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~ Representation 1h L e
| ecture 1 epresentation theory of /ea/gabms wpdakd 15(5(2]

We have associaled o each matx Lie group Ce i Lie algebm 9 and proven that There

is o functor Lie - rep (6) —> rep (9) sendling a representation of (i ona fini'ke —cimensional
Lomplex ve chor space Vb o repvesentativn of g on the same spate. We now furn fo e xamples o

such vepresentations, }oeginw‘ng of couve with 4= 50(3)) g = s0(2) and V= Hr (§) for some k70

Theve is a S‘/‘«jhf de/lmcall'}j: vecall that & SO(B)DF——> /’)WL(C( Hp (S Z)) s ac}ua/(y
a represenfation o fhe guoup JO(?)OC which is inconvenient I we wish fo view our maix
Lie ououps as Jufoguoupg aof GL(», (C), S5 e now iclemh’f‘/ 50(9) _—’tJD(gf}’M fo | lows:

Lemma L7-1 for G S GL(" @) o makix Lie guoup the funchion ¢+ G — G
defined by [{/U :/}—' s confinuouns.

M This fallows from Cramer's nile (Lemmq LI=2) an explained /n the /Jvoo-ﬁof
Lewma LIl []

Recal] fiom Lecture & fhe veprwewfq/v’on 8 of SO(3) on S/Dhew\ca/ harmonics.

Lemma L7-2 The_»ﬁmcﬁon 8 50(3) — /'}M/L@(af#(fl)> k¢ (,DY)/’MUOWJ for k> O

Poof Recallthat our conventions, inhocluced in Lectuve U, is that afunction like 8

5 confinuows i for some (ben(e e\/eny) ovdleed @’baﬂbp of He(9*) that
the map jeSO(E) > [4(3) ]});3 € GL(2k+!, C) s confinuows.

As expiﬂ/ﬂéd in the /DvOOJD— - Lemma L2 Ihu%\uﬂfopwve Mal

o 50(3) —— Autc(A) (1.1)
/>(9J = )DA

is confinuod?, wheve A s the mabix dfj inthe standavd barlt, and by L4 (2.3)



3
fA(P) - P( 23’-«* AiJD(JV/ Zj:| AZJ ) ch”@”f)

If we choose fhe basis B = [ x }w k o clegree R monomicls 2™ =" %" “ o A

fhen [ £(0) ]/;3 has enfries which ave polynomial functionsof the enJmeﬁ inthe makix /A
(m Ly ‘9\@) and hem&ﬁ :S0(3) H/‘Mfcm@) 5 onfinuous - []

Lemma L7-3  Jor k72O the function

50(3) ——— GL(2k+), C) (2.1)
A— [p(a™) ¢

is . mowphiom of mahix Lie guups, ancl fhus cle fermines a vepvesentation
of SO(3) on He(s) given by Af = f"ﬁll for any ordevec] boors G of e (§7).

froof The function (2-1) is he wmpwik

" T 17
S0(3) —— 50(2) > Aube (3el57)) ———— GL(2kA1,C)

ot continnous gvoup homomoup hishs, and is thws a continupus Group homombsohism
(we are wing Lemma L7-1, Lemma L?—Z) 0

Def” We wrik 3™ Hfor 1he wnﬁnuacwgwuo bomomome SO(?) —— Aute ( Hr /Jl))
given by 6= = 86°(=)  thatis, &~ (R )(f)“‘ )C R. &, ancl we do nof
distinguish this from fhe repvesentation (2-1) of SO(?) as amabix Lie guoup
(mlﬁ)ough Teclnmcallﬂ the lodler involver the addlifional doda of-a choice ¢f bocwnis ).

When we refer fo dr(5%) ar a reprerenfation of SO0(3) ar a makix Lie guodp, 3~ iswhat wemean.
1?7 Lemma LE-15 theve is a wwpond/hy represe nfanion of 59(3)on Hp(52) This isalmost the
content of Theovem L6~ excepf for The difference between 8 and 3~ (ivatating).



Lemma LT1=4 Undlr the funchr Lie - rep(JO(2)) — vep(59(3) ) tne representadion o
57(3) on 3k (S™) conerponding The vepresentation 3~ o SO(3) is

DY
s(3) —— End@(%/z/ﬁ)) (21

§F— -7"

Or wrillen an an action, £:-JE = —42?‘(7[) fw’;t\efzj ][G%/c/fz)_

ﬁogﬁ By definifion

6£-]C = ddt:( expl£47). ]L)/&=O = d%( g( C"P(‘Lf)’l)(ﬁ)/f%

_ d%( g(up@fﬁ))(ﬁ) )(%:o

Thm Lé'if

— A ep(-eT)® )| = 270 g

We learn fom Lemma LT-4 that (3-1) isa homomowphism of Lie a{gebm (previowly we ony
knew it won R=linear) whith means in //“ghfof Lewma L6~1] that for A, m €87

77" = (87
= -0 ([£47])
- - [D@*(J”))Dg“wa)] (2.2)
_ _[__qzﬁ/ _,szﬁ:‘
-7 ]
- [’z&/ /Zﬁ]

This could o coune be checked d/'wcf/y) but don'f /oo/aayi# howe in the mouth, a1 they say.

So we have ﬁnd/(y made He {JL) /hban?'pweﬁf'ﬂ/idn i the veal Lie qlgcbm %9{3] Now what?




Ouestions that remain o be answered

(1) Whet is the shucture of the vepresentation & £ SO(3) on *(s%, C) ? As we commented

at the beginning of Lecure 4, wring the Laplacian we know fhis vepresentation decomposes
nfo subve presentations of JO(3) on each e (57), but o This poinf we know nothing

about e m(mpmenfaﬁom Our mohvahipn for /woceedmﬂ 7o Jv‘ucly (nfinitesmal
jenembw of symmetien in Lectwe 6 wan the claim that hese generaton, which we now

know ﬁ)wn areal Lie Ollg()_bm by Theorem L6712, are the /aey o Mndem/ﬂnf{/hg e

shucture of these Jubre/:\r\wel?f‘aﬁ()m, We mwmt now makeyood on his clajm .

(@) which representation of SO() on L(S% € is chosen by Nature 7 Starking i Lectures 1, 2
and confinuing in p-@) L4 p-O LS we have placed fhe idea of " observen of aquantum
system with stafe space H = L*(5C)  related by unitowy Iransformations of 74
which constifute a representation A 50(2)" aF the center of his m/g'ec/\ This stak space
might descnbe , for example, the anqular Pomtaf the wowefunciion of some parficle.

On p.-@&) of. L4 we emphavised haf while Wigner's theorem fells unthat for any sach
paricle fhere is some  (possibly pigjechive | ) representution of SO(2) on L3 C),
the theorem on its own cannot +ell ws which one Nature han “choren” (re. that
comesponclto actual meonaremenls of Thalkind of parficle ). we now proceec o

dig infothis quesfion, by revishing the fopic of anqular momenfum from LS




Shucture of the vepresentahion

We consicer $7(3) acting on 3 (S%) forall k70, arin (3-1). To unclewtancl these
reprosentationswe will make wse oF a pick we bave exploitecl several Himes alveady « shucly

inskeacl the complex-vector space =X (3) of clegren - homogene oun /Jolymo mials in 2=,
Y=x, =2y, which hon c simple banis £1F}1ﬂ1=k A monmomials xF = I/g’rf‘?ffg
indexed by Juples £ =(ff=f1) e N2with |P] = S\ B equalJo k (hee OEN ).

The subgpace W =1 PE R | AP= O} o havmonic polynemials is somovphic fo Fr(5%)
by Lemma L3—7. We stavt our investigations with R rather than X (™) because it is

cIuiﬁe involvec| fo conshuct a banis of the latler (althoughwe will do o).

Def™ Let 9 be o veal Lie algeba and V « complex funife ~climensional mpmew/nﬁomrf 7
A C-veclor Ju(as/)ace WeV isa Jubmprweﬂlu%bn if XveW forall Xeg/ velW.

Recall that 7] d is defined an a C-linear o/uemiz)r on S on p ® LS

Lemma L7T-8 The womplex vector space /o s a m}ovwemfaﬁm o $7(3) with action
S P=— 7°(P) for PER. The subspace Hu is a subiepesentation and
the map Hp —> ot (§2) sending F o P/;z is an isomoyphism of
representetionsof 59 ( 3).

M In the ona-,p—of Leynma L7-2 we have a/madg checked 3 I—Jf)(i?/') ifave/.)mell}uﬁow
of-the mamix Lie guoup J0(32) //2, and by the same calculation an i he pm}é oF

Lemmen LT=4t fhe induced mpmaﬁfaﬁon(rf 57(2) s the given one . I follows fom
Fx Ly-7 that Hr<ER isa mbrepvz%em%rﬁ'on, and the final claim is clear. []

Recall that Ji. )fft/‘{//berfjfa(e with }pa/'ﬁnj <P &>h= [ () F]wm+ Blg

K
Lemma L3‘2, wheve for Q= Z(x]:/i C"CQCO(J r(a)= ij:}; Cx v /8)(,“’---&)(:(")
and P denoles the Ioo(ynomial with all wefticienfs wm/uyqfeol.



LGVMMG{ L7"6 ﬂﬂe (E’h})ear o]bemﬁ)r ,Z;\\" ﬁ. E— E\ IS J/lew Je/f—ac\[/o/'nfwiﬂ, n‘ﬂ/DeC/'
fo the paiang <= —7k

Froof A linear combination of skew fe/#ad/b/m‘ olperm[w) (with real coefticients ) ) Shew
selﬁ—atyoint 50 an /ZVT = Zi “iﬂzzi it sufficen fo show 7 Di 7 3, nz% are S/aeww/f-ac//ofnf
Bul for v+ wehave for BQER by Lemma L3-3

> 2 2
<P) 9(55,5&>R= <ﬁb[))§%& b |
(c.1)

P
- < ) oK P/ Q >Iz
Xl N
From fhis hLea/Jilﬂ follows that T is skew Sel'(—ade}mL fr 1< €3O
Compare His o Lemma LI=5 Since il s fe/f—adj‘omf on o we hawe éy the J/)ecﬁ’ﬂ/ theorem
(Lemma LS=2) hakall e/‘gewalue/) 4 7 " are pue imaginay, and theve s an orfhogonal

bouts of R consisting of e/\jenvf’cbnof / ’

Examele L7l L =C1 no/’/’nkmh‘ngaﬂa// ’Z"achw zew. On 7? with mPecH—o)(he b asis
{7)"], 2"]] we l/laU‘e

R PP R
°© 1 0

(0] <[22 3]~ (Z -
0

(@]
|
(<) —
\—/
I
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Now énacﬁon ]? via “fzn) so this ragthaP 3 ach on 2;Q3 an leJF}



That is, the elementrof $9(3) Juat happen o fhemselver be matnceo (For an abshact real Lie algebr
we can make o such statement) cnd fhevefore canbe viewed a2 linear operaton on R* Inthe
standard fermmology) P is the mvial represenfalion A 50(3) and P s the M
repvesentation . Nofe that ot =L AN =F 5 K (52) is the hivial repmenfaﬁ‘dn ond.

3\ (82) is the defining representotion.

Def” Lefj be aveal Lie algebra.. The vial representation o g, dencled 1} is The vechor
Spoce C with X-v=20 ﬁra// XEH)\/G C.

Def” Lef g be a real [je algebm o j“f(n, C). The deﬁn/’ndc; mpmen/'aﬁbn of g s the
vector spauce C" wh Xv= XV (mohix mwlh’phkqﬁon) for X€Y, veC"

Tobe a bit Pedamﬁc/ ),7 s omltj I'Jomogghfc fo the c{eﬁm’ﬂﬁ Vepmew}uﬁon (Maﬁ is, s iJomoV)Oth
1o fhe defining representation an an object of vep (3)), sina assets /), + C”

Exercise L7-U Civen a matx Lie guup (e vonshuct #he complex frnite -dimensional & 'mpmemfaﬁbn
V with Lee (\/) fhe de,@'n/'ny mpn%enfﬁﬁbn (/78“7

Escample L7-2 Next we consider the vepmenfuﬁon PL - The banis of mionomials Js

*’l;cl) xy,x2,9° yz, &21] (7.1)

So this is asix—dimensional C-vector spaie. Writing down fhe modn ws of
T L E inthis hasis seeims [ihe a chore. The mlos/m(e 7 < R is the
sebaf [inear combmaﬁom ax*+ bzy +Cx2 #dy +eyz + f2% i the

91
Qemelap a‘ 2xb+aj7— F222 722, that is

0= ’O(ax% by +cxz fdy*+eye +]C%1) = 20 + 24+ 2f (7.2)



So b}c;e are ﬁu‘oammefew and ardtf=0. T}ugcj;m d,’mCa—fZ =5=272+]|
whichis conslsfent with Ex Li=2. @17 Theorem L34 we have a directsum decomposition

R = 2o ="/ (8.))

wheve in this ccve /”‘“2/2 is the linear s/)an o J=lI* = =° f’f/Li' z*© (ﬂm*/‘f/'w)fwhaf
this notadion means ) - Noke that for (31],k) € {(123),(2/3,1), (3/()2)} we have

o > 2
7 - JaXh_xh?XJ' and.

7)Y = 0, 77() = —2xjxe, T (28) = 244

Hence /’ZXL( ”9‘”2) =0 Yhich shows “"“Z/E, is not Jw)fa. C-vector subspace it ua
subvepveentation. and moveover if-is (isomonphic %o) the mvial vepresentaton. Lefus
now turn our aftention fo 3€a

A general element of 36 can be wrillen as

ax®+ bxyv‘—cx%f (—a’ﬁ)jz—/-ey%%-f?l (83)

= a(x™-9*) + bxy + cxz + eyz + f(2>3*)

50 our bams of s is { 12‘37-/ xy,x2, 42,2~ sz } We can of coune wm}buk all
fhe "I in this baws, bub it isn'tclear what thiswill accomplish. Recall that since 7he Xe

are skewse IF—ail/”oinfwe can find an orthogonal hanis of eigenvecton for any one L the T

(but not all at once) This will at lecwt diagonalise one of- the operaiton, and then e can wory

about the otherfwo. It s mbh‘muy which opem]’orwe chooje fo cliagonalise, buf fhe onventrin

2

is fo choose 7 We meMk (veca/b( 1t = Ty~ ja%)

(82

Vletg?) = ~4xy, U(xy)=2" -y, Tle)=—y2 @y

7% (y2) = =2 ﬁz}(z%jz) = -2y



We obsewe that spomd At~ % Y, 'fl’ﬂﬂ] and spanc { Xz, 1%7] are " ( ?*fnvavfanf

sulospaqu on which 7 %Lay\ be c\epidﬁoL an

-2 1

Z’Z__’le _ C x?_v,jz
—4 (1:1)
~
Xz :H ‘j%

I

A vechor cxez + j% (s ane[gewvﬁcjror with e[genvodue 7\ o2 ’Z% i and only 1"ﬁ

—yz + A2 = Acxz + AYT & Jc=1, A=-c¢

& c*=-1, X=-¢
= (eA)eq(s,-0), ¢4 f

This pwo[uaw er‘genwde Xz +fj?) X fye with Mpec/?'v*e e/'genva/(/fP/) -c, i) andl

fhere vecon span spanc {%%, 42 }. They are orthogonal by Lemma L5=2. (k).
Avechor a(x*-9%) + bay + F(29%) is an eigenvector with eigenvalue ) of AT'S
~bazy + b(xy*) —2f2y = Qa(x%y?) + Abxy + M (2% 92)
= Ya=b, Moz —2(§+2a), A = O

This gver an eigenvechr ~2(279%) #(279%) with eiqenvalue A=0, and # A 0 fhen

}sz = MNa=—-4a, b=Da
(- ab+0) = N4, = =)

This Pm{uaw el‘jemwzdm (11—31) t2cxy, (11’ E}L)‘Zﬂ'{‘/ O‘E ei‘gemva(ww 2¢,-2¢ m’u{ch‘mlg_



We have Thun constucked an orﬂ/m90vlal banis o elgenvecton of 15 b 3,

|27 = (2% y*) 2y

712y = 202y
|1y = -cxe+ye 7E[1y = 1|1
. (101)
0> = L= g*) + (22g7) 7¥[oy = ©

|-15 = x2 tye 7F|-1Y = =|-1y

| -2 = (x>y¥) -2y -2y = —2i|-2)

The notafion reflechs that the 2 —componeat of-the angular momentum Lz = ~T° by eigenvalue
me{=2,7,0\,2Y on |M> patis, La > = m|m> 1, padticular are hawe wmpaie.o(
fhat the 5pecfmm0f 72 on oK, s {dm [ meZ and —zgmsz}_ Nole |my = |-m>

Now let wy vehurm fo 1he oPerafow 77; 77 and y o undewtand how 7%8_7 be have with m})ecf o the
X 2 2 y 2 _ 9
above boni's * reeal|l 77 = Y3z — 22y, =232 Loz

2y = 2zy —2cxz = 2|17

Ty = —ixgrgtoet = —loy — 1D

1|y = 24z 942 +29y2 = 3\32 = 2|17+ (-1

(l0.2)
TN-1Y = yx 9= —2* = —|oYy —{[-2)
T 27 = 29z y2ixz = 2|-17
Well that isn't 50 ugly. We see that with some wefficients T maps [m> Jo [melP
— > h /i_\) 4/1\
\-27 |-1% [0 (17 12 (10.2)
<~ 2 @~ S N

=1

2



Let's confinuie and. do e same for 17 -

12y = 2=2x t2iyz = 2|17

V1) = —iz> 4ixt-xy = o(x>2%) ~xy = ~c|o) + 3 (27

TI0P = —zx —x2 = —3x2 =201y + 2c-1 (1)
V-1V = 2+ —ix? —xy = (2% x?) Xy = cloy=11]-27

V=27 = 22x—z2iyz = —2¢|-17

Nole that for any complex pelynomiak P 7 (p) = rzh\(F> so The final Fwo equafions
in (IL1) cam be deduced from the Bt fwo via T =m> = nzy( l_"“>) = 17| T dragom is

4

— > - j“\ <« >
-2y T o DT TRy )

_L. : ) 1

— C
2> ¢

T presenting X, ar o representation of 1(2) we get o chouse () abasisef I, butalse (b) e baols

£ 50(3). So fawwe have made i choice o prioitse 7° (ond thws &%) in order fo fix our choite

of basis 1 1-22,1-1%,10>, 117, 12> T of 0., but if wewish we can adopt some [inear combinations
81 g8, TE A mE nplaed 8 8 o ougment 37 in fouming a basisf 57(2)

(soue nsee (3 12 ) o be inverkble ). s il be usefil f fhe mabicer i 47"+ 70 7774 7
ore Pa/ﬁau(a/lj s:’m/)(e in the bans 1 [m> }~),éms2..

Il/lspec%nﬂ (10.3),(1.2) we see that there are Sign asymmees in the lafler (e-9.in the lines
emanating fiom ]0>) but net the fovmer, which invifes wa Jo achieve he ﬁ//ow[nj cancellafions -

(77 -1 |2y = 2|1y =21y =0 (12)
(=i1) [y = o) + 3027 +ijoy + 52> = 1[2)

(79— 1%) [0y = =2 (17 + 2cl-1y — %1y — X1y = -3.[1)
(1= %) -1y = Cloy—Lil-2) +ilo) + §[-2) = 2:lop

(M8 = %) |—2> = —2¢|-1) - 2i-1) = =4 l=12



Ta‘amﬂ wvﬁuﬂab Uieldf
(79 +i1)|-2» = ©
(7 +0) -1y = —cl-27
(79 1) 0> = 3:|-17 (12-0)
(79 + )[4 = —2¢]op
(Vi1 ) 27 = 4y
- 79 _3 X —_79_ X on Psians are chiosenfo imake L+ L —
Iafwe fe,?L Li-._ /Z 7 g L,_ 7 ’2 ﬂ/) adi'omHow)g aV\o‘H/)eY) Jee below_]
—le 2¢ Ly ~3 5
T o
-2y S S T (22

N — 4 ¢

In the space o C-linear a/verafm on s a;q wounce Spanc ‘{ 71/ 7”} = dpanc {‘—Jr J /——} and c/ea/‘ly
the shudure £ Xy is more visible nthe lafter basis than the former. We call Lt a ra/;/ing o/oemzLor

(since it incveaen the e/'gemua(uedf Lg) and L- o loweing operator . Together L+, L —
are bnown as /addevoPerafoVJ ue fo the a/adderofﬁa"e/)” in (12.2) Since

79— £(Lor L), P =i(Le-L-) (129)

2z
fhe presentorfion o the actionof $9(3) en o, via the efcjewba/)b {lw‘>}—;sm£?_ of 1" and
the /ao[a‘erof)embw [ wmpletely charackises the spuchure of this vepresentation . Theve ave
some fine poirﬂs T refurn 1o (e.9. we might like 4o choorea normalisation which 3979 nd of the odd 2,3 % i (12:2),

and it is shainge that nothingin 57 (2) ads ar Lt on o sinu we 't lift the complex linear combination,
e, —8Vr 187 ¢ W(?))j but for now let wo jive an aPPh'caﬁ"oh of s chavackdsafion of s

in ferms of [adder operafon.



Def” Let g be a veal Lie algebra and V' o complex finile~dimensional reprereniafion. We say V
55 ireducible o iF js nonzevo and has no subvepmal’lfaﬁovu other than O and \/ IF \/F O is

not imeducible it iscalled veclucible

OF coune the hvidl mpr&enfaﬁon is /‘msciuc?[o/e/ and we hare seen that 1he yepmen}nﬁm B ois

redycible since i ontarns Hs ar a proper Jubmpmem%rﬁbn.
Exevciie L7-2 Rove directly fiom Example L7 -1 that 75 an iweducible vepresenlation of 59(3).

Lemma L7-7 The /epmen/aﬁbw X, of 50(3) is imeducible

Froof  Suppose N <, is a Cvechr ubspace which is clowed under the achon of 59(3). Fauivalently,
it is closed under L+ L=, Le  If VO we can choore a nonzewo vechr v € V. and wate
v = Z;:_Z O | for some Gm EC. Set M= inf{m |am+0} Then
Vo= aylM> F dun [MHD F-- F Ay 2D and so

(L) = My |27 (121)

for some nonzew € C . Henc 127 €. Butthen (L—)n/2>€ V for all n70, from
which e deduce |y €V for all =2 <M<2 ) and hene \/ = K.

We have now discovered three emwﬁql(j dishnct yepvwen)mﬁomo;” s9(3) < =P =1, the Hivial mpmenhﬁ‘on
(dimension’s 1), H, =P =C> the defrning reprerenfation, and now we know 9z cannot be writfen

an a direct sum of hese since itis imeducible, so this is a gepuinely new repvesentation  (unlike 2 which

is Juat P = K. 0k ) A dimension - Tnis leads Jo the ﬁ/low/‘ny czmwﬁ'ons‘-
Queshon L Can evey mpmenfuﬁon of 59(2) be de[/DWIPDJ(’dLM adivectiam . imeducible meenl%?/?bm,)

Queshn 2 Are the He all imeducible ? Are there any other imedlucible m/amem%fﬁom /



| adder openﬁ‘ors

Our Jf’UdyO[JZ 7€, won Ve,ﬁ “hands on” in the sense that e j%(md an exp//t// bos d;f e/yeyzyf’cﬁ)m
foc % and obsewed how 7, 77 behave on thisbani 5, /eadmy wo fo intwduce the ladcler

olpembn. Lef s now givec more abshact explanation for why the (adder operaton hehare he way

ey clo, which focusen on theiv commutation relafions .

% Tor any k7 O we defime the mmng o,pemiz)r Ly= -1 and /owew'ng (D’Pembr
L =177 on % Lollectively these are Rnown a )adderolpembw.

Remavk LT-1 Recall fom P@) that Lo = 1" % the selvc—adu'oimtamgulor momentum oPeeror
in physics. IF is eanily checked that L+ = Letily, L= L =Ly, which ave the waual

expronions for the aising and /me'ng opembw Yoo will Fad in any 7uaw;‘um mechonics text.

Asdoran T hnow i wan Divac who fiat inhoduced /adderopem%on) in his foumoun Fext-book.

“Rinciples of Quantum wechanics " jn 1930

Recall fom (3.2) thatwne P8~ nsayf/omenfnﬁondf 917(3) we have (a» opem'omn any 9{/4)

A

~ 2 mxn R v k=" =
m A _ J )J S Rt
["Z /”Z ‘J —ﬂz 2 vb— — b JJ (14.1)

z z x
ancl/‘nloarﬁcular [(ZJ(//‘ZJ] = 'AZ [,27/7 ]:_“Z , [nz% "ZXI:-”ZUA Hence
[LX)LUT_:,.["Z“/”ZV]:"Z%; bL%) amah/rma/ J:L:j)L ] x, [L"},L;:]=L"—j~
Wrifing L,= LX, Ly=Ly, L3 =Lz }is j@p/kal m /Dhyf/‘a/bovw'/f

[Lc/ LJ'] =7 C-;J'h L){ (ly.2)

wheve éa\')'/a is the Levi-Cevita Jymbo/ whidh is + 1 if [f'/j/h) is qn even Permufa/-/on 7 (/,2/3)

and —( i it is an odd,aeimu/‘aﬁbl’).



We cownpwle that

[Le La]=[Le, Letily]
B [Lg/ LI] o [L%/ LH:I
= ‘.Lj F Ll (15.1)
= iy + L«

= £ [

(Lo LT = [lreby, Lemily]
= =il by o [LyLx ] (1r.2)
= L% + Lz— = ZL%

Lemma L7-& If ve Hr isan eigenvvdbraf Lz with efjenvalwe AelR then if

Ltv is nonzero iF s an eigenuxedm a~£ L? with el‘genvalue /\i:l'

Roct  We have by (151)

LzLiV = ([L%)Lt]‘f‘[_:tLZ-)\/
= z2l+v + Alzv
= ()i/) Lev. 0

Thisveprodues in parf-the diagram (12-2) foc dta. Buf fo precisely capture what is going on

in thak-diagram we would neecl fo show 1he specuim A Ly s 1-2,-10,1,2F T uwodld follow
fhateach elgenspace Is one—dimensional, since we know a priori That dime M. = 3. 0Ff-coune
we would prefer fo extend the argumentcind piove that fhe spechum o L+ on Fp is
{~b,~k+l, -0, —, k-LR]



Exercise L7173 onue’ﬂ/lal' Ly is aCUDiHJHD L a/JD/DemﬁM on the Hl’“oevf&})au 9(/(
ez(m))ped with the Pain’nj <= =Pk

o
Exercise L7-4  fovethat the ﬁmcﬁon sz_} stendmﬂ p= chl I

[]=

"kﬁgﬂ_@ﬁé I%:"“x is an R -[inear fmmﬁrmaho;q and that

_) =77 (P)  Hor reS™

): ‘_Lq:(i’)

Let 3({'2) denole the Spedmm o Lz ach’ng on Q{k) that s, i3 Jefa}ﬂel‘genualmw We
make the %I(owing obsevvaitions about thir sef -

- 3(L2) <R sina Lo is Je/v[—aﬁf/'oinf ( Leymma LT-2 (a))
- &6(L=) wntains at most 2k elements (Lewm'm. LJ-/z.(b)> (16.1)
c if Ae a(lz) then —Aed(Le) (ExL7-4(i))

max

Since 6(L2) is a finile selof real numbeis if- contins a laxgest element A™ . Leb v

be dn efgeynmdvrﬁr this maximal er‘gemva/ue, If L+v were nonzew it would by
Lemma L7-8 ke an eigenvecior 474 efgenvalue A" !, which is a conbadiction.
Hene LyVv = O. Ttis natural Yo wonder about [ v (especially given our shadegy

in ﬁef?mdf o Lemma L7-7) Nek that by (152 we have

[Ly, L-]v =2Lev= 22"V (16-2)

butalso

[LH L-]v = L+L,v — L L+ Vo= L+Z,_v (16-3)



Hepe 20" v = LyL-V. Now it is possible that A" =0 (e-g for k=0 +nis holds)
buF if A" =0 then Lz = O on Hha . Well wory ¢ boat-hisin a moment For now
obsewe that F A™* > O Hhew v = v Ly LoV and 50 n pavkicalar LV

is nonzew and thus by Lemma L7-& iFis an eigenwdmf oL en‘gemalue N1

We caan heep applying L — 7o conshuct eigenvecton (L-)"v = (A" =n)v,

aFleant while Yhese vectorr remain novizevo. I we set

% z{ve%hf Lev="7v ] (17.0)

This shows that at least a ’par% of Ky looks ke (12-2)

L+
)
\/ - ax - \/ max ( Iz 2’)
<< — P e~ A= e~ 2
L

But how do we Rnow that { AN —n I n G/N} exhausts the J}QecMm % )3<j fhe slaecfvu(
Heovem we Rnow o @)\ \/7\ but This on ifs own is nofenou\fjh. We veed ope
move ingredieat Jo complert our analysis ot the stwcture of Mk an an 59(3) representation.

Retuin of the Lap}acfan

Le%wswdy ﬂm’sopemﬁ)r L+ L— more clorely

Lol = (latiby)(La—ily)
= L:Z-+L§ /}—LFXL_tj) L}]
- L;4.L§A+L(~5L%)
= (,:(l‘/‘sz ‘f'L;_L

(17.3)

That sare seems ke if migWr be velated sormehow fo +he Laplacian



2
Exercire L7 Lek ¢, ax; reapechiely denck the C—linear opeaton on S of mubhiplicotion loy
ancl the denvative with reipectfo, the vavigble ¥ Frove that

1 f i—-—J ond zewo othevwice

2 " <o
[5%) x| = 5@' €253 (15.1)

Lemma L7-9  The C-linear operator Ly + szJf L2 on Hr s equal fo AT
the Laplacian on S w it ack bj muliplication with R(k+).

M W@wmpmkﬂqaf‘ﬁar (t/J'}}L)e{([,2,3))(2/5,)))(3)),1)} an OPeerbmon ]?,\

10\ * > 2 2
(7 ) = [ X an *’*M A ox. — Xk QXJ‘]

2 2 2 2°

= N e Ttk 9XJ — Xk 3% BX Xj Sg. T x> (18.2)
> 3% 2 2% 2 2 NS

= Y oowg TR o T Y axe XROx T TROY T ok
2 2 2 a* > > 2\ 2

= 4 o AR = ( 1+ % 9“3 2% — x|+ )nk
2 9% , 27 2 2 3 2

= A oz T oK™ Y] 2% Ao DXk — 22X 5y 2% Xk

2 2 2
H@Vl(e) U./ﬂ‘l'w\a A = Zi:l aIL‘?_ p) le“l: Z;:|XL

3 ATy ik ’al> L A A
2o (1) = (HJ Tz )t (9x1+9x35 RE <9><|”b9xf>
> 2 2 2
” ZZ;:( Aok, — Z XAy 97< axJ (1£.2)

2 3 lji 3 2 2 3
I=I"A = Z"“ 1z AZZ;:\XL‘BM - Z;ﬂ STy 57}

4



Let £ be a smooth funchion on R® Then wiing he waugl S/Dhenta/ wordincles of L3

3 oL Ixe 3 24
Cor T 21:l “ 9% or < Zm A 2x, (or.1)

p)
I{magmeﬁ)wﬁ/c *’397 for Z;i, T 5x; on /?4) then Hor £ € /Ja

2 2 of
3 rarf) = 2.0 rar(xoan

3 3 L) of
= 2\:1 ZJ=l A 375( X 9x. )

3 of P oA
= Zr;\ Z;. "J[ §y ax: T ]

¢ oxcdx) (13:2)
= 2o %% i Z:)':l 1% %XJ
_ Z;: xfi—ti[ + Z;i. Xt%g i Zsﬂ LAy a%
and so ar operaton on k.
TLTY = BitA —rhrE - org (19:2)
= A — 3 (14 r3r)
Hena ) sine L. = liﬂzﬁ) we have
T = =TI kA r2 (1 E) )

3 2 2 2
ReSJ'VI\C‘HV](j‘J'D %kwelname Z{:ILL = ra'—r(“' ra'r-> mda/‘/ned/ aﬁd/%/fea/y
fo see thal r%, ads by mulfiplication wiih k- on M, sine



2 of 3 > oy o@)
FS?(I ) = Z:|1L ar. LN X2 A3
o °(L’_' o
= xl(dlxl I Xa 4-0( x, X 2 7(33
2

- (o<,+al+(x3)x°< = o x*

[

Remavk L7-2 Recall fom Ex L3-13 that for a smooth funchon on R*

f}'A;RZJC‘-a?r( ‘37 +A52]C

(20)
7.# .
2 3 2
Buf 9r<r2 ) = Z_Var Sl Sr= — [2r; +r13—ra—r‘l,t
while
2 > 2\ >
r;,Jrra—rr;?: r‘;-\-r(l-{—fa,)ar
3 2 ch
= 3 t 3¢ t0r>>7o
2>
> T

- - LE

Reh/tvmnﬂ nouw o fhe l/epvmemﬁ?tﬁon of 517(3) on &G:\ and Jpeq}[{cqug ((7.3) we have
a) 0/9@mﬁm on Mk

LyL- = Lil*‘L; + Lz
= Lf"‘LjL‘{‘LzL—L;‘)'L_g

= k(kr1)+ La(l—L=2)

(20-5)

But of coune this ack an cc constant on each eigensparce A Lz



Theorem L7-10  Foreach R70 the 50(?) re)pn%eyﬂ‘aﬁon oCh i imeducible. The JPeCMm
of L2 C(C‘Hm] on 3‘@ is {‘k/—h"))--uo) . k-1, k}J and if we

denole by |y some choren e\‘ae\n\redvrwim eigenvalue m for —R <M< R

then the shuctuve 0'£ Hp s 3iven bai

() {1m> }:,:d),\ is an orH/uDaDma', bowis for k.

(i) L+|RY=0, L-[-ky =0

(i) for —hsm<kh Lilm> = m[m+1y for ome 40
(V) for —R<meh L-lm> = _m=7 forjome m#0.

Pook  Since Hp is ot nomaen finike~dimensional complex wecﬁ)mlna(e Ls has some

eiqenvalue, and they are all real ay cliscusecl above. Let A" be the largeot

erﬁeV\VGlIUQ (,Dom’/o(y /']max: O)) and v an e/‘ggm/pa%r, Now bnﬂ [16.2,)/ {(6_3)

22Xy = Lyl-v (211)
but by (20.5)
Lolov = [k(r)+ La(i-L2) v (212)
= [ R+ A (=) v
Hence
(20" — Rk (kA1) — )\max({—)’“‘*))v =0 (213)

Now if V=0 then Lz ack ay 2ew on Ha 1o by (I51) alo Ly =L—-=0,
but by (20.5) thir meant R(R+1)v="0 /n . for all ve 9{}1) ancl since d)M@)’fA:ZA%/
so HpF O s implies R=0. Thatis, N=0 it k=0, inwhich wve all e

claims ave va(uwbw/y e, So we now aJsruine )mm{> O



It X" 20 then by (213)

2™ R (k) — A (=) = O

(2,2‘\)
> R(k#) = A (N )

The function & f[#ﬂ) hans /Doxfz’?ve denvafive for t 7 O and is therefore monofonic ; So
we deduce that A" = R. Let [k) denote some eigenvector for La with efgenualue k.

OF wouve the straleqy viow is forepeat the proof of Lemma L7=1, namely we ackon R

with owa operaton andl argue that this is evewthing. Suppore thal for some —k <m<R

we have shown that m € 8(L2)  that s, m is an eiqenvalue of Lz Let v be an e(‘gem“ed“or

for this eigenvalue. IF Lv 40 fhen it ks an eigenvector witheigenvale - (Lemma L7-8)
Bub we needl someliow Jv argue L-v#0. Butby (20.5)

LeLov= (l{(uu) + L%(I—L%)>\/
= (k(k+) + m(1-m))v

I L-v=0 ten sine v£0, R(E+) = m(m=1). The funchion flt) = t(¢£-1) —h(kH)
vanisher for £ = —R and E=k+| and is nonzew ofherwise, so sinee —R <m <R

we have F(m)=F0 and 5o L-v+O is gn et‘ﬂenwdw with elgenvalue m—I a desived.

Bj nduchon we have shown that {-R, -k, -0, R-L,kG €2(L2) and we maj

let {l@};:-h denote e‘\ﬂenvedvn Lz|my=m|m> Sina er‘gemu\ecfm For clistract
eigenvalue ave linearly independent (Lemmea Ly=2) i V=spane ] /M>},‘;;,k Hhen

dimeV = 2R+ Sine ¥k how the sqime dimension (EY u%'l), we mwl howe
36/;: \/ amd 2[L2—) = {“ll/"'/ A}} Pwl/jn? (l)

By Lemma LT-8& [ Lt [R> wrere nonzew we would have kr( € 8(Lz) This js falie 1o Ly [k> =0
and f/)n//a//j L -[-k>=0, proving (i)



for —h<m<R we know }oy Lemmon L7-& thal [+ ]m> js an cigenvector with eigenvalue
m# |, and thus js orthogonal 7o /> for n FmH. Sina the {/”>}ni—k Som an
orthogonal banis iF follows that Ly Im> o [mr1y, pwving (7). The proot-af(iv) i rymilar

Tt onlj remains fo prove fhal X s joeducible  The proot. is the Jame au lemma L7-7.

Suppore Ve Hieis nonzew and closed under Lz, L+ If OFveV s v= Z::Ik Arn [
ard M= /nF{M/Mm#O} Then (Lf—)R_m\/ =/A/}x> ﬁrJDme/{A#O and hence

IR €V Applying powews o L — wededuc |m> €/ focall —k<mM<R hene V=3, . 17

Remore L7-3 Recall [Le, Ly ) = L+, [Ly, -] =2L% Suppose
j%r—fiﬁm<k that Lf/m> :/UP:H /”’L7"1> and for —k<m<k
/—-l""> :/‘/L;_[ /m—|>~ Ten for —k < m <k
Lil—lmy = Lo (Mo fm->)
- Ml [

(23.1)
Lo Lelm>= Lo (Mo [mr>)
= /%;‘/MJ;\H jm >

Henw fom this and L - L+1-RD> = 2k |-k7, L4 L_|ky = 2R|RD
/M;—c/%tn —/&;/A;+l = 2m
/&Ajk/m:u' =2k (23.2)
- ¥
/V('h-—l/{’tlz = 2k

We might-on well assume the [m> hane been choiev+b be orthonormal

(up Fo now we have not made any wse of His ).



-
M et /Mt. Mo /LL
> — — —
Fl{? [~k N I [m> [m+ 1y - - - (k-1 [k
e——— —— <e—— e
M Moy M My (24.1)
“ =2k C=594+2m C =zk

Nole that £ we scale the ackion & L+ by T+O0 and L - by Jo? Then 1he wowmutotion
velations [Lz/ Le]=2Ls, [L+, L-]=2Lz ape unchanged | so we have no chance

A Aeferm;‘m‘n? ﬁ)(/t/tfi puely bhom the fact that 3 is m/;mem%zﬁm% 59(3). However;

we know beyond this that Lt is adjoint #o L— (Fx L7T=2), unng which we obtain fr m<k

/t’(tnﬂ/‘&y;,, = L Lilmy, Ly [m> D
= LoLg[m> >
= gt i ImY, (>
= i Mo

Hewnce

Mom =/u+m+, (*4.3)
Fom (24.3) for m=k—l and (23.2) pre obtain
Zk= Mo o = M = DAL

Hena I/“'t [ =lzk. Suppore /’*L: E"-i@é Then by (23.2), /M?—u TS
Then by (23.2)

/A;_z/\LTH :}A;_\/«ﬁ; b 2(k-1) = 2(ht+k1) = LR-2

Hen(e [9}'1 (?,L{_g)) I/Lt—li == L‘»h"l C(Vlo\ So I/"A)i—l ‘ = [41<~2 IV] %UVM/{/ WE. cCcire
puve by induction that for m<s kR



_ 2[2J " (rm) ]

= 2[ (m=1)(k-m+1) + ll W\\J ]

\Jw\ (2-\—“)

= z(m—l)(k—mﬂ> + (k—m+2)(k=m¥1)

_ (m—z + k—m#ZXkﬁmH) = (hfm)(h—m”')

(O —
If ure ke My — Jlm)(h-me 1) € fen fhom-y = Mon . Tois

determines all the wefficienfx /Atq ,/1/\;\ in (24.1) ap fo these phase factow Om  But
eoe phcww are simply thevemaining degvees of freaclom we hawe In choosing our hants

flm? }m b once wee insisk each banis ve chor has novm 1, in the sense fhat i we now

change Fo fhabasis M7 = e*F™ My fhen for m< ko

L+/W’>/~ e i/'"L+/m>
/,LW, [mti
= J(Mrr\)(a m+ 1) 61 "
= e“(@m” e +fo’“)](Iaer)(E—mH) Jm%'>/

(25°2)

We can solve the equations  Pm = Prari = O recanively for olewwomg m, stating wifh

/Dk—' ) So /Dh_l"@k //z»;, “pPr T Or- = =Op—Or - , and won, such thaf in
our new orthonormal basis all the phase fochow have been eliminaked . Thas, jn conclusion,

we may choose our orthonormal baas of eigenvecton ALY }mf b such thalk

L+"’V‘>=J(é—W\)(h+m+/) [y _kem <k
L_ImY =] (htm)(-m+1) |m=1> hemek

(25.3)



SMMW\C{g

Theovem LT-10 omboined with Remark L1-3 copstitule a complete analysis of Ik an an 57(2)
umemfnﬁow/ and thuwr also Hk(5%) ar an SO(3) V\e/)vwel/l/ﬂﬁdn. Since

1*(s% C) = 55 7ty (5°)

(26)

in fhe sense explainec in Theovem L3—12 (the rght hand sicle be/’ng a o mplefion o Hilbert

spawn, or what amounts Jo the same thing, evew feL*(53 €) can be aniguely wallen
MOL(/OVIVQWCV]} Jene) ]L = 2:\k7/o JC/k) 1CL € 0161 (vrz)) we hawmow wm/)/e/ec(

Wemnalgnko}p L2(J3 @) asran SO (2) Vt’pmenbﬁbn beyun /n Lecture 3. While this s
“Jut" ot single example, historically fhe entire representafion theow of Lie algeb iz (and

much else ) grew oaf-of this example  In the following ure yeca/J/'szlale what we have
found, hfghh"ghhn? thole aspects which ﬁewem/lje fo other Lie groups :

* The shucture of L*(8% C) wow oganised by four self-adjpint Qpemz‘am - he sphental
La{;)aum As> andthe thiee components Le, Ly Lz of the angular momentum,
or equivalently (bufJess symime bically ) Lz +ogether with the ladder operafon

Ly = L, £ LLj Tn fadk }Jy Lemma L7-9 we meedoml‘tf the angularmomen%um
ope mton since

‘Asl = L;t t le + L; (26_25

ancl these are given by L= —i'z(/ Lj ———i“Z’) La =—’L'Z% where &€ 57(3)
aCﬁ on LL(SZ/ @) loj %2 o})embr — C

The sphencal harmonics Hy(1%) df—c/enge R are the —R(k+1) e/”gempa(e(/f Aﬂ/

50 the cleoomluoy'ﬁon (zé.l) /s 1he elgenspace &/ecompow%bn of Zf[fa f) defermined
by the Laf)laciam.



* foreacdh R77 O we can further decompose Hel5%) into e/‘gem/ga(mof Lz. We can by

k.
Theovem L7-10 and Remavk L7-3 choose an orthonormal hanis {H% m> }mz_h oA ity (%)
such that Ly I R, kY = L_lk-kY =0 and

N [Rym Yy = —R(Er)|k,m) —k<msk
Le [RymY = m[kym) ~k<gme<k (27.1)
L+|hzm>=J(é—m)(h+m+/) [kme1>  —kem<k
Lo lemy =[(htm)(k—m+i) lom=1>  —hemek

e The wzpménﬁfﬁbn He(3*) of 50(3) is imeducible (Theovem L7-(0).

* The vecton { H{/m> / R70, — kgms/&} are an orthonommal benis of. L*( I3 @)
(see the /zwof of Theorem L3-12) so evew) YelX5%C) hara unigie m/amen/uﬁun
an oL onvergent sevien

o kR

/\f = Z Z A m l h/ V“> (27-2)

R=0 m=-KR
where Ak = < Nm>, Y D computed 1931 an ngml over § % ap defined in L3 e

(i#is admiﬁec[hj awhward o half-adopt the p hysics nofafion - physic st would wrik 1¥7 and
< lll m | Y>> ather than the abomination < [k, m>, ¥7 Butwe'll live ) Th esre are The

uvier wefbcient of ¥ (cf [MHS, Example L2)-3 ] ) :

- Since SO(3) satisfies the l’)LjPOﬂ/le/JiSd]Q Ex L6-5 the funcfor

T vep(50()) —> vep(57(2)) (27.2)

ot Lemma L6175 'ﬁt”y faithful - Fhat is, forevewy Pa/rmp 5o(3) /l/e/)vz%em'aﬁom
NV, W, a C-linear map fV—W s ce movphism i SO(3) ~r8/3v7%et4fa79bm i

i+is & movphism of 50 (3)-representations.



Remavke L7-4  We know that P P giver an isomovphism of 50(3) weprerentations
K — He(52) bubwe have nof alfempled fo compave the inner /Dwd,ucf
L==7k o0 ko fhe integial paiving on He(I*) of Lechure 3, because
we do nst neecl o We know Lz, L+ are fe/f—acy”oinf o/perm’m on Hrl1?)
with reppect fo the integral paining (Lemma LI ) so evewthing in Remavk L7-3
applier jwit an well fo 3 (12) with this pairing anifdoesto Ik with <=7k .

Exercise L7-6 (i) Fove that the La/o/acim NR—>%=2isa yonphism of s7(3) repmemaﬁom
(here N = i, al/ﬂf) ;
(i) Rove Fhot mulhiplication by Il = 23:] X s 4 movphim of- 50(3) representations
Il s — .
(i) We showed jn the poof of Theorem L34 hat the sequence of
50(3) ~vepvesentations (i /s the inclusion)

¢ A
0 — ¥ R >R, —0

f J

s exad - that is, © it injechve, /S s sugechive ancl Itk = Kev (D). Rove
that his sequence is split exact, meaning that there are moyphirms 747

of 50 3) representafions uch fhat for = Toew, Doy =T1p , aud
cof +9-4= 1p

Remark L7-8 The opemfw Lz + sz+ Lzl is the Lanimir invaviant of sv( 3). For a 7enem,L

Lie alyebm (under some conditions ) +he eigenspace dewmpw/ﬁon with V‘M}Decl‘

o fhe Casimir invaniant /olaym similar vole o the elgenspace a’ewm,bow’ﬁ‘o/l
with vespect-to fhe. Loplacian of L5 0).

Exercise L7-7 U;/ng [HHS, Lemma LZI’”] e a desm/aﬁon A L(53 /PL> wa

repraentation o SO(2) paalleling the above summay.



What is Real?

The spaces " and §* donot appear al-fial b be complicaled objech- However, it is by no means

frvial fo fouly understandl 1he spaces of continuous veal-valued functons Cis(d “R), Ch(I%R).
or recuons that we ave familiar with (e being ecvier o deal with than sin(@), wi(B)
f@/pamiely) even #weu/)v’ma/e/] care about real—valued funchions it-is convenient fo work

with complex—valued funchions. TF fuvns out that the fundamental degrees of freedom

in such a funcion are nonlocal and wave-like. | jn the rene that the most nataral “directions”
in whith 4o perfurb a functon ¥ comerpond fo the elgenbanis { evn® 3,,62 of the Laplacian
Ay = }7319” in the cane of ST and #he eigen/ocw)x [//l/m>}k7/0) _hemek T As2

in the case of S That 15, the naturad variafions in a function are vawiations of. i fourier componenfs
(see [MHS) L21 p. ® 7 forsome discussion o +his for § )

T (S} €), LS €) are the natural shuctuves in which o study frnctions on S,
(an inboduced in [MHS, LI18 ] these Hilbert spaces possess exactly enough shucture fo fall

about con vergenf sened juch an fourier c/ewm/nw/%m )

In L1 and L2 wewmade the argument, following standard physis UYore" that Vﬁa/fh/nqu have
symmedion. I less vaque ferms, and. accepting the hasic postulates of quantum mechanirr,
the Hilbert space of states of any physical system munk be a reprorentation (ectherunitaw or
antiunitay, and possibly pujective) of whatever Lie group qoverns fhe setof equivalent
observers. In relafivisic quantum mechanics i is the Foincare quodp, buf we have focused
on he mbgwu)b S0(3), and thas observews al vert velative fo one another  In this care the
Hilbertspace 3 = L*(55C) is q veasonable modlel of (part-ot.) the state of mawny intevesting
systems, suchas elechons in small atoms (recp & o L4)

We argued on p- &) LU that if one olserver sees the system in an e:‘gemz%l/‘e o Dy, say
Ye &fk(ﬂj so that if has fofal angular momentum ?uam‘um number R(R+1) (e eiyenvalue of the

self -adjoint opeuafor L;’Lbf’f Lz ) hen evew equivalent obrerver alswseer a stafe in Hrl1?)



Observen do pot necessanly agree on the guantum number m, 1-e-the eigenbasis of Lz, because
their Lp's may be difterent! Leb i e S and take A an the x—axis of a e wnd obsevver O ’
(wecall the fynt-obewer O) with coordinafe syslem €, b2, t;. Then if O" chooses an ergenbanls
for M (57) wMSI”Jﬁnga;/a/‘gewedow o Le, = ’C[él EQE - tL’agTL, j Then these will

nof 1n 9ewem/ be an e@enbwzz‘r for Lz . However one can show

Le+rlyrls = Lo rLle, + Lo (30+1)

5o that both observen do agree onthe operator of fotal angular momentum, and hence ity
cigenvecton and eigenvalues (#1is being the cforementioned agreementonthe dlecompor(fion

i [Z(§%C) into the Hi (5)'s) Tn this sense the Covimiv invanant (30.1) is real. The general
definttion o a “real quantity " fora sysfem with H:’/bewLJ/pace 2 acled on via unifoiy hransformations

hya Lie Guoup Ce with Lie algebra g 15 an element of the center of The univenal enveloping algebra U(3).

These awe Po(gnomm/l expreasions in the elements of. 9 (such as (30 1)) which wommule with all the
achons of elements of g on any representation. for s v(2) tis cenfer s spamed by (30.1).

Exevcire LT-8  Lek ( be amatnx Lie guoup which it connected (+ee Exc6-1) You may aume
Thatthis implies evew element of Ccan be wlten in the form exp(X) ---exp(Xn)
forsome Xy X € §. Lef X be a finile-climensional complex representation o G,
wheve H is a HilberF space and each geliach by o uni/ZW_r/ fransformation m ¥
Let O, O be two obrerven relafed by a group element Jolo Jo that if O obsewes
astode ¥ € K then O obrerver oo Y€ H.

Let 1XYiez be an R-baws for 9 and C a polynomial in the Xe, which we
may View as ¢ C-linear opevaior on i1 hy interprefing i} an o sum of products
of the operaton Ko (=) wing the adfion of g (1e 3% %2 1 X7 sends Yk
b 3% (K %) + Xo (%2 Y)) Suppore [CX:]= 0 horall 6T a
Operators on 9€. Fove that jo-j; C 9ol o = C hence, both observen agree

on the eiqenvecton anel. eigenvaluer o C, and these are hence “real”




Exercise LT-9 Rove that for R7 0O There is an isomovphism d‘# 50(3) 'vepmewfuﬁom

7)1« = GB aﬁ}a-zz

(=0

wheve R;?—Qﬂo) a/loe/l\/ and b< 2.



