0)

5miu/ar Leam:’nﬂ Theo»rj XIL - Density of states /

The stafe afens/@ function Vi) o [W, 5427 is one of the modt /'mpot/i"m’)/‘ mathematkcal
o}a}‘ac% n sx'ngular Jearning %eoyﬂ. Iis Mymlbﬁ)ﬁc behavioar as —> O is conholled by the
sy'ntth/ariHM o the set of e /uammefem, and in /Da/ﬁtu/ar by the RLCT A, and itis via

his dependence that A can be seen 1o contwl the Bayw’an postevior [W) P23 ] Thun, in
order fo undentand sinqular /eam/ny theony we muat undevotand fhe stale density function.

| Tntduction

In physics. parficularly in solid stak physics and condensed maltfer ph gicr, 1he clensi of
= physics, p b P Py
states (DOS) is a ﬁmc/amem%z/ma%ema%/m/o/g/'ec/L that veFlecs e basic stucture of

the physical Jgakm For a system with N discrete confrgurations (eg. a 7uanfum paricle in o box )
and volume \/ the demihf o states is

N
[
D(E) = VZ_Z'S(E-EL-) ()
wheve E¢ is the energy of- fhe ifh state, and $(E —Ec)=1 i E;=E und zew otherwise.

In this case fhe DOS is simply a histogram counting the nuinber of states (per unif volume )

with a given energy. For a confinuows Jg;km

i N(E+4dE) — N(E) (1.2)
DIE) ="~ DE

wheve N(E ) is #he number of stodes with evevqy < E - That is, D(E) is the number of new

staten (Per unif volume and eviergy ) acceasible fo the fgfvl-er when the allowed maximum enegy
IS (nCNmed ’FI/DY)’I E "'D E ‘f'AE 0; coune, ﬁmaée Qﬂgoro(,w 0/679”/,}%—0” [(V)MV”ber“ W]Mﬂ}‘
be veplaced by “mearwe and some other subtleties dealt with. Before C/D,',)y 50, howevev,

it will be inspuctive o wongider o simp/e examp/e wheve D(E) s ecw/'/g unclevatood .



Example for a free elechon gas n d dimensions [K, Ch.6, (6,2@] states are
]Damme%mec/ by wavevectors Re IR 4 (frequencien for waves in Fhree slom’ml direchions ) ancl +he
energy is E(R) = zi\:ﬁkl where R” is the dofp»oducfo’/kwff% helf, 1e. Ry * k; Fhy, if d=3.
The total number of states of energy < E s therefore Fm,:orﬁ’onal +o the volume of a
sphere in la—spa(e b raclin EI/Z) o N(E) Edll and hence

dlz — |
D(E) ¢ E (2.))

This formulacisused in the (wugh, fint) Preatment of semionducton in (K, b 8] see
[, 7218, 12191, which exhibis the basic role Fhe DOS playe i selicl shate physics.
However if the energy E clepends on the paramefess (hin this care ) in a fess Pvial

way Then the funchion D (E ) may be much more wmp//"cafeq')- see the dircussionaf

van Hove singulanties in [K, f-llﬂ and [NIF].
ky

stales o energy < E+AF

N
NS

staler of energy < B

In mathematics the density of stales is infim alfelj relatecl fo the genevalisation of Dirac distibatons
fo h/‘gher—dimem}})ﬂa/ submonifolds ( Dicac dishi butione being the “mecuyurement " of- functons af

o poind, fhat i, a zew —dimensional submanifld ) The 7anem//mﬁon is in 1he A)//owmgfem/e :
any clistbution wncentrated on a point X is a linear combination of #he D/rac
dishibuhion d(%) andifs denvatives (G52, Ch2 §4 0] and for avubmanifeld Z

aut out by smooth equations h=—-=Kk=0 an ana107ou4 wle is jb/ayec{ by the
“jenem/im{ Dirac distibubon”  8( A, -, F}l) and ifs derivatives (GS1, p 204 ]

The demfl‘g (/f S/Z{hw s" the pammdn&ed /‘L‘Wm@ { §l(t— E) }t g-,ﬂ juch d ishibutions.



Remark.  T'm acha“y nohuveof a precire reference for the 3@1/18@, 5Jtdemen+; i isn't in

Gelfand-Shilov. I fhink. it is equivalen Ho seyfing §(P,,Pu) genem}w a
cevtain D-module and this is velaked fo K. Vilonen “ Intenection homology D-module

on local complete jnteections with isolated singulgvities” Tovent. Math. 198

Remark  One m;’ghf exPecI’ devivatives 5(” (t-E ) T lsle ome vole in smgulqr leavmn_g
ﬂ'\eov\d) but L dont know what.

2 \olume befween level J(’)S

We fix U< R” open and P.U)— R smooth, ﬁ://ow;’nﬂ the notation of [GS1 Ch 3]
Tn the physics context Puoulel be the enermy £ while in singular /eammj theon i+ woulel
be the KL divergene I befween the modlel and the puth

Consicler 7%8/75{/7%% {Fdl{ﬂ }éc-/P\ of U into ﬁ'/ﬁew ajf P (1~e. level se%)
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Two banic 7uw¢'am wme o mind: which level refs are Jubmam’fo/c/:) and anr we “£oed fbejmph" by
wn;iden'r\g {15 U/ P(x) = é} for }’ncwaﬂhqj values LL/ how flru{cfilj does the Fooded avea
increae an a funchion of L7 This ts of couve noﬁw’ng elie than the c]emh'y of states.



or o geneiic t, he preimage F~(£) S U will be a submantfold ot dimension n =1 Move
precisdy, vecall [ B, Theoem 5.8 ] fhat if VP isvonzew (fatis, some pavhial devivative
is nonzer ) at evewy pointx € U with P(x) =t (here tis fixed ) then P has rank 1
in an cpen neighbourhood of the closed sef Py = U and hence P'(H) is a reqular
submanifold. - Now by Sard's theorem [GG, Theorem 112] the set of- cvibeal values o P
(hat is, those € IR for which there exishs x € P “E) with YP(x) = 0) has meanure

zewo iR IF T is ot o cvitical value then P~(E) is asubymanifolel, aswe havejw)ﬂhown

Another way (/f mymj isis that a qunew‘c level setir a smooth submanifeld.

Def™ (e sef Cit(P) = {xeU | VP(x)= O} and call t€R a regu/ayva/ue iF
P=\(£)N Cat(P) = (]5 and e cribeal value otherwise. IE 1 s aveqular value

wecall Pt a mgu)ar fiber ofherwice it is a 5ing ular frber.

Remark  While the. sinqular fibevs are “mve" they are in matny situations “more impovfant” #ian the
reqular fihen Focinstance if P = E is the energy then a fiber which wontains a Jocal

minima x € U o the energy is a ngu)ar frber. In /oal/hmlar it P20 (aris the

case in singular learning theowy ) ancl P '(0) is nonemphy (re the pue dishibution

s vealisable ) then this fiher is sngquiar-

Now let £ €R be a Wﬂ“/a" value. Theve is an open Vle{ghbourhooc/ otinR wnmﬁng of
reqular valuer, and Afor small . we consicler the regular fibes Sw="TF (£t +h)
and how they vaw with b, as shown below, wheve the avrows show VT Nole that 4o a fint

a\apwximcdﬁon we have

P(x+ WF(x)) x P(oc)+ZL“(—aa§P:)2
= P(=z) + k[ vPI*

h
so that for W small moving al x o distance /HVP(’() I
a\On(] e divection d‘e V P qd‘x jouﬂ‘o Hhe level sef Jk‘




Sh ()’\ l)

Hence if we wee o entimale the volurme contained between the Jevel sels b and Sk, we could
dwide # info volume elements whose “base” is avolume element d'S on So ancl whose “height"

is LL/I\VP (|, leadingo the “definiton” (¥ beinj some fnction with wompact support on R
which we intwduce sothat the infeqals are finile; youcould think of thisan the charackishc
function of the compacsel of allowed stae in the physics setting )

h Y(=)

o

Going by (1:2) it would be reanonable Theve fore fo iclenﬁ)[j the densify of states af eneqy o
(viewing P ar the energy) fo be (WVQN \/ = fR“\f c[x)

Y
[

Indeed upto aPVE]LadDr his is the defifion amved af in [K, P 128 ] Nole that the clem/@ A
stateris non-negative, and large if VP s small onthe level set S, #hatis, if the gaphaf

is velafvely Flak above So (since t is a requlgr value itis pever zevo ). Tndeed D(£) is thelf a

veononalble meanure of Flafness above So = {1/ P(l):t'} on the gmpl’l._ﬂ/n‘s me oo Ure

only applies for reqular values t but it stands o reason we ould twy fo study it akgngular values L
by vonsidening the behaviourof D(s) ap s—C.



©

Example P= Z",n:.’(él then VP = 2(xy -, 2n) and +he reqular valuen # Eoae R\{0Y
for t 0 the level set S, = P(£) s asphemo@ radiun fl/t and

l _ _I___ _ —(— 'l/z‘ t‘/n— r\,-; o, =
fs,, 1vel > 'LGxnds s ot Y =

which is of come in queememfwiﬂn [2.1). Noke that =0 is « singular va/ue} withe P71(0) = {QL
and /”Wl(;—;»o D/f) =0 7[or nz=z>.

Nole hat in this example fhe limitof DEs) exishs an s appwoaches a singular value. Mo generally
it the only cvihical Fom% x€ P () ave local minima and the Heosianof P noncfggeneml'e af
each such critical point, then lims_st D(5) can be teated an a limit el sum of
contvibudions like (54 and so this limit exiske and is 2evo . Tn sinqular leammg theowy
these wonditions hold for the 2ew level Jehrﬁ mgulav models. Tn geneval we expeckthat

the mfejrancl Il—%_FII in (£2) will be large and pasitive af poinfs x € Sy which “@nverge'

an h—> 0 o ciitical poinks £ S (see fhe next example) and that uch “near critical poins’
will make large pasifive tonbibufions o D/3). However as the previous example shows,

we cannof o prior rule out that alio ar S— € the region over which TIV—PH is large is
JIWHAH—UIVIEOMW J%n‘nkl’ng | S0 that The )m‘egml D) ends up wmvevg/nj nonethelesr ar h— O

The next e xample shows a care where #his /(Lom/ofracy” does not occar.

E_WP_)E Sef P:xljl and £ =0 which is a ringular value. For small LL/ S = F»\(h)
i
is ahyperbola. and (£J%,0) €Sk have IVPII=/2k 50 j3p) — © af

f’hmgjpoinﬁcw h—> 0. We sef Y("/‘J) =e (25 ’H’leh wh=>0 .
S, =P o)
Y = e
—dS — doc
= 4L 27
Sh= PR

which di\rerrjeo }o +00 . This skefchwn an crgum ent

ot D(s) — 0 aws s— O- e VPR 2(x2)
|7Pl ~ 2 Jz x



The divergence D(5) — °0 should not be corfused with some Yolume  between Jevel sefs going fo

infinify (a0 any suchvolume is bounded above by V). It means fhat ﬁ)fﬂ/l#fc/gm;"y smat))
i
h ond s sw%‘u‘enHj cloe fo zevwo the raho . Vo! (5,5+h) may be made arb/z‘mn’/y Jarge

(7.1)

Cleavly then fhe cuoymptotic behaviour of the c/em/sz o stater D(t) as € approachy a cvtical

value is nof eam‘ly undentood for a general Fanchion 7 If may not be immed mle\/y

obviow, buk the coefficients and ex/:onem‘r inthis asymplofic expansion clefermine /'m/DOVILClI’)/L
Io[ﬂysf(ot’ pwpe/ﬁm in the cane wheve P is an energy [ V1 F ] and imporfant observables such
an the Bayes jenem/fm/v'on error when Fis the KL divergence A a [/9/ Z,D") f);’/a/e m
sinqular Jearning Theony . Tndeed by taking the veavlution [w, P- 32) shows that

Dis) ~ as) ' aw s—0 (72)

wheve N\ s The 7}oba/ RLCT . In Paw’n‘cu)ar this diverger fo oo if A<TL and converyen fo
zewiF A>1 (eg inthe vtgu)awa/)e) which IDW'T un jn the Je%'ng A e exa;/np)e on p @)



3. Densify of stales and cuwature

We vefun bw'e)‘/tﬁo the commentson F latness from ]D«@- Let x be o cutical Pom/Ldf F Then
for avechr € € R of small real numbes

~ P n~
vla(x-{—z) o~ VP(1)+ (\/~ ;XJ gx (9() SJB | = H(3C>E

(€1)

2

2P
W‘/lei'ﬁ H(?() = (9)«9)« (’c)>l¢ "J\VL s ﬁ4€ H(’Aj/\m/l V;’IC{NK Of ID a%l. IF the Vmafvix H(x)

is invertible then by fhe Moae Lemma we may choose [ocal (,oorcimoxko such Hhak, locally,
P= ZL:,} A and 5o H(x) = dzag(W, /Xn) and (I%é)}} Z,_ Vo2

Recall that the eigenvafum - the Hensian meanuve cuvvawe (1o Wi’fvf’ﬂhyour memony

wm/ofer f— a,x o4 qy, Xn ond thaffhe mcwlafmﬂ circle infhe X divection az”/ﬁe

Owjmhm radiu R = Za Jbﬂucwmﬁwem%eﬁc divection Is Za(,) S0 f/l/uajr Z ?\
is a meamuve of fofal curvature.

(22)

If Lis aculical value of P and So —f"{f) Sh= 79,‘(‘5’%) an cbove, then fov . small
fhe mkgml LAHVPHOIS s dominaled by pavls 7 Sk cwu‘b cm%ca poi it of Pon o

IF 1he cmﬁca /pome;; Mome [/e Hu nondegenemkj ﬂ)gn ||VP|] v li >\ £ on These
regions, hence the sugqestion that /Jk ([Pl D for small h

is ce mecaurve of- flaf ness

Noke The N do not affect the exeonenhh (6.1) pith P= ST ex” but f’};ey affec

he woetficient  So in The aﬂympbﬁc expansion (7.2) we cave abouf both the
exponent and woefficient-



It The definifion of dewsi}y of states

B efore Pmceeding we have fo face cp Jo some Flaws in thisdefinition. fintly, # appeans fo depend on

a choice of coordinalen - 74'“77’4'7 fo define NP gnd Jewncﬂy 1o choose a volume ﬁ;/m dSon S
And o coune af Hhe moment the th’ﬁ“caﬁon hmgeﬁ on (4.1), an m‘o/ovoxfmaﬁon. 6”owmg

[&51) Ch 3§ Llj let s now ﬂ)r&%e “orrect" devivation.

We let P be an above and £ €R. a vequlay value 5o ot S, =T (t+h) s o yegu/ar
SMLWIC{W][DH for I smadl et wnvevisiF the d!'agmm (5 ’), this hime de/))‘cﬁ'ny Jo, In

an surfaes. Lonsider the small volume TT depicked above , with vertex x € Jo

S
/ £/ N
s

Suppore chosen some lowal oordinafes Uz, U on So at x 50 thab Fue, - un Gve locl
wordinates for 3 in R Assume the coordinabes ave choenso fhaf fhe “ectangle” [0,]"
of sidelength 1 with comer 2 Aifs inFhecoorclinafe charf. Then IT hes volume . In move
Jo})lm/?‘cakc/ /an?uage the volume element is the n form dPdu, - dun . We can

velae this o a_standad volyme form dv=dx, - dx, on R"via (with an="F)

dy = D(3)dPdu, - dun (92)

wheve D(i) s the Jacobian. s shows hat the n -1 fonm D (i) du, - dun (up To aferm
whore ]owdud with dP\/aerhm) mdelpenclemfdf the choice of coodinaleoon So. One shows
(fee [Qfl]) fha*ﬂ/\irambiwﬁy vanicheson veahiction Jo S yo in fuck

co = [D12)] s dun (+3)



Ts aninbiagic n-1 formon So depemch'ng only on achpice of volume form dv £ IR" and P ihell.
This form 10, whichwe fhink P as “4V/dP " s the rale of change of the volume [T with h
(e u; are local coordinates , bat sin w is independentcf- this chioice it-isdefined glohally on J).
The funchional which fakes a.compacty suppovied smooth function L verbich Hh Jo and
imlegmluif agaimjr O (te. the formula (1 3)) s a dishibution

Our veferenen for dishibufions are [FT 7, [GIL] Givenan open sef U< R we wnile
CZ(V) for ﬁw%oPoIOj ical /R*thvrj/)a(e of “tertfunctions" Mot is, ymooth Functions
£:0 =R with compact suppovt. A distibution  (or jemem/uedﬁmcﬁon) on (U is a
ontnuons linear map 7~ CT(V) =R Nok that CE(V) is dencled K i [631]

Def™ Let € he areqular value of a smooth function P The dishibution &(t=P) is given by
m}m‘d‘ir\g I o and l'njregmﬂng agoum} the (n-1)form wO

jo — J; Jou_) fC- Ccoo(u)) U< lﬁ“ Open {(0-1)

Up o normalisation by the yolume this means that the density of stales D(€) with funchion !
in (5-3) 15 the value of the Schwartz clishibufion d (- P)on

For standavd reanons (tez e.9. [W, Remavk k-1 p. “07) iFsuftian o define d(6-P) [ocally
¢.9-onacoordinale pofth wheve (9.3) applies. H we assume ?;»Ti’( isnonzew at xe S,

and that P, Up =2, - -) Un =In jive/ocal coordinates at x (aA I fW,P.Ill]) then

ClDCL“' dJV\
o= [00)] d o — Tl (10.2)

and hence St —P) sends (Cf, the definihion i [W, 164»2])

Flt,22, --, Xn
¥ — J | : dx, -~ d, [10:3)

Ia{'/a?ﬁ({/x’v“’/]“)
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