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Notural deduction for Foundation's o

The inhoduchkion and elimination vules for the opnective — in notural decluction,
a» intwduced bj Bi”g) ane

(A7

’B——(AI)L. A—8 A (> E)
A— B R

The infroduchon rale says thal e de ducton of A—>B s a process (pernapsa verbal argument
instankiated in Hime) #at begins with a deducon of A and endo with a deduchon o 5
Nole that the deduction above the line need not contmin A anr a hypothess (becausre
from B we deduce A—>B for any A) ancl # may wntain more than one copy o

A a lf)ypoﬁ/?wir (some subset of which moy be g{,‘;charqeo@ “&)’muH-aheouolyﬁ” 73]
() below). There Posy}b}/}ﬁ% reflect, respectively Wea/eemng and vonbaction in

,na{uenf"calculm.

Examgle (1) undischarged \napo%w/] A A } not o deduction vf A
4
2 W‘O\‘\ch’a‘ﬂa@d \’\jP"H’W“ s —‘[/é} ] (41)1 } deduchion £ A—>A
A=A
T JT
(3) (A] : 1)4_
A— A A

This deducHon exhibifc what i callecl a “detoar” since

fhe occuwrence af— modus ponens here is redundon f
ancl the overall deduction “seems" Fo loe\J’uw]‘ 7T.
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Nolre —H’)qu we wu[c( l’]&t(/‘e olo*'al'ﬂec{ Okc{eduULior\ d}e /4 ‘—9((/\’—%/4) — A)
by ()efjﬁo/mmg the intoduckions in a clifferent order.

() Tn4fad there ave l'mqn()k\j many “AiHerent” deductions A (A=A —(AAY

Here is another one

) 4 — Al [A];%E)
(4 —A] A
(aE)
A (= I)L (2.2)
A —>A 2
(>T)
(A—=m—>(A-> A)

This deducfion comeapondn under Cuwj/ Howard 4 #he Chureh pumerad 2
white (4) 5 L Tn whatsense are these “different’” decluctions ¢ Is
logic concerned with just /oyovab//fﬁ (amether or nof 1hir retis em/ﬂ?)

or is # alw abouk the shucture 9f fhis ref- (whatfever #hat may be ).

LeFurtuke the Jatfer point- o view senowly fora moment.

The main ﬁl/lf}y% nofie. aboul Z s that fwo copies of A—A are
oli_fcharged in the ﬁ'nal S7Z€ID - Clearly we are nof concernec with the fuct that
the indices 1,2 are wed o (abel (HI), all thaF matfews is the Po#ern Of winciderice

of-+Hhee f%l’ﬂbO/J (re. 142 and 2 appears Fwice ). So wre are fwepamd 1o beliepe
ot the deduckon below “is" alse Z
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But what are the nules ot these Jyn’lbo}ﬁ 12,2,

- - exach? Herels OLSCCWU exaVﬂPle

[A —aA]jC (AT
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A A £ e BT mean on\ﬂ ane o therm |

(A—4) —>(A>4) ( )4 — and #nis means the other one but which?
e
(A=) (A4 (44))

Am L allowed 4o re-use the nome £¢ s, the %umcn‘p% P my deducfion Pw)oalay

tonains Jome information llke “fhat one" or s “pick e Does it even malter 2

T seems rfowonalo)aJroyag these owe diferentdeductions, and so #he addifrencd nform aton
in the Mmcvfp}- should Somehow be embedded in the deduction el e could Forkid

fhe revse of names, as long cs we wntinue fo insist that these names are

inhoduced “af the momenjr” mg he (——) I) m)e) an (n

(3.3)
. f .
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O
How do we know whaf undischamged hgpofh@es are available afany given Jz'zrge ot he deduction Z
Tis )m‘uivlv'me!g clear ¢ this mvailabi[«')y Hows down Fhe prez, uninterrupled By (2 E) wiley

ancl (HI);L rernove some specf#ec/ subtet of occumenwn of Payﬁca/arﬁrmu/a. Two

declu chions ave the same fH%ej discharge the same h%poﬂmeo at the same places.

Theorem ((‘WU Howard) Simply ~typed lambda ferms which are close cl (“‘f 7 O(’Q(f“jM/@”fe)

cowerpond fo natural decluctons {MF o the above e?{,f,'m/emz eIV of “Samensas”)

This is a SJIVOIA‘(] ndicafion that the shuctuve of fhe set of. clecluctions is maam‘ngﬂ;l, A we
hawe said, (2.1, (2.2) coym/wnc} Jo Chuvch numerals £, 2 and (3.3) isa

bhary }nfeger (0 or lo c{elaenc//'mj on conventions )

Remark (1) IVH\/OO[MCfng names “aF the moment if (= T) " clo/e‘y reladed fo
+the Pohcfj “ontactan lafe as Ipoff//a/e " v e Hinks npwna/ﬁ/rvrj

and Cweaken asr late as Foufb)e g

(2) T Jour want fo extend CH 4 open Jrerrm) which should uom”e/)pomd

To deduchons with undischarged hypotheses, then you'll be +forced
+o say which undischarged hypothues are “the same" (hot o,
You'll have o allow for He ab//@ Jo “He the hands "' of (whoever
wnfinues the deduction, /b the sense thof fhey hawe fo discharge
cerfgin hwaoﬁwow ZN3 /oacéel‘) and 1his means that the PO/’EY

o L'l decidde whaf #hings are called when L we (—)" Fom p &)
hasto be abandoned., andsome kind of addifional book- /?ee/g[ry
shuchure Jor names honto be added o deductions.

/}rguqb\y/ the fact thaf his Poh‘cy does not curvive the jamem//\mﬁon ﬁmm
clored fo oper] ferms vweans i+ was mf sound Fo begin with.



