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L ecture 6 — Lie Groups and Lie Algebras 26]42)
updaded 21 (6|2

We have defined a group Vepmew/zzﬁbh for R7 o

2 - so(s)” > Ende ( 20(5%) )
g(REN(E) = Fo Ry = exp(«27)(F)
where 'Zﬁ is a diffeential o/aembc the infrnitesimal ﬁenembra)é rofecfions avound the axis AE S

I we let Autc ( Hal(S2) ) denole the automogohisms of He(§?), that i, the invertible
linear frans formations, then & is & gvoup homomophism 50(3)7 — A“g(af/z(“))_

We have spem‘ much o our Hime W)c/em;%mc/(’nﬁ the codomain = sphen'cal havmonits and

their D}agmfm. In {mn/ﬁcq(ar we howve seen that evew 3(Ri) is anifawy and thot 1he

jememjror 7" s shew self-adjoinf (Lemma L5-5) . We now turn our allention o fhe domain,

wheve we will discover similar sfucture.

Lemma Lé=1 /s lineav opem%n on ng we have for & € R

0O o ©
R« = exp<o<<§ C" ‘O'> ()

o O O

Froof  Set 1= (Z o\ 1) - The cxPDVlcvﬂ’ial is the limik in MS(R) with rp/JPe_d'h)
he Frobeniua norm ( Remark BI-1) of the sequence o /Jan//v‘al ums

" 2n | zn+1

1 22 - It

(1-2)

n ( . ‘ v | 2 27
= ZL:O (__i)[dlt—l—z + Z—‘L:o (2c+0)! X HT 1_‘,
| O ©
for ad n we have An = <Z b ) wheve bn i ((.2) wifh Tmplaad L’{j the
2x2 mapix 32(? :) Since limikin M5 (R) with weapect fo the Frobeniw norm
meHtmf}r In /R(? ﬂw’n(zing o matian as mecz%m/ we sex thar exp (xT) = (0‘ exP(o(S)>_



Sine S*=-L, e have

n

a2 i ' 1OF 20t |
b = Z'L:o (Li)‘.‘)(l S + ZL‘:o (2c+0)! X S .

(2-1)

= 2» =0 (?/t)' (—I) < I T Z (UHJ’( ') ZLH‘S

and since ue vewguire there anthe Fou/ﬁa( sums of the Tajlm feuied expanon (rﬂ (os , STn

| — U)S‘?( "’S]\V\O(
wl;mmb“ | (2-2)
SHinA os L

as claimed . []

Def™ We define

By the sane agument th = QXP("(‘SQ) Ri:( = exp (“43) Noke that R & is unifaw
(J%Pmeva) the c/of,owducf) anl £ is shew Jymmdwk (4%) "=~ 51, an Fhas o be
by Ex L5=3,15-4

Lef A have spherical angles &, f a per our waual nofafion (L3 P @)J so that

oY




Then wring Ex B)-3 and Leyima L6—1 weoompukv_

3

Rh = Ry R epd8) R R
— exp(« Ry Rgz SRs R%)"> (3.1)
= e« (TY67T7)

e T = RE_6R%f asin Lt p.0D Explcity

™

T/V\l - ws(i-@) O Sin(lLr'0) (oS (~j") —SM(—UD) o)
0 | 0] SN (/]") ws(-¥) o
—Sin (549) 0 wos(T-0) 0 o |

— sn(©) 0 ws(@®) | wsP  sinf O

(?-L)
0 | 0 —sinY¥ tos ¥ 0
—ws@ o  sin0 0 0 [
= sin@cos ¥ sinOsin wsO
—sin¥ s P o)
—ws@uwsy  —ps@siny  $in0
A\ T
This mahax is o/ﬁ)ogona/ (fee Ex Lf_/4(ff")) Jo (T ) = (7T ) - Hene
(Ta)-‘éxTx = sinOws¥ —siny  —tosOcosf o o © sinfwsf  sinOsin¥ w0sB
5inOsin¥ sy  —wifsinf o o —I —sin¥ cos P o
s o sinb °© I o —wsO@wsy - sOsiny  $in0

(2.2)



_ 0 -ws@wsy sinf snBwsP  sinOsin¥ wsO
0 —cws@siny -—wxf —sin¥ wsY o}
0 sin@® 0 —wsOusP  —w0sOin¥  5in0
= 0 —0sOwos™Y = casOsin™f simQsinf
L0sOsin™S + cosO wos™f 0 —sinlws Y
— sm(QSinjo 5/;/)(9@0&50 0
= 0 — ws0O sin0sin ¥ = 0 -3 Ny
w030 0 —sin@cos P ns O  -n
—sin@an¥ sinOws? O -n, N )

x 2
- & 8+ nd
whee N = (V")”L/”S) We have poven
Lemma L6-2  Ciiven n= (”'/V?L,na)e Szmhal/e

A
n

RY = exp( &[ni 87+ n 675 ngé’*D

n x Y 2 . ~
where 5YL = N $ 1,87+ N3 d i called the mﬁm)wlmwgenembrﬂgmﬁﬁons arouncl W |

The mahiesr 87 53/ §% are a basis for the subspace oF chew symme pr'c mahices

50(3)={X6M3(|R> 1 XT:—X} (4.1)

X Ay Ty x
Def Where convenient ape il & )gs 5 e 8 ocy/ff



)
Remark  Nofe hat £ n=(m12,05) € R® is oneewo and. A = a1 Fhen
Jinll

N

exP(O&Z?:l n: 51¢> = eXF(t?(”W” Zi|l"1‘| éx{> = RV;”W“ (\f')

LemmaL6-3  Theve is g su\je chve map

exp(-) « sp(3) —— 3S0(3) (5.2)

M an Ex L3-6 evew 3650(3) is o the form R; for some nesSand e o ZY()-
So the claim follows from Lemma Lé-2 -]

(We hame now shown Maﬁeve:fj rofodion R:() a un/‘/‘wy o/aem/won the veal inner /owduc% spoce /Rf
s the exponemﬁa‘ of askew Je/f*m\(/'omf mafx & 5?\‘ We may therefore rewrite (10) a

2 - 50(3) > Aute (2053
(£3)

g( exp(8”) ) — exp(47")

This S‘f’vﬂng‘j mage/ﬁf that the onfent m@ this mpn%enfuﬁon liea in the re aﬁomth betfween
the infinikesimal qenenﬂam ésn 7" Fom which & is obfained by exponenhaﬁ()n

Theovem L4 Let D2 be the linear hansformation sv(3) —> Endc ( Hr (S L))
between veal wzdarsloace/l defined by D2 (§* ) = 77 Then Hue diagram

below ommules

50(3) > Aute( #e(s?)
(I~ y)
QXF ] ex‘D

sv(3) > End¢<Hk/fL))
D2




Before FW""”ﬂ e theovem we obsewe the velation behuveen 7" and the { i 7 7/ 7 %.

Lewma L6=5  Given i = (1,12,1) €5

A

7" = 07 b0, +n3"2%

A J 2 2
M Blj O‘@]CN (L'B F@)WﬂhaV‘e ”Zn:‘ ﬁzgg_-'t’gj—ﬁ: Wlﬁey\g {?L“_—Z-g T

X

jer Ly &y Fem
3 sy
this we deduce x, = Z:J:' (T )U 6' and hence by the chain ule
2 _ st 29
ot )= 9XJ' oF;
(61)

|

‘ QXJ‘

_ 3 Ay 9
Z\;‘::(T )J

Hence

J'BX}L lé‘L>

- 57 TQTVA‘[X.E, 2
= Ja=t Tag Tkl 7 axe T AR B

Buf the ferm in e bvaclel vanishes if J' =k, and so on(j the pas (0, =) in the ref
{0,2),013),(2,3),(2,0),(3,0,(3,2) | conbilowle -



- 2 (T T T T ) [ 5 o0 2w, |

Ixe — X yx;

= (T;T; ‘TiT; ) ﬂzx G =(23)
A TIT T Gm=an U
MLQ H«H A N ~ A 2
t ( TZl T;?, - TzLT,?I ) 7 (J/L\) - (J’l)

We vecogise the fems in round brackelr an defeminants of minos of 77, which we

mayy ompute bﬂ (3-2)

—

sin0cosf “Z“Jr sinOsinf Oﬂ T ws® 71%
= Vl,,)zxi-nanz\j{'*’l;“z% D

froof of Theovem Lé-4 Q'ﬂ Lemma L6~ we hhare -]Cov vt&&l that

pa(§%) = De( Zm &™)

Zi—-\ N DZ’ <§ ) (7—2)
_ 2;21“/\(' 7/XL'_ [‘Z’ﬁ

\

/hec\iagmwx (J_*LO ommuleron O € 59/3) since, wing fhat & s A group homemorphiim

2(exp(e) ) = (L) = Loy s = exp(0) = exp( D2(0)).

IF Ye éV( ) s onzewo, ican be wvillen an Y = Oign for seme n e,(lcmd € R
Then we houwre

L emma L6-L

Thm Ly-§ (7-2)
exp )_ g(R \ = exp(o("zc\‘) = exp(d DZ(SG)B
= exp(D2(«8M)) = exp(D2(VY)) T



hom Theovem Lb-L we lean thal the vepvwew)‘aﬁom 8 of SO(Z) can be viewed as the
exponentiol of a linear map D& 57(3) —> Endc( #e(5*) ). what kind of mathematical
O}DJ'ecf is this, and fo w/’l&(/’c/egl/ﬁe can we Infer usetul mformatron about 3 fum D8 7

To answer these 704%‘7’00; we dlevelop some general theony . We nofe thal Theorem L6-4

is aboul one -parameler fzunilies of Jnvertible operators {@‘P (tX)f teR andl o our

Fint 7oal fo charmctense such familiea abshac {7

One —pammefer subquoups

Let IF be either R or C and lef j’“’b IF) denole the [F-vector space of nxn mahiens sver
= (}Jvzsviomly denoted Ma (IF)) Let GL(n, /7:) denole 1he guoup of invertible nxn mamee,.
By Theorem BI-11 appled fo the Banach space V=F" (uth say the I, viorm ) wre have

the e Xponen fial ymop

exp. jf(m,ﬂ:) %GL(V},F) (91)

Lemma L6 Given X€ j{ (n, ﬁE) the funchon

R > 94 (n,IF) )
£t — exp{f)()
is smooth and
a%”}’”x)= XexpltX) = exp(tX) X. (§.3)

Pﬁ-ﬁ We cve arfez/ﬁ'ng thatatunclion R—> [F " is differenfiable , 1-c- thatall ik
wmponent real-valued funchvns ave differentiable (with €" = IRznl)_
This and (& 2) were both pvoven in the proof o Theorem Li~5 wing Peard's theorem _
Fom (€.3) we infer by induchion thatall higher deiiratives exist @ well - T



Remark  Tn Pa\/ﬁcular for Xe 3{(”/":) we have by Theovem B1-11 (1)

d

;’E@LP(EX) ‘t>o = [ X exP(%X)]L:O = X (9.1)

n

4 "
By induction it is eany o see that 4~ exp (tX) = X exp(+X)

Def” We say a smooth funcfion. X[£) = R — ‘j{('/bn:) vanishwsto order B al t=a

it ft: K(H\fza is the zew mohix for 0O< L<k

_D;ce/ﬁ The ommulotor of X, Y€ 7€{w, F) is [X,\/] = XY =YX We sy X,V commule
FXY =YY e [OY]=0

I X, Y commule then exp(f:X) exp( é}’) = exp( F(XtY)) by Theorem B1-11 (i;). Ta

general fhis isfale, and whilethe full formula for exp(€X) exp(£Y) is quite complicatec]
(he Baker - Camphell -Hausdorff Lovmuila ) #he low order Terms in & are eoay fo compure :

Lemma L6-7 For X,V € 94(n,IF)
exp(+X) exp(¢Y) = exp( +(x+V) + S[XV]) + R, (¢) (4.2)
wheve R, (£) is . omooth funchion o ¢ vanishing 4o order 2 a4 = 0.
Froof  We have
exp(X) exp(tY) = <I +EX+ % X+ 410 ) : (I+t>’+ 2_5 AT B(f)>
for some madin—valued funchions Alt), BUE) sposth aud vanishing fo order 2 ot = 0

(5in(e, eg. A ({’) = CXPH’X) -T-tX _%; Xl and, so A (H (s rmooﬁ/l and.
Ve Al = Xexp(tX) = X* whidn vanishes al £ = o, Similady for B (£)).



= xpandn’nﬂ aivw

expltX)expltr) = T+ 67+ 7"+ 8 (1)

FEXF XY F LEEXTTH EXR (L)
FEXTELEXTY Y S UXTB )
FAR) T EAENY + A B A B

= Trt(x+Y)r (¥ r2xy+ X7) + P(t)
where P (1) is smooth and vanishes fo order 2 at +=0- 0n the other hand

exp(t0XHY) + SI6Y]) = T+ ¢(x+Y) + S(x,v] + E )+ el

= THEXHY) ¢ g(xﬁ XY+ VX + Y5 XY—YX) +=QUH)

= THtlav)+ Bk raxy # Y ) + Q)

where QUE) is smoothh and vanishes fo order 2.4t 1= 0. S@H—{nj RJH = @U)”P(JF)
we are done. (]

Def™ A one—pammeter subgwoup of GL(0,1F) is a continuows funchion £+ IR —> GL(0,F) such that

fset) = F) () Vs teR

Exevcie L6-| Rove that the image o a one—/?amme}er Jubgmmlp f: R— QL(nF)s
infad an abelian mbgwa/p/rf aLin, ﬂ:)} and that F(0) =1L



Lemma L6-8 Lef J[ -R— GLn, ”:) be o one—]bammefev Cbl/c)juol/t/l Then Jp s diffeventiable

_?ro’aﬁ Since £ is confinuows it it (enhy-wise ) mfegrable);o for a?é we have f:JcH)dfé g4 (n,IF).
We claim that i o is mfﬁfcr‘emt/y small 1his maix is jnverfible. The function det= 94 (1, IF) = IF
is confinviows so GL(,F )< L0, F) is gn oper.gubrel withroipect fo fhe Frobenius norm e/
Sinw T €GL(0IF) weeanfind €2 0 such that Il X =T (1< € implies X is invertible
Now since £ 7s condinuows and F(0) = I theveexish § 20 with Il F)—LlI< €/n
whenewer [E1< 8. Thus fac(ﬂj — I | < i foe all <i,j <, andso

| Ve -1, o < el

Hene if a<$
[ 530a - o = | &f(s0-1) 4|
l/L
= ;‘L {Z\‘,J' l L“( ﬂc(ﬂu‘l—y»d*‘ll} (1.

\
_[_ Zezal /L
< {nreE e

h—L

$o &LLOL%(’LJO% is jnverfible and hence so /s /;QF(HCH\' But then 7£or seR
[ Ftresya = £ [ fat [n-2)

a s+a

Jlfeasar = [ Hhar (3)
P $1q

The e cond| Wegvul may be written an (since q 7o) LHHCUF * L FHdF £,

Some »leeoLP wifh s< p< S+ gnd hir shows f:f({-%f)d}' is differentiable in s

(by fhe Fundamental Theorem of. calculun, heepn\q in mind that fo puore c{l‘;ﬁ,@erfm#abi/f%y af

S we need only valuer 1 (§—§, € £§ ) so afixed p may be found ).



a
But lmj (I62) this shows 9(s) = JK[f)fo F(Hdf s adifferenfiable funchion of 5

and hewnce so foo s

) = 3(s) [ [ ]

a claimed. [J

Remork By Lemma L6-6 for any Xeqtln, F) we have a one-pammeferfubgwup F(£) = exp(tX).
Goiven . one-pavameler subgroup F£+R—GL(n,F) s by Lewmma L6-€ c impoth
d
function and hence we may dlefine X = a1 /é;o e 9L00,F) we now claim

there are mmmallj invene map! -

Lemma L6-9  There is ab\;jecﬁon

14
j’(("\/ “:) > {JCR‘—? CL(VI,”:) / ]Cl}aone—/jaram@/e/ “Wbﬁm/o}

wheve Y and ifs invewe e g/]/pn by

Y(X)(£) = exp(tX)
3 (F) = SeF Ry

M Chiven Xéﬁ{(”//{:) leF F(1) = explﬁx)» This is continuows by Lemma 66, 4zhes valyes
in GL(n,F) by Theorem BL-11 (iv). By Theorem B7-17(i7) we have

Fl+s) = exp( tX+SX)
= exp/fX)exf(sX) = IL[/')#/J)

0 fisq one-pavamefer rwbgvoup. By Lemma L6-8 the function & is well~defined, andl
Fremains fo show that € =1 and Yé=1



By Lemma L6-6 (ormore/orecr‘fc/y /'/:rjbmmg) we hawe that £ +— eﬁD/i’X) i the unique
solution of the diffeventral ﬁquaﬁm

L) = XYt (13-1)

Hence

sv(x) = &l ¥ ..
= F( epttx) )ce (13.2)
= (Xexp (8X) )i o
= )(

lo show Yé—(f):;/‘fm%\LMﬁfhowfha/t J%JC[H = XFF) wheve X = §(F).Buf‘

d o Flath) —f(a)
c\/t’jﬂ(ﬂ {bcl - h/{_;WLO h (vecall #his all happens enby-wire )
_ im FF(0) — ()
T woo n
-t
- %l\\i;no I jﬁ(a)
£(n)—F) (13:3)
= [ T K

= C—\E{(;F(H/é__o JC(O‘)
= X f(a)

That is, F(t)is asolufion of (13.1). Hene by uniqueness Ye(f) =1 I



Def* IF £ R —GL(0,F) s o one—]Damma)‘ev Jul)gwl/i/b and X The unigue mapix
such that £11) = exp(tX) forall t€R we call X the infinifesimal generatbr
ot the one—/pamrne/%r mbywup_

Example Lé-|  for 1 €8 we have §hesn(s) = 943, R) and the worvesponding
Dnevpammefer Jubgwof/) is by Lemmo L6-2

F6) = expltd®) = RY @)

This function - R —> G L(2R) is conbinuoar (@ confinuous map foom IR ir
CQ()eG’ OlFa_ﬂL See [M/‘}S} L')_]) qnd/"ﬂdmu/) a 00”79/”/{001/) maP f: /R — JO(?)
The union over all © of. f%ue/)aﬂ)f is a)l of SO(2) by ExL3-6.

Example L6-2 for h eS8 and k770 wehave ("€ 7{(21%)) a:)) by LS p ® and
Ex Ly-2 (or af leautF the ma}ﬁxdf 426\ Jsin 7f[2/u'}/ C), As nOﬂl)‘HgW&

will say depenclr on the. lpauls, we may asrume one han been chwen, cind
wonflale 77 with this matix ) The mwponcf/hj one-paramesr ﬁm//y I
bj Theovem LG5

£l6) = exp(£72%) = 2(RY) (i 2)

Remark L6-3 If R —> GL(.IF) is a one-parameler sub quoup then by Lowma L6-2 fis

dffeentidlle  (uhenwe say a funchon f info CL(n F) is conhinuows, elifferentiable,
C* smooth ofc. we mean. the function Lo f has ﬂ)/‘f/ayopey{‘y wheve L+ GL[,F)— ¢ (2 F)
is the incluaion, and we iclentrfy 7L IF) with [F"") Bat Lemme L6-9 improve)

s+ since d‘d{-ﬂ@ = XF(F) we ree thal £ ir in fack smooth (LWMQ L6-6)



®)

Remavk. L6 Let JC R —R be o simooth Function. BIJ Tav\orlf heovem (W)/'na the Lagrange
Jorm of Fhe vemainder) for any a € IR we have for k2 1 an inleger

(%) (a h
jﬂ 19\'[ )(x—a) t R},\(O{IJ(> (HAJ)

Fx) = F@) # Fla)(xa)t -+

j[(kf-t)(b)
cwﬁ,mcﬁomonR Wh@VEermamder Rh(a ") ISecZMaH'o Y 5‘) ﬁwoma

b between x gnd a (depenqu onx) Tn LS FO we learned a clifferent way to fhink about this :

if we evaluate the Taylor sevies expantion (I1.1) ab x+a. we have

R
)C(era): %%f(k\(q)+ Rk(“}"*“j (1€2)

If wre nows swap e wle of 2,00

.

flara) = 227 416) ¢ o) ()

— 0

7c(k+l)(b) el
wheve T (a,x) = (er) | Jor some b between a and x+a . That is,

We consider the IR~mc+DrJPa<e CT(R) o alh smooth funchions, whidn is an R-algelna,

2
on which we hewe alinear operafor 2x - Then (10:3) says

Flocta) = [Z %7 ;a’x }(f) + e(ax), (15:4)

(

Thmhmq now o an nwn mabix o smooth funchons X : R.—> 9 (n JR) (s
we have X(E) = (£ (1) Lo cn whe the f5 "R — IR avesmasth ) if

fhis v anisher o order R at =0 (cus defined on P.‘?> Then by (16.1)

| (b+0) (155
X&) = (hm.(fu UW”[U LR )

nxin morhy x

j%r some b’J between t and O (Fu Rudin thc(ﬂaoﬂmdﬁumaﬁm/ (ma/gs/:r’/ )



Mahix Lie quups and Lie al geloran (ﬁ”a“‘j?)

Recall that [Fis Ror € and the geweml lineav quoup GL(n ) isthe gvoup of invertible
nxn mahiwsover IE The setof all such matnwn is denoted M (IF). Tois \/ec,‘ﬁDrJPaC,e e

a normed| space with fhe Fobenius norm | —[lg , and the asociated medic is such that a Jequence

(Xm):.oc; of maticen converges fo X if and only iF forall fj the enhvies (XMLJ —> XJ w M- 0.
The subrel GL(0,IF) S Ma(F) becomes a mebic spoice with the incluced mefic. Since

det M (€) = € s wonfinuows and GL(n, F) =det™ (C\{o}) 1 anopen subret of. (1 (IF)
(50 A isinverfible theve exish €>0 with 18] lIB=All<e} = aL(nIF) )

Def™ A mabix Lie group s a Jubgvou/) Cof GL(n, C) which is cloed in GL(n, C)

That is, a mabix Lie quoup is o closed Jubgwup o GLn, C).

Heve ave some conditions equl‘m{em}‘ﬁ G <Gl C) berhg closed in the JubJ/)a(e ﬁ/)o/oyy

om GL(n,C) -
o if Xe QL(n C)\ G there exisls £7 O M (C)
such that —ﬁyrw(i Be GL(n, C) witih ‘
B =% (<& we have B¢ Ci.
- i (A""Y:\—:I s a requence (n & oonuergirwj'b aL(n, c) Mn(€)
Aeal(n €) fhen AE . C

Remavk L&S TFis pos_rib/e for seguenc) in CL v converge fo non-inverfible mapicen
(think of fhe sequence (% Tn)mzy with Cc=GL(n, C) ) and on

such requences Hheve is no conshaint impored l)y & being a morhix subgroup.

Example L6-3 GL(n, C) is q matix Lie gro4p, and o & &L(”/@) sina R s closed in €.



Remavk L6-6 Anf’ maix Lre qroup Ce is a metric space (and thuws Topologlcal J/DCL{e) with the
medic induced From GL{M, C).

Exercise L6-2. (i) Pove that any mbgmap H of o mobix Lie gwoup Cc wwhieh iy closed
in the juhspace fopology on G is elso closed in GL(", C) and 15thus ifvelf
a mamx Lie group.

(ii> If G H ave matix Lie groups o is GNH.

Example L6 The fFo“ocuinj subqroups of GL(n, C) are closed and thusr matix Lie goups -

() SL(nF)={XEQL(nF) | det(X) =17 called the special linear group
This is clored ¢ince deb it continuons and SL(mIFY = det '(11}).

(23 O(Y)) = {X € Mn([R) \ XTX :Ir\lj %Q Orﬂ'logona( quoUp (—)Tm&ur\fm,‘}vqm[)ue
It s eany Tosee this s megwula e QL(n,lR) (since 1=def(xX'X) =derH(x)*
an orthogonal mafvix s Inverfible) cnd if Am € O(n) for m7 | tonverges fo

amatx A then sing the fmmpoxe and multiplication are confinuows

ATA = (lim A )T (lim A

= (w!i_amw (AM)TJ(YLI\_YAVL@/IMB (r7-1)
= lim (4.) An = 1

so A€ O(”)

() So(n) = O(n)NSL(N,R) i the special orthogonal guoup




(4) U (n) = { X € Mn (C) / X*X =1, } where X* is the wr\rjaga}efmmpme.
By the same arqumentanin (17.1) thisis c matix Lie guoup, The unifaw guup

(r) Su(r)= u(”J N SL(n, 0:) the J’pcc[a/ MVIiILEIM/ GWUP

(6) {I“} SGL(n,C) is the hivial [/’egwu!o.

We will see move examples but #hese will do for now. We nofe that for s fhe em beddling
of Ciinto GL (9, €) s parf of the dataof a matax Lie gioup.

Def* A one—PammeJrer subgwoup of e mamix Lie qodp Co is a ontinuow funchion F: IR — G such that
Flset)y=FEVEE) fordll 5, teR.

I (e is amatix Lie Group and L G— GL(0 C) is the inclusion then we have an /'/y'ecﬁve mop

[ fR—=> G f s aone-parameker subguoup |

l e (=) (12-1)

{7(" R — QL(V‘)(E) ‘ jﬁ s qone—PammderJubgmuF}

whote image is precirely the ret of f:R—GLIN €) with FH ECfor all € R . But we Rnow
by Lemma L6 that fhe exponential map erfablishes a bijection between I+ (n,C) (he

space of /nﬁnil\%/ma/jewemﬁw) and the sef of ope-parameler subgroups of G The diagraim
above leads us fo wonder which infinilesimal symmetnes exponentiale fo syrmmehier in G2

@ & T =" {jc‘v(R—a‘Cx(ﬁisC(one—’paramakrwbgvocAP}
]/ 1 Lo () (19.2)
5{(”/ (E) — {70 R— GL(n, @) ‘ 7C is qona—ParameierJubgmqf}



Def" Lef G beamatix Lie group. The Lie algebra Lie(G) o G i

Lie(c) = { X € g1(nC) / exp (tX) € & ﬁraﬂfé/R} (111)
pofcautj Lie a‘gelovzw are denoted with (owercase Kfml*ﬁ“’“ lettews g, h')

for the moment #nis UL/'M/LQ&ZL and iFremains unclear whal addifional shuchure on this set
is mduced by l(ﬁ?/zmg the /oyaw'/ﬁm /}J?B the group stwicture ot (.

Remark L&7 (1) Tf QS H ave mobix Lie guoups with Lie algebran 9, fresp. then §<h
(i) T G, H ave matix Lie quups then Lie(GOH) = Lie (G)NLie (H).

Example L6=5 (i) Cleady Lie( GL(7C)) = gt(nC) Lie({T.})= {0},
(i) Lie( GL(LR)) = 94(n,R). By Bl p.@D wre hane
3{(”;939 Lie (GL(nR)) Tf X i awmplex matix with

eﬂp(fx) real foradl tER then by Lemma L6-9 X = d% exp/{-X)/LL:o

must be vealf.
(U’i) By Ex BlI-5 for Xéyf("/c)
det(exp(¢X)) = exp(t (X)) (19-2)

Hence a/ef(exp/é)()) =1 ﬁrabl te R /}L and on’y /‘7£ 74*[)() = O. This /Dwmw
that s€(n, R)= Lie( SLOLR)) and 54(n,C):=Lie (SL(,€)) ave
givenfor F 6{/9/ C} by

S0 F) = § XegtinF) | #(X) =05 (123)



(iv) With #(n)= Lie(0(1)) we have by ExLS-3,L5-4

7() = Xe glinR) [ XT=-x3

Thotis, v(n) is the sef of Jkewsymme}n‘c real motcen .

(v) With sv(n) = Lie (50(n)) we hawe by Remark L6-7 (i)

= Lie(0(n) N SL(nR))

s0(n)
— Lie (0(n)) O Lie($L(n,R)) (20.2)

= V(”)nfi(”/”z)
= [ Xegt(mR) | XT==X and #(x) = Of

= { XegtnR) | X ==X

since an amLi/JLL/mmeMc miciPix nemmn’{z/ howy zew d/‘agona/ enes and Fhuo
zewo hae. So SO(n), O(n) have the same Lie algebr ﬂpzza/(y clented 59(r)
(1-e.ve will not wuile V/”) ever aga/n). This bas fo do with ﬂey/eba/ ﬁ/O/O?)Zq/lﬁ%cﬁwe

ot theye groups, which is “misred” by /;aff/"ng o in fotesimals o £=0. well vetun fo

this [afer. Note that # n=3 then (20-2) agrees with (4.)),

(Vi) {/U)#\ %(”J = Ll'e( (/(V’)) we have by Lemyna Lf_’lf

(20.2)

Xeun) == exp( EX) s umn'fumj +for ald % €IR
> X i self-adjoint ar anoperahr
— (-LX)*= (X as amakx (x being conMgale )mmPoJe)
e (X' ==X wa makx

e X=X

W?M M(") = { >< € 9{ (ﬂ/ G:j } X*: - X} is /ﬁe fefﬂg dmﬁ-se(;c—ac\(/binf ma{w‘ce/)_



(vii) we have

suln) == Lie( S0(n))
= Lie( V) N Lie( L1, €)) (211
= w()N s4(n, C)
= {Xeqpthe) | X'=-X, #0=0}

Noke that fhe condifion of vanishing fraceis o Jonger vacuows, as <.g. (i) e wl)\ sulh).

Regarding fhe shucture of Lie algebras, fhe niost olovions fecture in Examph L6-1" is that

all the Lie algelom examples ave veal vector spaces (some are complex vector spacea ).

Lemma L6-10  Let G be a mabix Lie group with Lie algebra 9. Then g i o real vector
Jubfpa(e af j’f [V), @)) thott is

(a) i+ X,Yég Then X?L\/é\?,
(v) it Xéﬂ and N €R then 1)(63

Froof () is immediate from the definifion. For (a) weneed the L,«@/Dwdm/ bormule ( Theorem Bl—(6)
accord/‘ng fo which for X, Ye 7{(”’/ CE) and E€IR

EX tY

ex{)({:()(f‘/)) = mlLYVloo( cxp(;)exp(;{) ) (21.2)

This limit it with verpectfo the metnc associa fed he opem/a/ noYM on /B((Ch) =gl @),
butsince all noms on B(C") are Lipschite-egaivalent  (Lemma Bl=1), (2(.2) holdy
with respectfo ang porm you like on mathices , including the Frobeniuws horm (s fhot fhe
RHS converger cntry-wise 4o the LHS) Byt if X, V€9 then exlu[’;‘: X), exp (£ V) c
for all t &R anclinfegew m, and since Ciis @ subgoap [ exp (£ X)exlo/—ﬁ Y) ]m cC
Since exp[f(X7‘ v)) i invertible and (s clored, fhe limif in (21:2) also belongs % 4]



Def™ A morix L/ej»owp is called complex if 9= Lie(G) 55 complex subspcice of 9t(nC),
equivalently X €9 whenever X€ 9.

Example L6 (1) If G GLInR) fhen 9 < 3{(n,ﬂ2) s0 G is complex ifE . #is the hivial Lie guoup.
(l}) SL(”) d:) s (,omlplex.

* .
Gi) TF X' ==X fhen (iX) = —i K= iX s f Xes0(n) and X €59(n)
then X =10, s0 U[n),s0(n) ave not tomplex Hr nZ L, degpite the

Lie algebmn hawing complex enhies.

Beyond heing real subspates of g¢(n, C) there is one addiional piece of shucture an a Lie algebra thaf

2

vemains for wa 1o discover. A¥ leant for mabix Lie gvoups that-do not contain “nontrivial logps
(wewill see what this means |ater) it is a vemarkable feck thal this one addifonal prece of stuacture,
the Lie bracke | allows wo To capture evewthing about 1he Vepmenﬁ?ﬁm theow of fhe Lie group

waing J'Waf the infinitesimal informahon in he Lie a/je/om. Tag/or sevies win!



The oriqin of the Lie brackel

Recall that in aur quest fo andentandl 1he natural vepreseniation of JO(3) on L*(12 C) the fact that
50(3) 15 pot abelian was the fot obstace (sex p-0 LU ) o, /mfc//’ﬁfcmnf/g) F S0(2) were abelian
we could simultaneanly cliagonalise all the opercdon S(3) and so fhe shucture of Hhe vepresentaition
would be guife fvial - Since JO(3) is pof abelian, the vepresenjatin 2 at Jecnf stands a chance

of being /"n/em/my. Lel wi now refurn fo this comment and make cu caveful stucly of sowe paia

g,h € 50(3) with gt hg o whaf is the same . 4 hj"h" + e, where e is fhe identily

Usma the notation Oﬁf'@ sef

9= exp(t8) = Rt

(23.1)
h=exp(sd?) = RY
We wish o compare the fwowag.r awund. the q%llowmcg diagrim
R%
R® R
gt Y (23.2)
hjL;\V R% R >
R > R
R

We can visualise Ri) st by Pickinﬂ ue S* and noﬁna that a— R:[‘D Fgr ae [O, t] s a
tonfinuous path joining 4 fo R%d | and similasly for RI (weassume 5,t small in the prctures)

(233)




These “Fowliner" or orbib of R; R! obviom}y infewed in o kind o paJchwo://Q) whi'ch we viiualise

below on the infenection of S *with the region X 70, Y70, 2 70

AAPP'“I Rf for some 5
\ “PFl'f Ri_ forsame t

(24.1)

Wdl’qgmm (23.2) jnviter wy Fo consicler flre fo“owinj Rind 0‘£ POML onthe JPbeyg

RM
(24.2)
RIRLwW

—gR“R u

Does this ]ood’k “close" o D\lOOP) doart for Cinfinilesimal" red—cm@)ea on the xpl/)ene)
. Let wo fintdoa uUgh calcalation wing (231) and keeping only sewnd order
fevms /n st
(24.3)
Riw = wutrt8u +0(t7)
RIRT U = W+t u +0(¢*) + s87u + 56587y + 0(s%)
RYRIRTY = w+ t8a+s8d +st837 + 0(+#*) + 0(s™)
— [ F 2 (67)2u + ts 878% + 572878357y |



—

U_(_‘f‘%/(i_‘f-.sgﬂi + sESIETu + O(#) +o(sT)

»% _ st8%s!

= u+tsdy +5£( $IF— 889 )u + o(+¥)+ o(s?)
ESthR;’ R; 4 = u+ S/é}ﬁ + sb( §95 - 8§89 )u + o(1*) (™)

- /%/9/1 F(8Y) a4 st éﬂS“Jx—Sﬁgxﬂ)ﬁ]
— w4 ost( 83— 780 )u 1 o) + 0(s?)

The "error" teym Sf( Jny‘ 51([\1 )i 1 O(?Ll)f' O(fz) ce,//Lain/y goeA‘}U zewo N S, — O
buk this wan obviows anyway since RIRICRIRY is conbinuow in £ 6. What we wanf fo

Ruow is if “ﬁowmg " a4 aqwund an infinitesimal vecfang}e refurns as back fo 4. whiclh mecans

we need o scale by the avea St re. wompule

al

asbf( RER RS Rzi” = < 187 8757 )u (27.2)

t=s=o0

= [5\1/ 81] _li_
where (71 is the mabix commutafor. But [§067]=-L& ‘“] and

[ 1 y - 0 © o©o o o ( o (&) | 1) o o
8/8 1 - o o —I o o o - 0 o o 0 o -~
O\l o -\ o o -\ o o o ( 0

(25.3)

X DYDY z
So st R—tRs Rt 4 x 4 — std u for s, € small. Me evror is avotution avound‘fhl%—axi&.(




Or;aic{ch‘{ﬁeevenHy) ﬁ’ampo»/%/\g v amund‘l’l/)euredan\cj]e“ i aPPVDXiVY\C(\H’.\lj R%ﬁ—i) mbh‘ng 4
b\j an aﬂg\eoﬁ —st avound. The z —axs:

X v
~. Resa - (2¢.1)
7

The upshot is - ﬁw.d/‘agmm (23.2) fuils fo commute (95# hgor 3;\3_%—; =+ Q) and /he
feiilure /s meaured /05/ the commutator [‘Ey/ ¢ J(J

Lomma Lé~ll e nave (87 8¥) =87 [§%63)= 8 [§587]=§ ancl in general

35

[g\, d K: 5 (2¢.2)
where l//\L} me ST and (5)x() clenofen the crosr Puocluut.

Fodt  We check the fint claims about 4874 %/;7 diredtcalculation for (26.2) noke that the
cmﬁ/;woludb bilinear so noxm = Z‘j‘:l nom; (ed X e\j‘) . On the sther hand.
the commutator s alio bilinear in each variable ro [5'?, ﬁ] = ZO-:' nem [ chj Jv ]

which is Zl‘j‘s{ em; §m9 by the fint sef of claims- []



Ueneralising (26.1) Then we have the following Cq)pwximaﬁbn ot the evror

~
A xXm

R—SR:{ZR,: H’ZE ~ R’—SJC ﬂ (27")

between the fwo wcujs avound. The (not nece/.uav'n)j wmmwhﬁve / ) ol!"agmm

~
n

Re

R® R?
Ri Ri (27.2)
,Rz - , IRB
R%

The same mmg occuw In the gewem/ (ove -

Exercie L6-3 Ham a nubihows snack -

Exevcire L6-4 Let X/\/ c 7{ ("\, C) Then
Chl

(a) [Y X ] = 55t ( exp(~=sY) exp (~tX)exp(sY) exp (£X) ) /5 _ip

(b)  exp(- EV)exp(=tX) exp( 1Y) exp(tX) = exp( [Y,x] + 0(¢3))
Noke fat (b) can be read wa sauing that [ X1 provides the “comection fackor' fo commutedivily
exp(£Y) exp(tX) = exp(EX) exp( £Y) exp( t*[%¥]+ 0(+%))
i ifindenmal e e of-Fhe falure o commule of o one-parameler subgoups 1 () Jee R

and {ex/b(sY) },w/h of & manx Lt'cyvou/: G equips the Lie algebra 9 A G with additional
shuchure beyond fhatof a real vedor space:




Def* A veal Lie a/gebm is an R-vector space g fogether with a funchon §>9— 9 denoted
(%) — [X)\/] (called the “bracket") with the foﬂowing properhien

V XY, 2€9, YA MeR  (Bilineark)
\vj X)\/GE} (Shew symmehy )
(Tambz idenkdy )

() [AX+pY, 2] = A% 2]e ul¥2]

@ [xY]=-1%x]
(3) [X) [\//Z]] T [\// [Z/X’}] T [Z; [Xz\/]] =0 V¥ Y,Y,Zéj

I 9 I areal Lie algebvzn ainel hej s an R-vector subspace we call f a real Lie subalgebra

if whenever X, Y€ R then aclw [, \/]E R, Then this biackeF mcikes b a veal Lie alyebm.

We will etten dop “real™ ancl simply speak of Lie algebras.

Remark L6-2 () (D &(2) imply [2,7): 3= 9 is alo linear, so [=17] is biliear
(i) () implies [X,X]=0 for alk X€79.
(i) 310" €) s areal Lie algebra for 07 |, with [X,Y]= XY =YX If
9 € 9L(nC) is ciny R-vechor subsperce with the puoperky Hat X, Y€ 9
implien [X,Y]€9 then 3 is alio a real Lie algelora. with the same brackeh
(iv) Endg (V) is aveal Lie algebre with [%7]=XY =1 X forany Fvechr space V'
Somefimes we wale §L(V,IF) for Endi (V) viewedas a Lie algebier.
Theovem L6-12 Let Ci be oo mabix Lie guup with Lie algebra g Then
() F Acc and Xeq thew AXA'€q.
(i) IF X,Y €9 then XYY X €Y.
Thw g isa Lie meafgebmaf gf(n,C),

M (4) We have exP( t/q)(/}-‘) = /}exp(f‘x)/‘}‘}e& by Ex B"gj ﬁifC—(R)Aecxlxej_
(i) By (¢) we houre exp((:x)‘/exp{'fx)ej for any X, V€Y, and by #u Leibniz wle
(Exiy-4) di( exp(€X)Yexpl-tX) )|ieg = XY =YX tuat s

exp (hx) Yexp(-hx)— Y

l
h_y?o h

= XYV-=7X. (22-1)




The LHS is a limit in g’f (n, d:) a aleguence U'E mawsin Y, which s IO‘L/ Lemma L6—(O

cuveal subspace and hence closed. (since R™SR™ for k<m i cubouf by linecir equations,

and is thus closed since those funchions ave continuows ). Hence He RHS alro be}oy)g: fo 700

e Lie ﬁmu‘vr

We have now asrociated o any mapix Lie quoup G it real Lie algelom Lie(G ) Mext

we puove Thaf this conshuchon is funciorial (+ee Backguwand Z. for a piimer on categories
andfuncton ). In pavtiealar Hhis means we con “ fake the logarithm " of-ciny continuows

vepresentation of c matix Lie grodp,  qiving the genevalisation of  Theovem L6=L wohich.
mohvaled our stucly of one-parame ler subguoups in The frot place.

Def” Let G, H be mabix L“egwupL A homomovphism  of modix Lie guoups ¢&:-a—H
is a continuows funchion which is also a guoup homomovphism, thal v, & (e) =€
ond €£(99') = €(9) &' | forall 9,9'c &

Def™ The cafezjov-»j LieGrp har matwx Lie Guoups an olojgd—; and homomovph]]mj o~£

mabix Lie quoups as movphisms.

a howomorphism I §— hois an R-linear map

M Civen veal Lie a/geb»m g, h
sabisfying L% ¢v] = F([%Y]) forall X,7¢€ 9.

Def™ The cafeaoq LfeAlj R has veal Lie a(gebmo o objects and homomovphiims o-/ma/

Lie algebmw ar movphums.

As we w]//mee next- lecture, & so(z)—> CGL ( He /51)) is amonphism (Jf matix Lie gwup s and

D2 of Theovem Lb—Lt ;kamomhlkmof Lie alge/om 99{3) — 7{(9{”52}) and the theorem

eatablishes that the [aller is the image under a functor Lie = LieCvrp —> Lie Alg IR of the former.



Theovem L6-13  Let G, H he mahix Lie gvoups withvespective Lie a/jelomo 9, h

If & G—Hisa homomomhl}rm then there exish a unique
R-linear map f+ § — h malfu'ng the diagram

¢
G > H
exp 1\ [C“P (300)
g VR h

commule . Moreover

(1) PAXA") = B(A) S EA) e atl AEC, XeT
G F(LYT) = [9K 87 Horall %Y€Y,
(D F(x) = G BCep(t)) | oo forall K€

l@_’f— Since P is a confinuous guoup homowomhiJm t— 2( eXP(H(D is aona—/oamlMe)Ler
Su[ogvomp of H, for any X€ 9. By Lemma L6-T theve iy o unique Ye R with

F (expltX)) = exp(£Y) VEeR (30.2)

4 —
and movreover Y = d f(exf’(“()”é:o. we teF F(XJ=Y and check i
han the veqw’md[)wpe/ﬁw Fnty, 4o show Fis R-linear - if se R then i s
clear fom (30\2) thal )0(3)() =S ja(x) Cii'ven \)4/\/63

exp( £I(x+Y)) = exp( FL (X)) )
= & ( exp( E(x+Y) ))

B}j the Lie PVOdeLﬁJ/mula. ( Theovem @l"é> and the fack-that £ s o confrnuows

homomovphism we can wyile fhir as



= ( lm [ep(®exe()]")
— lim ’ﬁ( [exp , exP m)] )

" . (31.1)
— mle [ c{:(exp )%(exp( )]

- [ep() (52 ]
= exp( t(FI+70)) )

By Lomma L6~ we munt thevefore have J(X+Y) = PX) 1P ] sina these fuo mamay

detevmine the rame Dne/pammaky fubguoup, Hena ¥ is IR-Inear.

%fvwe (1) nole thal

exp( £ ¥(AxA7)) = Elexp( tAXA"))

Ex BI-3

= B( Aexpltx)A™)
(31.2)

£(A) 2(expltX)) B(A™)
= F(A) en(tY(0) E(A4)

d
Hene S(AXA™) = cﬂ?ew(”’/ﬁxﬂ"})/&:o = £(4) fK) B(4)" Fnally for
(2 noke that by (281) for X,Y €T

[x, Y] = i exp(fx)Yexp(%X)/lL;O (31.3)

exp (hX) Yexp(-hx) =7

_ i
- hLVLo h



Now since ¥ is @ lineay fmmﬁrmaﬁon between funite~dimensional vector spaces (+is wm%‘nmou/), Jo

exp (+x) \/exP(-fX y—Y

$(0x97) = 7( Jim, )
= {JWV\ i‘f( exp(fX)\iexplltX)—\/)
= i'_':‘o ’?( j"(exp(fX)‘/aXp(/tY)) —307> (32.1)

= lim L—( B enpen) ) PY F(epe) ) —F7 )

— Iim —5( ep(£1X) ¥y exp(-t¥x)) 'T7>

£ >0

- j-t( exP(H’K) Y exp(—ff?‘)jltco

(2€1)

= [‘f)()“f\/]' 0

Coro||aw Lé'llf Theve is a functor Lie Lietp — Lr'e/)/g”{ Jemd/'mj a mapix Lie group
fo it Lie a/gebm and a homomowphism o Lie guoups T C— H f the
homomowphism o Lie a)gebmﬁ Lie(2) : Lie(G) —> Lie (H) definec by

Lie(2)(X) = 3? £CQ*P(H()B l&co (32-2)

(oot The fock that Lie( € ) is well-defined andl a homomoyphinin of. Lie algebrag follows from
Theovem LE~(4. Clearly if & =1g then Lie (®) = 1 Lie(a) . SWppose = H,
Y - H— K ave homomonehisms of matix Lje groups. Then Lie( &), Lie(Y) ape

Lg Theoem Lb-14 ani((ue ma/a/’nﬁ the Vz%pecHVf square) in the 7@//000/)?9 dfajm"‘” tommute -



t
€

G > H > K

exp /‘\ exp ]\ exp ‘\ (?3~|)

Lie(_Q)

Lie (H) — 5 Lie(K)
Lie(®) Lie ()

But then outer diagvam commuler, Xp e (Lie(¥)oLie(%)) = (£F): S¥p 5o by unigueness
wehave Lie[ ¥)eLie(E) = Ll‘e(f° §) o claimed . []

Det™ A finik-dimenaonal complex l/zs'pmem'nﬁon & amahix Lie guoup Co iy afinite ~dimensional
complex vector space \V fogether with afunchon GxN —V wplfen (9,v) > 9.v
sedisfying he following axioms

(R)  9.(hv) =9V foralk ghel, vel

(R2) e.v=V for aM veV

(R3) he funchion g -V =N, oly(v) = 1. is C-lineav ﬁra/l/ige&
(R4) o any basis B of V the funcion G —> QL1 ©) sending

g to [0(3 ];’? s wnﬁnuoow} wheve n:dt'm(\/) Fae clhow n=0,
CLL(O/ (E) :{QRJ

Thus forang banis /)’ the map 9 [0(37/5 s a movphism of mabix Lie Juoups ¢ — GlL(n,C).

A homomonphism I =V —> W of. representaions is a C-limear map which sahisfres

fgv)=9-F(v)  forall geG,veV

The categow of (omplex, finite <dimensonal) veprescntations af Ciis densked rep(G).

G



Def" A finite ~dimensional complex veprorentabon of a veal Lie algebra g a finite ~climensonal

Lom plex vt’a’vq;ace V4 1'09@%1/701/ with a function j «V —V witten (X/V) —> X.v
saibisfying the followingaxioms -

(s) [XVT.v = X (Yov) =Y (Xov) forall X,Yeg, veV
(s2) (AxepY)v= AX)+ m(Iv) or alk XY€Y, N ueR, veV.
(s3) thefunchion % V—V, «Lx (v)= X.v is C-linear for all X€9.

Thwn for any hanis ﬁ the map X = [0@]}5 i o movpliism of. Lie algebran g — gt (0, C)
A homomowphism F- N — W of repvesentalions ir a C~lnear map mﬁr%y/@ \
n=dimV

F(X0) = X v for all Xe9, veV
The cafeqow of (complex, finite dimensonal ) Vepvwem‘ztﬁanmf 9 densted rep (7).

Lewma L6 Given a mahix Lie 31/044/3& with Lie algebre: Ni Theve is a functor

T : rep(6) — wp(9) (36.1)

sending a.reprerentation V o G arpesentation of 9 onthe same vechy spa,
wheve for K€ § we define

Xov = el expltr).x )l (243

fgr_ﬁ Chovse a lawis /B £ \/ and encode the wepvwenfaﬁm Of Ooon loy a movp hisim
£ a— a0, €D =[%5T5 of Lie quups. This inducs by Grollowy L1y
anophisn ¢ = Lie(E): J = J0C) of Lie algebmn, givenby $(x) = iF B(exp(0)f=o.
Now _{( exp(H()) = [O(exp[f'\() ]/f where g (V)= 9.v By deon/fron the veprenentafion
o 9 determined laj ¢ s [X'V]}? = ¢(5<) [ﬂ/s Hena



HEVlte

- di{’( [de"l’“x)]; [\{]/3 >|é-o
(3r.1)
= A [ Ao T3 Y e

- & Lone0vTp et

ws claimed . This show.s fhalt T s we//—c/ezé'/)ec/ on o@'ecﬁ. Cuven a moqohzlrm V=W d/4
representativns of G we claim T(F) = P alse a moyphiom of representaifions of 9 (e Ti the
;’a(enh'f\j on moyphivms ) . Tosee this vole that F i confinuous and IR linear so

exp (£X).v — v
f(x.v) = p( lim — )

p>o

j’( exp(f\().v) 0

—_ lim

r->o t (3r.2)
lim expl€X).I(v) = F(v)

= o +

= )(,j"(v)

an claimed. []

Unfortunalely we will not have fime fo puove fhe following fundamental result, which [uotihen e
study of Lie algelom/a anel their mpvwenfmﬁom (cee [H, Theorem 3-77) " BqlLyotA should fknow it

Theovem  Tf G is connected and ﬂ‘mplj—wwwecfed then T rep(6) — vep (3) is

an equivalence oaﬂ—cafeyon’m.



Exercise L6-5 Suppore tat & is o mamx Lie goup evey element of- which capn be wrilfen as
o product of the form exp(X.) - exp(Xn) forsome Xy-yYn€ g = Lie(a)
(+#his is e if Cis wonnecked ;1-e. evewy 9 h € are wonmected by a wonfinuouwd
patiin G ). Rove that the functor T is Al , thatis, for any pair of
representations V/, W ot & if a linear map F-V —> W is a moyphism of
g —vepvesentations it-is also a mophism of & vepresentations.
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