€' 1hen



<VO) TUO> = < T\/o) UO> - <>\0VD/U0> = >\0 4\/D)L/O'>:O/

hene Tw €€ Hena by the induch re hypothesis ' hanan ofvl’hogona( bcvils
Yy, N wnsisting of eigenvecton for I, and sine H = spanciv} @ o

he ret {Vo, Ny --,\/b:} is on oﬂ/lfmfjbvnai bewis fov + wmv‘xh‘ng Of efgenvedaw
o T Q

Lemma L§-3 (Spechal Theovem for Uniteuy Dpemfon) If H is o finile-dimensional jmner pwel ach
spae and U 3t — dti; unﬁauj Then
(a) all en\genvaluwd'ﬁ U have modulus 1
(b) etgenvecton comenponding fo dishnct e/‘genvecfm are or’ﬂmgonal
() if F=C +nen theve existsan orthogonal basis of 9t
oomiJHng of elyemmd—om o U

Procf (a) Lef Uv=2v with v=0.Then

vy =L v, Uv) = LAy, Wy = X<y

and since <V we have IXN[=XX =1
(o) Let Uv=2v, Uw=uw with A+u and v,w nonzew. Then

Lvy,wy =< Uv, Vuy = j/m dv,w ).

If <vwy 40 fhen Ap=1 and o mulkiplying btth sides by D,
we howe A= >\7\/VL = 3\) a contradichon . Hena <v,w>» = O as claimed .
() Asin the Pvmrﬂ o Lemma LS-2 suppore H=F0 and let Vo be an ergenvﬁdz)r
o U with eryenvalue No. Theufliwrtoshow with 90 = {V°}L7”Maf
Urt' = 7' Tf we ' then Lo, D) = < UV v, Uw) = <U"\/o/w>.
But from Uve= Mo we sblain U 7o) = A7V 50 <Vo,0wy = j—l<V°/U°7:O.D

’
note by (a) that ) +0



Lef (3‘@; <’>> be a finile—climensional complex jnner pwducf space We can find an

orthonormal bawis /’3 = (v, \/n) (possiblyn=0) and this incluws an isomosphism

mﬂ wm,n)ex vedor spacen

Cp
o > C”

Clg<2i|au\&) = (a\).--/C(n)

(7.1)

This is an isomonehism aﬂ (nner PVDC\[ACIL spaws i we define the Po“\“‘”fﬂ 24,7 onthe
S*’C{Vldani [C)Clﬂif EU--~/€h {J% QV\ bg <e‘:/ CJ'> = < VL‘/\IJ'>: &U Jo ’}’haf’ (Cn/ </>>
is the stanclavd l'nwe,erde La,by = Soac b wheve a,be C" I T

. . / n
i a linear opembrom H then theve is aunique [inear olaem}or T on C

W “(“"3 #he d agram

<p
H >
T -
pid > C°
Cp

commule (nmmey T'= CpeT C/é—[) and [ is Je/f—a((jb/'mto/ unifavy iff- 7 s g
In Farh‘culav noke ot (€, I1-11) with fhw vorm inclued by &7 15 isomovphic
a» a normed (hence metic ) spuce o (C7 1-11) and hene (€ <>) 5 aHilbert space

Exerdire L&=1 LeF (3,407) he a frnife —climencional complex inner pwducﬂpmei
We say atfunction £+ H — C s confinuow (rerp. M) it
for evew ordered orfhonormal banis )3 the funchon IR™™= C*—> C =R*
gen oy f o ' is conhinuows (renp- smooth ).
(i) Pove fis continuaw (rerp-smooth ) i s condition halde for any ﬁ
(1) Rove that for any vede the funchions <, =7, <=7 - ”— C
ave beth smooth .



Lewma LS4 Let o€ be afinile-climensional complex janer Pwducf leace and T H—>da
linear opevalor. Then T rr self CtCJD)rHL iFandonly if € T unifaw for
evew o € R . Moveover evey umﬁ‘amj o/perm‘z)r on € is of the form 617'75”

Some relf—ac(j'omf opemfor T

frodf Suppole Tis fel(—aolJom{. Then wing Ex L&-|

n

<eiT o gy = £ lim Z;-’_;Z;JTJJLJ e”3>

n—-a o0 J_od

<-J v> C+S

= IIM <Z_o”\‘ Rx) eiTj7

n—> o9

= lim Z; JT'T(—L)J< Tix, evly

h— 0o J
T JeL-F-oLiJ'DM)r (37/)

= [im 2 \( L)<D( —TJ LT&?

n— ‘DJ

= lim <, ST P T e Ty Y

N0
Ly, -7t
= L% V\\Lnga Z)NDJ' (-iT) mTj?
S L e T
ser Lemma BL-9 ~
= <1, 47

so ¢t umbvﬂ, Now suppose thal et um’fmg for al x€ (R so that
L x “ﬂtj T7=Le —y Yy ¥rgedl  (#2)

Dfﬁfemm#aﬁ'n?j both nder with rerpect fo o (iF gou like , veduce via the previows page
fothu come o C™ anc the stand ard painng fove n‘;@/ the ﬁ//ow;‘ng)



d LT d — T
iz, ey > = e 2,y

- d -
<, fmeTyy = (e M,y (a./)

Lxy AT eidTg V=L =iTe Ty
Evaluahing af o= O yields
Lo, 1Ty Y=< ~iT=,9>
and hene <% Ty7 =< T, 47 o that T is self-adjoint.

fnally sppwe U< 7 — 3 is unitowy andl et vy -V be an ofthonormal banis for o
Lonsisting ayfe/yenwcbn for U (Lemma LT-3) ,/th sy UV = M Ve Then [ An|=T1
by Lowmma LT-3(c) say A, = €% Lef T 7 —> IC he e linear frapsformwion
T(vk) = OrVk. Then T is cerfaunly w/#—acgb/'nf an

< T(2x A Ve ) S e bk >
= {3, @BpVe, 57, bpvi >
= S Okrbr

= L 2 awVe, T( S bk Ve )

(1-2)

L0 \ -
e by the same argmmewfao/n (4.2), o etT=U. 7

ond €7 (W) = e
The way fo think about fhis is that evew self-aclyoint operator T (an obsrewable in the
[anquage of quantum mechancs ) Jf{m a [—parameter family [e** T uer
o ann‘aly hansformations (Jymmei‘n‘w ot H;’/éerﬂ/)a(e) Tn fact we will show Jaker
that any reasonable (~pammeler family of symmetes is o Generated.



Lemma LS-§ For k70 the oPemJDr 72 on afk/Jl) is fe/,C’adJ'oinf Hence the

eiqenvame/) of ’)Zﬁave all puve imaginaw

Eo_o-_f By Theorem Lit=57 é(Ra‘x )= ex})(o{“za) =exp(? [-ca?” ]) and s
1his o/)emﬁw i unh‘m@ it follows pom Lemma LS-14 that —1 AN Je/{—ao\[jo]nf/
and faking &0 qives the fint claim. Fov the second, any eigenvector v o 1"

with etgenvalue A isan el\yenvedwdﬂ (L with eigenvale 1\, and ona by
Lemma LI-2 we hawe that i\ is veal it follows that 7{6(9\): 0.7

To say that < WZ;‘\ is ;ehﬁ—ackl)’o]njr is ﬁ)my Mt 421? is sRew —self-adfoint, e

P yy = —<x1"yY Wy €3

Def™  We wrile Lo = — 10" which giver alfelf—adjo)nf O/DEFZ?/DI’ on %/JJZJ for k70 In

physics this is called the angular momentum opewcior asociated fo i and for the

5Peu‘al cweraf the skandavd wordinale axer we wiilte  (x=x1, y=x., 2 = X3 )

2
% 9&]

6(R%) = exp(id L)

2
—i 17’37(3

2(RL) = explialy )

L%d—p[x,ﬂ Z(Ri)‘—ex‘:(ia«La>

_ 1La><. |
We will nof explain what-angular m smentum is heve, but see [, Ch. Ié’] for the
besk prosentation. L know. Youwill find there the formula [ (19.16) ] for the
angulgtr mo menfum of a./Da//fc(e mow”r)j in the xy —plane o be XLy = YPx where
the normal momenfum is p = (p=, py, P2). The proass of quantisation replaces e. 9.
Pe by _ih 5% s hat xPy ~ Ypx becomwﬁoeolaemy‘or 1(‘5{\ }iy) —j(—iﬁ a%)
— [ Y7 — 22y | which with h=

Lic Lz above.



Qgﬂ A //hearolnem/vr [+ — ¥ onan /'nner/ovwc[ucf space (over either FF=IR o C) s called

s Rew ;elF-adv)'omIL iF

<%Tj>= -<T"/ ‘d> szje}e
Exercise LI-2 IF [F=C fwv&ﬂ/laf T is shew sdf-ac!/'omf F and onlj it is Je/f—ac\//bmf

Recall that anoperator T on an imner product-space His um’/wy it Lx,y7=4LT4,Ty ) Some authon
resenve fhe word “wnifey” for complex inner preduct spaces and call such a Torﬂiggona/ i IF=R.

We are nof such an author.

Exercise LS-3 Lot ¢ be o ﬁ'm'/e—t:/fmem/bﬁa/ inner /ovoc[umL speice and T-H— €
X T

a//‘nwroloemz%r. mez /’haﬁ T’I‘S fﬁew :e/f—ac\(/b/y;} /}LCH/)C/ oy)[y )’f e
Is mmi}zuy ﬁ)r all AR

Exercic LS4 Let # = R" with the standarel inner pwcluct. Bove fhat if T-R™— R
is c linear ope rafor with matix A€ Ma (R) that
() T s self-acloint . A is symmetic (e AT=A)
(i) Tis shew fel#—acljb/n/‘# A is shew-symmefic (1. AT= —/4})
(i) T is mnhLaM " A s orthogonal (e ATA=Ta)
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