5inqu|ar LeaVVlmq Theowy 13 - Asjmpb%‘cs of the free energy Gui)
y, ~; J @42\

In this nofe we examine the clevivafion [w. P'3"33] of the amjmp}oﬁc behaviour
of-the free energy ot smgu/ar modlel. e resulf is proven ful/y i (W, Main Thepvem
6.2, .17 ) and vequives some substantial ngndwo/h fo eatablish ngowualy. Ouraim here

is fo give a modest elaboration o (W, p.31-33] emp/ocwi;/ng some conceptual /:0/'076.

We aSsume ﬁmil(aw’/y with the ﬂdermodynamfc /uomfdf view 0113ing ular lecwning ﬂeoi«/
elabovated jn. DLT Z . Fom this /;o)'mLa# view a %eymacfyy;qm/k uy&%em s wmp/efey

wndewhoc] F we know ifs fmdamental veladion 3/'\//1/79 a //hermoc/ywaﬂ’)/\c /oo}em fal
(enevgy, entwpy or one of fhe Legendre fransorms such oo 1he Helmholte ov Gibbs

free energl’%) W e function of exbensive or infensive paraimelews. Tis defevmines fhe
bghaw‘awaf%ugsfem when an internal conshaint is removed by he ,ooj/u/a%w [C, Postulnle 2 ]
of thermodynamics and the equivalent form for polentials ofher thon the enfwpy. In DLTZ

fhe analogy is macle befween the free energy Fa o (W] and the &f/obspofeﬂﬁa(
[DLT2, p it | [DLTR] s thal the qppvopw‘a}e Pw'nc/p/e s

Ciibbs Pofeatial Minimum Pinciple  The equilibrum value of any unwonshoiined infernal

)memefer M o ch}em n contact with o thevmal and a pressure resev VoIV min imisen

the (1/bbs /Jofewﬁa/ at-wonstont %cm/apm}mm am{/)m% ure (those of. the rejevvoir).

Tt is imporfont 4o beep in mind that fhe free energy is the logavthim of an integral over some sefof stakes
consislent with a constaint (atyprcal physical example 15 volume \/) [C,560] and thus the
free energy becomer a funchion o thevalue of that conshaink We view = F n s nof

only depencling on ., ﬁ but alwo on one (ormove ) cmxj/l‘avy &u/)a/yﬁc Functions V- W— R

so that £ = F(n,2 V). Taking fhis V info account allows un fDJﬁAC[j phases and /Dhaje
honsifions (DLT3 ). Hence ouraim in this nofe is fo jushfy [DLT3, pu], 1e.

Al denve the cwymp]"oﬁc behaviowrof 7 (1 V) arn — co.



|. Coarse-qaining

From an information theorefic point of view the iclea of a continuown Pammek/ spae W
is o useful mathematical fickon. Since we can owly ever qaffer finitely many bik of information

about f’bejenemﬁng proass out in the wovlcl (mg ﬁ’n/’%ﬁ{y many numbess  finite /JVBC/U/M/ we
can only ever make finikly many dishnchons between possible models. 3o in fzict stattsfical /eam/'nﬁ

is }anch'ce notamaller of vompaving poink 0, € W but in fuck is about oowupaw'ng
compaict subsels Wy We & W (ﬁrexample W, = {uue W / V(w)e [L‘/ (+1] } o

partifion of W by the values of some “obsewalle” V)

for models with a nondegenerale Fisher in formation metnc fhe ditference between ompanng
Po)i’H’: and compaing wmpacheh s onlj smjoerﬁcial: any omparison befween setr will
reduce o a compavison between the local minima of he KL divergence they contain.
However fhe diifterenc is profound in the sinqular care, becaurse any inteqyal over W near

a local minima of K will be svongly affected by singulavities Since these infegrals are the

owlj “reat]” 47(/10!”%0)) his means that at the wame—jm/'ned Jevel atwhich we adua[\/j/
“Percelve " W, e behavioar is dominated by J)'ngulavh‘v‘w (which are themselves in some

JSenre ‘(impercepl—{b/e " since fhey live af the %me—jm/nec{/eme/ Oﬁpofnf.r w € W which
we cannot hawe direcf Rviowledge o ).

Assume g(vena%w'p/e (P(I/Wl) %(’C), DD(W)) an wiual, :aﬁnﬁy/hy ﬁmdﬂﬂﬂéﬁ/ﬁ/
conclitions (T), (I) with s=2. Lef W denole the space afloammefv?ld, and
K wW—>R e KL divergente, K. the eme'wtal estimate accordmg}v some jample Dn

K (w
The Posfeviorpvobqb)/%o-ﬁ weW s [DLTZ) P @] P(W{Dn)o\w = _Z|_S__ f(w)e ( )clw
and hence ﬁ)ranﬂ real ana(td-Hc \/: W_>/RJ w hing fa<V<L> for _/:/"([a,b])
|F(a<\/<lo) = J P(wan)duo
a<V<b (2.1)
I _nki (w
_ flede

)
Z“— a<\V<b



As exPIaMed mn [DLT2, ]’@] we view the fempevecl /@o,v/-en'or /D/g(w /Dn) ar the /DDO/}EW)CWWL
dishibufion for athevmostatisheal syskem with vandom Hawilbnign

Hh(w) = nkK,(w) — ﬁl_ IOa jo(w) (g./)
- HV\(W) —-n n (W
so that € g = J(wle plenl ) Since W 1s wmpacfwemag sef
Viria = inf{ V@) [weW ] Voo = { V() [wew ] (z2)

and adopt-for our ﬁm—ﬁmin[r\g o W Hhe ‘\pal/ﬁﬁonvo-f W ink cells WJ defermined by & /oav/{ﬁbn
Uﬁ the inferval [anin, Vinax ] an ﬁ“ows

\/m[n:q0<q\<—"'<QJ'<Q\)’+J<-—- <QN+,:\/m0\x

(32)
W= {wew | a< V() <ajm}

The Followinﬂ diagvam from (pLT3, P @] depick anexample where WE IR andk V=l

(2.4)

\/min =0 Vi Ny Vg V‘f Ve !

If we average the PDJ+€ViDY ‘DF(w\ Dn) over each cell Then we obfain o wavse—qvaing of
the Pojlen‘or associated fo (3-3) , which is a dishibution over /‘nc(iw/)J € {Oj iy N},




ffg(\j |Dn) = JWJ Fﬂ(wlbn)dw
(41)

| — alw
= = | S M
)

T we fomulale this againas a Boltzmann dishibufion af invese temperature 8, with Hamilfonian
dt(}), then FP(J" Dn) = :1\1—3’(3“0) ad 2 = ZJ o-B¥0)

zl,'; fwj, flw)

| — ‘ A K (w)
z e PO _ e Al dw (‘f.z)

(i) = = 5og %f% Sy e P et )

™

We reler 0 2 () ) anthe wawe-gmlned Hamiltonian ancl if governs (From the thermostatifical
Pewpecﬁve) the waab)l[ﬁ\%oﬁ fhe “state" %mmiﬁoning befween cliffevent values of \/ . Of coune
up fo the fachr o ;JZ This is /Jvecffe/j the free energy of the compact sef Vlf,‘. Thupy compaving
The free energien of W, and Wik ( e standavd methecl of. model selechion fW*HC]) is equivalent

+o compaving the coane —qrained Hamiltonian  (and thunin a sense the stehy#cian choosing a

Pammeker n a rense is the dymamfra) Iy&km whore fransifions are 9ovemec/ by a{)

0urﬂoa[ is fhevefore o compule the anymplatics & in hzqu o the form

f f(w) e/——VTF Kh(UJ) dw (4&3>
a< V<l

Romark  Tor more on wane—gra(nmt] Jee [EL) P-4 851 LC“) p-21 ]) [ ’Cj



Z.Asjmfﬁvﬁcr

Assume given o Prple (pxlw), 4(x), 9(w)) arurual, safishying fundamen fal
condlitions (L), (E) with s =2 Recall that /oarfdfﬁmdamw%al condition (L)

is vﬁa/imbih’/y, Given V: W— R analylic fhe sef fwew| a<V<by anbe
catout of W by fwo addiondl inequalities, and so [w, Main Theorem 6.2 ] applies
Jwl an wellFo fhe pavamefer space V' (Lab]) an i dvesto W provided. the
V@alisabili@ condifion SHll holds (re.Wo V™ '([ab]) =+ b and we may wanl-

+o choose q,b o be regular valuer i V 1o be sake )

However, fromthe point of view df}ohaoe fansifions we do nof wish Jo asume 7his.
For +his reason we follow the clervation on [w, p-31-33] us clocely as we are able,

up o the pornt wheve Vea/i‘rab///'/y is wred.
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