Smcjm\ar Leaminﬂ Theovj = ana\ﬂ%‘c fo alﬂe\omic @%E

w2t
wpdatd. 32

Watanobe claimsin (W] a deep wle for algebmfc ﬁeomewj in statistical /eavm/’nj

Theony, whichis at fint 7W’k surpnkmg since e main function of interert K (w)
s analyhic buf only mwslj « Fo{ymmia/. Sowhere do the po/ynom,*a/f come from ?

Recall /ﬁom [W) §7} that 3i:/fn a%n’PIe (P,‘{,/jo) witlh Kullbock - Leibler distance

q(2
K(W> = J\‘i(ot) lwa F(Xlw) dj\

andl zeta funchion

C(2) = | K" steddu

iFthe lagart polecf G is (=X fhen N is called the leguning weffient of (pe,¥), and
w fing ar ¥ doer notvanish on Wa #his agrees with fhe RLCT o K [W, Def"2.7] whrch
recall is compuled an the minimum of (thJ/I{J over all 1<) < d anel worclinate
POA‘C\/\M inthe resolution That put K(9(u)) info novmal crossing +orm %21\ with
Tacobian. W dw . fiom (W, Remavk 7.2]

Def™ Two ay\a(jﬁc funchions H(w), K(w) aw equivalent if there exisk ¢, (.7 O with

G H(w) € K(w) € ¢, H(w) FweWw.

show s .< éCLH

Levmma Ip H, K avre ecrmmlemf ﬁ’)eg hav\e ﬂ/}e JSame /eaVﬁm‘? weﬁffclemf
/ imPl'\e/J ?\K < M

Pr.;(r@ (Shekh) We may assuime H, K are f/’muﬁumouﬂ{j Molwzd, and then
K< CLH Ineans k<(3(U\)\ = G l’l{9("'” or %2k < C:ﬂ[("‘J LLZh hen e

l ]
bj [W,Theowzm 2-6] there is o real ana(d-/v‘c ﬁmcﬁ‘ov\ 3(14) wif ULQ'}l = C, 3(‘4) 1/127\
and fwom fhe Taylor expansion \kJ.Zkij for aMJ'. Hene 37 2 W' Qg

2 \aj 2k



Def” We write H~ K if H,K are ec(w'm/en/ana/y%‘cﬁmcﬁbm. TF s eqog%o tee that Hais

is an equivalence velation. We sometimen wnte H R for the situation rn (19D

Tn Watanalbe's book. and papels [AW,W2] the fo”owmg S’rmjregy s emplmjeolb wmpufe
f’he/eammg Loef;ﬁfc[ewfaf a stofishical model :

9.()
0 Lompule a Taylor senen expansion (inx) of flow) = ’ij P(’{IW)

and ure it fo constuct a Po{ynoma‘w{ funchion H(w) equivalent fo K(w).

@  Perform rerolution oﬁﬂ‘ngulam’h‘m on - Ho defermine s /eavm‘ng weffiient
(and thws the leavning wefficient of K)

Tn this note we focus on @) ]%//mej {W) Remark 7 6, p- 227]\
Setup

We assume (P, 9,¥) m?’f!@ Fundamentel (ondition (L) & [W,Def 6. 1] for some § 7 2.
In particular F(xyw) = log ( ﬂx)/P(X/W)) is represented bj an alo;olulelv wmwrgewf
Joowersevfe/s n the me»‘ghbomooduﬂam avloi}vwfj wre W

Eow) = 2 aal) (w - )" (1)

with 0[0(()()6 LS(X/‘” (&UL [W/SS.l]) . Thew in the Vleiﬁhloo(hood O‘E we

K(w)

\I

J“’l(x) F(x,w) dx

((-2)
— 2 (o) [ ant) qpodx

X

Is an 0!‘710((/1‘813 oonve»genhenw, so K(w) is amaljn’v\c,



Remark Adaphng this fo conditional dish'bupions works as follows : fintly replace x by X,Y
and ascume Plzy/w) = Ply/xw) (), 9(xy) =9(4/%) 9(x) . Then

F(X;“J)uu) = lO‘ﬂ )/ P(x,y\W)B

= log wm/f)(alwﬂ

(2)

s represented by an abmlu#elj convergent power seien in fhe n elghborhoocl of any wre W

Flug ) = 2ot w—at)” (22

with Ax (%) € LS(XXY/ 7) «T“kﬁmh‘ng over Y is continuoan and linear (+e¢e9.
[MHS, Lewman L '7"/21> and henc induws o continuows lintar maip Lf(xy\// 9) — C( X) (i).
olcj}‘hg thisto (7-2) wclds

Tlow) = j""((tjlx) F(w,w)dj

(2.2)

|

> { [4lsl0autxo)ds }(w—w*)*

<

with  K(w fT(XW)q(x dx. Moreover ba(x) = f‘] vl o bsy)dy € (%)

Tu thisnote We assume that we are in the J/DCC/'a/ ccwe wheve theve existr G (*w) with

)= [g6)Gtsuids = | Gosed || (24)

where the norm is in LZ(X;‘i) and we agrume that &(X/W) s vepresenfecl bj
a polynomial G (% w) = 2 c AulYW™ g ax(x) €L(X,9), e
ax(x) =0 ﬁ;r ]0(-1 SM%fcl‘enHj /Cllqe—



We assume given o linearly indepenclent wf (g )j'i) in L°(X,9) such that

(o=}

(A) ﬂ/)eJequeme (//GJ'//)),A /s SC{uaVe—Jammab/e ZJ://@J //24 2e

anc the induced bouncled //'ﬂearmmlb 1(R)—> L*(%2)

s injechive ancl han clored image (see [LIL])

with abjolu}(’,lﬂ wnvevgen} seven Ao (X) = ZJLJ CJ‘,C* eJ (X) for all oA, withe
ooeﬁﬁ'crenh G, ER. Then with 16 [w) = Zo( Cj,o(u)oc we hau*e

G(xw) = Z,( Au (x) W™

— Zj—: > ¢ aw® ed'(x) (3.1)

— ST A
with /oo/ynomfa/( we]%k/‘ewﬁ 75( w).

Example Tn Remavk /-6 ((’~12f) Watanabe qives the qco“fnwing example of a stehictical model
P(“ﬂ%w) 9(2) and hwe dishibutivn jivt’m by (m assume q(*) s ﬂl‘vvem)

plslw) = dexp( 2y - Fix0I)")
Cl(‘j"‘) = ){QXP(—i(jl ;Co(x))zj

s that ploy|w)= plylaw) 1), §(=4) = (4 =) 4(x) and

(o) = £ [ (Fluw) — £ (<) dx
— e =)

sowe fake G (% w) =§(7L(><;W) —f (X)) It remains to be checked (i satisfies the hypothesen.



HbefhmgQA) ijheA T-1(F) — LZ(X/%) is bounded gl bounded below, so there exisk
C, 6> O suchthat for all @ = ()2 in (F)

(Z~'IQJI \“Z 'JJ'(<CZ(Z-‘J]) ()

J
T Parﬁ‘cu\av) applyfng this o Z~=. jCJ‘(W) CJ'(X): G (% W) we heove

a2

),,of(w)z) < Kw) < Q(Z;,J}(W)‘J (4.2)



(pageswere
skipped )
The upper bounc|

Let I €RW] denoke the /\dea/jenemfec/ bﬂ the /po/jnomials {76];); - By the HilberfF
bais theorem T = (F,.-, #7) for some infeger J. Let > denofe the 7radec/ lex
monpmial orclev on Z7o where R[w] = /R[WV---/WJ, see [GGE p 1T ] e ascume
£, F5is o Gobner banis of L (ree [cLO] ﬁvbackgwumd)/ and ure inboduce

The FD//OW)‘ng nofafion from [GGB]\ L\M'Rj

n

Du=1{J | 1527 and LTU) | w* ] ey, (7-1)

wheve LT deviofes fhe leading ferm wifh verpectfo . We wele da = | Dal and for x> /2
and an MdexJE D wewnbe (#e [GGB, p-®) )

w* [ R
Td,ﬂu’ - (u(g-) J)Ff (7-2)

wheve (‘)p dencles the wefﬁic(enfo;é uJF. Then Jor &> £

Tap = Zjeva Tk (3)

The on,oOf/ﬁon on fQO\B/ P-@ ] shows that if f el hen /um‘ng a ‘(jenem‘c” Form of 1he
division algoﬁfhm) callec /}/jon'/??m Tin [aGB] )

(
JC = Z, Z Z\ da, - dapm (7-4)

N 7['0(1 le)ledL/¢3 Tdm,\)dm LT(]CJ) J

Ahisis Likm=\, and ﬁo(( = “ta(m
. m=l i S and g, =dm=A

<

wheve the summand is zevo if daj = O for any 1<C<m.Thisis a “Sum over paths" . we hawe

wed the obsenation on - @ oP@GbD) which allous us o avoid fxing a downward dosed set /-



-
k
In parhicular fhis means we may wiike f= Zk:/ Ak with polynomials ak given by

m i) K m

= Z Z_» (._‘) “ 7Co(| j:(udz(j“/“* T"‘WM"‘M - (51

M=l o> Dy da, - d LT(£)
R €Ddn

Al con shanks

=S
w
As above | forthe m=1 fevm we have 2. and f« CT(£1) - Pespikefhe “oo"
this qum is finile. We associate each summand do apath inthe oriented graph
whi'ch han Z;O ar verfices and an edge f— & if T"HF#O/

Wto(\ ’dl [2.2)

To\\/dz '/ \ °<""‘°<M

0(7_ "(r\\ Ay 0(m |

Def"  We call (&.2) the division gmgh o the Gribner basis /t/ 7

Nok that, s opposed fo the standlard division algovithm, which “brainchen ”&(epgnc///;y on 1,
(1) depends on zfonly viathe coefficients fa, ancl in this rense is "7@;4@;42” m £ We
can wnite this even more manifest by clefining for 4>

m i\

K(Oi;ﬂ) - Z’ Z ) j:(l,"(z T“L/"‘B T‘Xm,\)dm (27)

m= | o(\7"‘70(w\ do(\"' O\o(m
N(lo(;dm:/-;

N
\ﬂne m=1 conhihvhon is

(N=T)

So”laf /J,
= D 2 fk(p) Y (5.4)

Sine 7 s totud we ccun think of Z as a Sum over }N/ anoLH/lW\kf/?p (&. Lf)a/)otco}‘owcucf'
oﬂm}cquem (1(:0( OL and (Zﬁ 4. heDp NCY f”) /LT{fk ) We sef

_Qi Z K (4, ﬂ)LT(;E/z) (4.7)

ke D,e



o that D5 € RIwD and
= Z Lxﬂ}fx (9.1)

=) 3 k
TF we now have axequenaoﬁpolﬂmmials (Fe)2) in place of f then Fo =202 0%
wheve Qll = Z (F.)w flx : 5uppo;ew€wuh% conshuct an mppevbouwdqzor =1 FLZ

i Torms of ZJ,M( Then we will wantHo we Ca(/tchy Schwartz asfollows

SR = S ( Btk
<SPS @) Zeh)
= (Z147) 2 2@’

(91)

Sothe exiskence of the upper bounded hinges on convergeine of 2y (2h)”

Remark  TF theve is no path Fvom/é’ fo & in the division jmfahﬁ)en K(o(./e) =0.

Theorem SMFPoxe in additon o F/ypomwis (A) o p2-J we ac/c//;L/onCI“y aJiume

(B) The ICC((,{GVI(E (CJ‘/d);D, Is 5¢{uav9 Jummalole Z]io ’ J) % (24 xQ ﬁraﬁ X

(recall that £ = Do G w ) Wewite Il =122 5,1 IS
(c) Z.; | JC‘*HZL (ﬂ)i)l < 0 for [k T
Then K is equivalent 4o ZJ'T:, f
froof  The lower bound follows flom (4.2) o it suffites fy show the uppeyhound

Set £ =147,¢ Then by hypethesis ( (B), fhe sequence ((F)a)ioiis square=fummalble
Horeach O(Gzzo- Hene bg (amchy—jchwmj%) inthe abowe notahion



(/omjmms mmlv\rut

St =27 (2 (F) ﬂ )lzwvo”
Z, IZ(x (F (ﬂ, ) (10.1)
I3 )'L

— 2L (ZR) )

The sum (9.1) is finile becawse 701: faolynomfal/ butin (22) we Vnw)f/aee/J in mind tal ar N

increasen the numberaf & bemj summed over moiy alio rncreane without bound. Foreach N

lef o €Ly be fl/{]%\dPMHy large in e mionomial order thal

Zﬁ(z’_:"[ﬁ_); )(Qhﬁ)l = Z_, Z.l, (FEJo\Z(uQJ/’;)Z (10.2)

X< oAy

oo a I/z
Lot HF;MZ=={ZZ:4(EJ«} kahmmhawa&mmedlyﬁnk.7%wx ((0.2) gives

Sh(a e 20 IRIE (L)

K S A

‘ (10.3)

HjPoJflﬂe/n's (©) says The RHS is bounded.above and hence e LHS wonverge) - This is umy[owm
onvergenc , o the limitis ot continuows ﬁmchovz /)h(w) = 2-:, (a/:)(W)z_ Since W
I§ oompmm‘ Ab\(W) < Mk fov some wwjfcmf/ﬂ/{, Bﬁ (4.2) e exisk C> O with

K(W) S CZJDZI ﬁJ'(w)’)_

— CII R e CE Rl (o)
(1.2) ; A
< CTLpWs c(Z047) 20 At

< §CH C(Zhl"lh)} Zﬁ' £ (w)?

an claimed. []



N 'S 2 SR
I‘__:/(Zo((/:;)o(ﬂl M )/ Ao X oppeamng te
2 ko \2
>« (Fo)a )( Zo((ﬂ“() ) (10.1)
N N — ks
Aﬂ_;f(\ ) Z—'oé- Z}cl (lhé)o\
A\ s suming This vonuverged
The sum (9.1) is finile becawse 701: faolynomfal/ butin (22) we Vnw)f/aee/J in mind tal ar N
increasen the numberaf & bemj summed over moiy alio rncreane without bound. Foreach N
lef o €Ly be fl/{]%\dPMHy large in e mionomial order thal

Zﬁ(z’_:"[ﬁ_); )(Qhﬁ)l = Z_, Z.l, (FEJo\Z(uQJ/’;)Z (10.2)

& < ol

2

oo I/z
Lot HF;MZ=={ZZ:4(EJ«} kahmmhawa&mmedlyﬁnk.7%wx ((0.2) gives

Sh(a e 20 IRIE (L)

<< dpy

(A

(10.3)

HLjPDﬂ/’Mfs (©) says e RHS is bounded.above and heuce e LHS convergen - This is uniform
onvergence , Jo the limikis o continuows funchivn /)h(w) = Z,—z, (a/:)(w)z. Sine W
5 compact /}b\(W) < MR fov some wm}anf/ﬁ/{. By (4.2) there exisk C> O with
K(W) S CZJDZI ﬁJ'(w)’)_
= CT L)+ C2 . Fle)® (104)
(2.2) . _ . .
< C Z);,,ﬁd’(w)l+ C (ZJ‘:. 7(;' ) : b= A (w)

< { C+ C(Zhl"lh)} Z;| %’(W)z

an claimed. []



Exampe T (W, Example 7.1 ] ure have, up Fo a fector of f2 we will ignove,

Clx,w) = Zi j) ab+ccl) (1)

where RW] = RLY, 8l A bypical, Fhere is some choice of how o allocale the factor
/! behween €/ (x) and £ (w) . Lel-ws choose 5,770 such thal 5,7, = /1 and seb

g () =53 o, fiw)= 1 (ab’ Fed?) The {473 are linearly inclependent (uncle
any veasonable choice of X, 9. ) and Spencer's nvke shows thate.g. i S, = /fT then

ij e |1 < e it X = (-1, 1] with 9(x) uniform, 1o (A) s sefisfied. Hence we

J 2

ﬁoﬁ e lower bound cH < K of f‘@ with H= 232, 76 \ / O

(e concentrate our affention heveon (B), (C) Fov e moment take 75 o)y edd
A Grsbner basisfor T is £, 9. where g, = Cd® . Nok#hat # wve canupper
bound K ky a constant mulfiple of £74 92 we can cevtrinly upper bound it by

a conskant muthigle of £+ 4.0 (by Cauchy—JSchwartz) so we jurt now asome £, =9,
inthe a bove. Note that for 1| 7S (P aveid £, {.)

{Z |J,ac] }/Z = {

1 «L=0,§,00) w (001)

@) otherwise

Hena (/3) holdn and for (C) i suffries #o Show that

Z (ﬂ)i)z < <0 AV {U,J’/O/OHJZQ} u{(o,o,\u’) lj'zq} (112)

«LE N

For this we analyse the constants of (7.2) and paths of (P2) Tor &> p, i LT(A) Jw ™
anel say X = T+ 0),),00) then

To()ﬁ/i _ (L (a\oﬁrcd)) = ( W+ WTCOLB/@ (1.3)
(w coL g(/;‘ 7+ (00,1, J))
_ s(e=ot+(5,0,1)



L LTR) | w® sy o= T +(0,0,2,2) then for &>g

=y
?d;ﬁ)L = (Cl/—:_)dz((}dz))ﬁ = (Wok)/g =0 (/2.l)

Hena 70%1[5’ = ZJCDa& Jd /Jv is zewo i ab )( w™ and otherwise iFis ec,ual o
8( B = ct+(=)-),], J)) Thus the division graph (£.2) wngists of eclges Hrom /QGZ%
ﬁ + (1L =1, =1) whenever this maikes sense, ). be/mgn% Z;o Now

R

(L Z K (4 ﬂ)umz)

ke D/z

and LTE) wf = g7 221, LTR) wf e f372, 472 Bk K(1£) 40
implier & =B+ 17 where 7=, L=L=1) and r=1 is qn in fegeh f L e N then

- ) canonly be i Z;D i o=1(1.,00) for some |74 inwiich care the

only possibibly for B s =" = (0,)-1,1,1). Buk LT(P)f wf, LT(F) { wF hene

N5=0 Wk VaeA (122)

Pvuu)nj (C) Hene btj the Theovem

K ~ £24 L7 = (abted)'+ (ab™+ cd*)
(12.3)

~F7+ 92 = (abred) +cid®
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Now

> 1!
(D)= ) k«pklap) “’p fi2 1)
fpex LTtk
héDﬁﬂDF'

EHJr\fjwiLe not 9 revlex
l

Henw for TE Z;/oGLW have LT (Fe)= lfLW? then keDp iff. Mﬁlwfg o p-3 ;/o)

2 whe’
(AT, = 2 kgt 2,

e L
S< pp <k

- ZZ;k%%ﬂHQWﬁU”#lMﬁ*ﬁuiizzq
< pplek

(12.2)

\

— T 2 KK A)
P2 ppen
prp'= 14253

Hene

2_ (1L 11 = MLZ Z NCHIINCH D, (12.3)
KN

o &/ +@’=T+z?

g
S<pp



Now

d ® ab f wd’r}m( cd* 4 w&—iﬂz
a—il T ) | alo| W T o crd [ Wil (5.4)
2 alo\wa(—i/‘Z ond czcl)_'wo(—-iyz

HeWé C\o(: l)do{-‘l—]—fo K(Dﬁo(—f?\’— -1 ’{\JO(.;ﬁ: o(—rz—— (OJ/| [[)
/ ) )
so LT(He) /(/U[g s (W)Fom’é)le ]%r ke {l,?—}. Hence

Z (ﬂi)zfy =0 (13.7)

ol &/



o TJal =0 fr L3> K,
((,e‘ b>>a )
Jo ff/ih/u between clisFont & 's avolve
wony shepr, hena it are can boun ol T < 1
we caqin ‘ovobabbj gef convergend )

° O(ﬂum@ ‘(\} ~-'/‘6"
ave monomial

,fk: o™+ cd®

\

LT(UC[)\ A > 47l AT

5]
O~ . C
Jo(.{g,l ’<ZT‘(%)£>/<£ A = (1,,0,0)+ 7
D<>ﬁ ,\
— é—\—(';‘—(“)
- ) <1Tﬁ‘ ),6 ) (ﬂ%MTCCL)F

- Cgo(:ﬂ i 5/K:7+[O/0/}/’) //@

= é( X + (-], )Jl/‘)) ,,,L
B LA N R M’%

<:\ A= (lll/O)D)T 2, loouw\cﬂkd\

_ (=
’ <;76:) /g"r d e ‘g{rB:dJ’("’—l’\’l))
= ab + c

(a2 ed e (k=B r i -2))



Tn (12.3) wy can ewnile the sum s being indexed by v, 'Z | such that /3= a—r?, pl=a-r'l
belong Yo Lo and mﬁsay the wqumed condifions. These are

2o = (rtr)7 = ¥ +20
C+rl, T+r"l <€

Hene o on{y conpibulen if 22 is on mpaﬂﬂ in the division jmph sJuvﬁ'wg ab 7+ 20 Theve ave onlj
#‘nik(g mamyauch a4, so D (s )5 5 a finilke sum.

Z(ﬂi)zv = 14" % DKo, ol=r) K(d, a—r7)]

oL rtvi=t
2ok =Wz +tL 7
Hor some €7 2

c 52 242
ol

r+v'=¢€
2k =W +2z+tL 7
Hor some €7 2

= 4 Z ({——I)Z—t

2K =¥ +28 4+t
Aor some €7 2

k
My .
4 _
LS ﬁ Z (t-0)2
t=2

where M§ = mm{ (Tt+23k, (3,1‘25)4}_



The uppev bound

We now assume ( HQJ' “)J: € (R and le} C7 0O be such that Klw)=C Zjil 6’(w)2.
Let An(w) = ZJ':”H 7CJ' (W)* which is ana/yﬁc sine Aa(w) = Klw) — ZJ-:, 75)'(‘”)1;
and. clearly Apeilw) A W) for ll w el

Lowma for all weW fhere exids N, such that Ar (w) < 2552, #1(0)” for all 07 Nuo

Procf  TF we Wo his ir vacuown, sina both sicdes are zewo . H wé Wo then -E/'o (w) O
/H))/JO/VIEJD) C{I’]C( SIhCZ //Im/}—-)oOAn(W) = O ﬁﬂelpe e)(/";)Lj N JMCh ﬁnaf

Anlw) < £ () for all 02 N Set N = max{N, j.} fhen for n7 New

Z}..f’twf 7 L 7 Al ()

an claimed. []

By the Lemma The fo Nowmj 0{uamH~j is well-defined :

M(w) L= I'V\F{ N \ N7l An(w) < ZJ‘Y‘:MCJ’(W)L for alk Vl7//\{}

Nole that M(w) =1 for ald we Wa.

Lemma ‘ﬂqenﬁundﬂm M s Mppememi'wm‘muow : for evew we W Haere is
an open neighborhovd U of w sudh that M(W) = M(w) for all ue U-

Froof Tf M=M(w) then 25,5 (w)* = Anlw) 70



Henwe Eg [MHS) Thim L2l~|O]
K(w) = LZ“ ]C(X,w)—— {o () \\1

= 10T <Pl R0, L 70 (Pacsel)

= 5 ZJ":\[Z; frlwy<er ;7 |7

- L5 | S0 e || (41)
< AILZJO:' ylem (Z'VLCIFMW}L)( SV::' <6k’CJ.7L>

)

= L (20 ) (S0 T <eng )

3 lim (S aw) (28 ew)

We can n%ca(e the ¢ (x) P ensurve Hhat Zt{ ( “elk * Lonvergen (For example if
J( ) = ( _l)\ IJ"’ on X [‘/'-_l WIH/\. C(()C) g unncorm “€ l\ [(J—l)l ] X J—ldx
= E[l(rl’] [ 2] -1 M I] [/(J“') ] /?-J—\ and

llejr /i) Vo )
[—J\fi - [/J} /{J - jz Z{‘HGJ”)!) (2=
<l L/t ey (U™
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