Smgulw leamm H"eovf] N Jocal RLCT

Thvoughout (W ] weans Waloinabe's book . we work in #he reffing of
(W, 56.1] and ansume Fundamental Conditions (I), (T) with s=2.
(a somewhat informal, but more readable, account is given in [w, §147)

In Pou/ﬁ\cu\av oL{x) isvealisable, and W is an in [w, Def" 6.3 ]
We aimto CIG{M’@ (a) the vole of local RLCTs (o be cle%fmecl)

and (b) thewle of fhalgﬁor in RLCTs .

5e/hAE Reca//f%e/oayﬁ'ﬁom J}Z/JOIV(ZVV!@LH’ space o [W, Theoem 6.5 |
for some € 7O weveplace W /oy

e = {wc—\/\/ / K(w)s&}

which'is leg Hmale since we ave om/y concernecl with the RLLT, in his note
Then M = f}—\(We) s cove ped by a Finile el

/\’(: UOQMDL

where the Mo are ccvew paiteular Rinc\ of sef (et open) given in
Remavk 214 aind wnshucked as follows - for eoci Fe/"t choose
an open subsef - coorclinale chavfcentered on P A the form

Of(@ _ (—L;,lo)ot _ {LA: (uL,.-,ud) l (ug | <b lsisd} (())

wheve the dimension o W ( heuce also M) is d - The conshuchion o
Remavk. 21U covers M by { O,a (4) }l,e/\( wie) oompacﬁwm%
clhoose a )Lim'ﬁe subwover. Tor ecch P chosen, it then wn len (wu'r\g]
again local wwdfnak/))



A
Op(2) = [ (holv[oL) |
(—E,O/]x(——\o)o]x._,x (——L,O]
U(—b)o_&x,_-,- x [O)lo) o -

= d
— U%_l M, where M= [9b)"

\

As p vongjes over the finife list o chosen /DDimB, omd ¢ over indiwns for these
sequencen of “]uon’ﬁve/megaﬁve " choites fov local coovdinaten U avound P
we enumerale 1ovme finike set of subsels Ma & M suchthat M = Uax M
Theve is an associatecl 7%1mi/yof Fupchions & (1) with supp 8o < [Mu
(8ulu) being C by the wwual pavfition a‘{»”umny hick s waing the

Pv@&cﬁbec{ éofb) athey than = | GWC‘L) such that for amﬂ m}gamlok H)

o Hlddo = [ H(30) 1 30a) o .

_ fom H(34)) 2 («) ] §'(w) |

In [W,Theovem 6. I~ [ +wntinuesto say that inecch Mo (keeping in mind
02U, Slo) theve is a C ﬁmcﬁ‘on ¢/¢4) such That

2k 2k 2k 4

K{aw)) =u" =™ u ki €N

P(30)) 9' ()| = Glu)u” = la)u’ a4 he N

(2.2)
Hence (2-1) may e fuvther vefined Fo
X h
Jo HESEI o = S0, [ H(3t0 ) $le) w"du

e Pac(w) = Eoc (W) F(u) (2 3)



G

Caleuloting RLCTs  consider the zedon function (/}0 The 7Lm'}9]e (p 9.7 W)

G(2) = |, K) 90 duo (Re(2)70)  (2)

which can he amalyh‘caﬂy wonfinued (W, Thm 6.6 | 4 4 unigue yew moyphic

funchion on thre entire complex plane whore polesave all real, negative ancl rational
The (eamingwef,@\u‘enf A is by clef™ such thak —A is the lovg ek Foleo{ ¢(z).
Heve K(w) isdefined by

x)
K(w) = fq(x) |o\c7 F(Z(WU) da (3.2)

Noke that the leavning woefficient depends, in principle, on The pvior 7,
whevecy the Real Loj Canonical Threhold (RL LT)/ definecl in [, Def"2 7]
Hor the poir (W, K) is associatedto [ @ | K(w) =07 ;’nc/e/)enc/ewf/j i the
PVIDV. As we will see , and ns staked n [W/ Remavk 0/.7(!)] /:WV[C/POL +hal

fhe pvior is Poﬁﬁ‘ve on {w]K(w)=0] (actually aweakey condition suffices)

the leavning wefficient is eqdal fo he RLCT, ancl in pal/ﬁcu/m s inc(ePemden/‘
df floe pho r.

The it remavk (Pwaﬁffﬂ XW,Theo:/emé-H) is thalt for Re(2)7 O
Z(Z—> = JK(W\<6 K(wﬁ%jo(tr)dw &— il (%\ (3_3)

" jK(w\w(: K (w) " () duw —C, (&)

anc the reconcl summand exendnto a holomovphic funchon on the entive complex
P\QV\Q, Son al/\alyiing )\ we may vertnct o inkgmls over We anabove .



Jdle

Then wing (2-3)
I G A (41)

Noke that b («) in the stalementof [w, Thm 2.3 is veal amaly%\c) so @ [u)
Moy be faken real amalg%\c provided Tis (and ueasrume 5o ). Tnthivcane,
by shwvinking the Mo if neceasan), we may apzinge Do (u) fo actually

haveon expansion as
(S
$5() = 2wl + Ry lu) (4.2)
TheV‘Q‘FDY‘Q n the U‘Cﬂion RG(Z-) ?O) toluing [\)d\ SM#[deu\Hj \C“’fj e,
o I '
g (z) = Z‘,(Z,fm A WL W e (43)

=N
+ 'ferms w{ﬂr\ \no\omovpl’)l\c ex{-emibm% cd/tvﬂ C[ .

d
Since Mw = [0,5) Anis is

(«) Rz +ht
= Zmi 4 f[oﬂa o . (44>

\J' =N o
L 2Rp e et

() T
= D> & N (2R 2 thetuptr 1)

U\S\\\d\ f:‘

Hence the ﬁmoﬁov\ 2, (2) cn be ana\jﬁca\\y tonhinued as claimed, with Po\e/)
aﬂ%e \FO\HDVI(M VW\VV\\oevs (wlﬂem L\,I’L \Jamj uu\’ﬂ\ ol Omd = FS(X}

\n\;fJ’FH
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©
Then c|ea\/\j the leavmmﬂ coefbictent s
‘ i hp + |
)zmm min ) (fl)
oL )‘—f’id Z'{P
(;mc\'rkorc\e\" (’ﬂ"e POM/EVUE z2+ A appeavﬂng jn (Q.LF))r (S
lf\FJr/
WL = maX:H:{P [ A= 2h|° } (f))
28

Tvom this we can deive (J& [V\{F<32,f.317 ]%v'f“heshoﬁvew‘mw) e.9g.
Fi = AleV\’(m—l)lDEj]%nqL):R(?>‘ [J“_g)

ReW\a\/f’\ ASSMW\W\Q :]0? O on {Wl K(w) =0

} we may N The albove

apply [W,Thim 23] sothat O(ePend/) nnl\xj on (W, K),

anck then vmuH'iplg \°Lj T and still satis fj e wond tons of

[w, Thm 6. ‘r(ﬂ] That s, we may awange on eoch & z‘ ”’ﬁomm
for e N o be mdependeM & the prior. Since R s Jacoloian def

oy rec 2.9
cleavly mdepemdenj(/ we hawe ot A = A(f g, W) - 6:12 fn
is inc\el}enc\enJra\Q T and ogreen with The RLCT ot vequlor Co |

(W, Deg” 2. 7] Obrewe thal the RLCT 15 defined o

RLC [ = nr\f M N (
we W V& ps

Ae era(lgweomlj real[j need >0 onthoe Mx for which
e minimtrabonin (I70) is obtained . (< hech )

Remavk T]/]apviordoe/) affecir the Sc(nwouf’ﬁg c[is}vilomﬁom Dhm (M) ow [\/\{P.azj
and hence the randomr vavalde S in (573)-


Daniel Murfet
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Ded” e sy wé W is ecsential for +he fuple (p,a, W)  the local vesolution

24 s;‘ngulavﬂm avound P=wom [ W, Def"2.7] procuen
L‘[’ +
Er/ = )\ (fhe leaming coetlicient)
Necensqm'lj we Wo =3 w| K(w) :o} is aJ;Mga/aV/aomfm? Wo, and it
is an instonce of the ”wom‘”nngulavﬁy fwge.

Local lambda

Tnthe a\oowzwﬂ]ﬁixec‘am;)/e (F/ %):‘DJ W)- BLJ Fvu/ldOthe\/ll‘al oomcliﬁon
(L), [W, Ded™ (.37 we hawe assumed fhoat W is a oovmp&tcfjef ﬁw\ew by

W= jwe W | @70, m(w)70, .., Tn(w)7 0]

where T([/.A_/Wk : l/\/(H—> R ave ma(ammlyﬁc ancd W= fRdi: open.
This hypotheris is uredin ot subtle butcrucial wety in [W, Remadk 2.14 ],
re. $he conshuchon of the Mx, sine we assume e resolufion j:l/’—> W
mahes 7i(9(u)),.., Te(9(4)) novmal crossing | 1e. (ree (W, e 707 )
for any o € U, theve is o ocal coovehinabe w st

. b -
7T (9(v) = aa(a)uth‘"-- w2

where Qg(u) IS e\fevLJw‘/\em nonzevo . This meoans we mag shvinlk the
Op (k) above if necwssany, sothat on each M« the function 7 (9(u))
fakes o consistentsign .




s
Now let C<E W be oovvnpad/ defined oy

C={weW | £ (AN20, ., fi(w)70]

wheve 76 are V\eal—amalﬁh‘c. Then adding the f)[:) fo the list of Functions
to be “resolvec " (re- made novmal CLosfiNg s 3 we moy assume ok
the [ocal wodiviates u and Mx & M wed above gre adap%ed{'o C
in the sense Hhot the boundaw ! j_\( C) is contriined. in u--ud =0
inevew such wovdinale chavk fl/U) Remavk 212 ] e assume e vea\imloil}lj
C,= {wek | Kw)=07 s moneW\P’nj) and >0 on Co. $or C

Lemmo. Lef A denofe the (eavmr\ﬂ o e ffcient of the ]Luple (P,C],/‘f) I/l/)
ancl Ac the leavning cefficient of (P, 4,F,C) for oy
puior P o above Then Ac Z A .

Roct (e have

57'(c) = UL 5 ©NMa.

T The local oorelinates a/)pwjom“otk%o /\“(x/ j~l(c) (M (s
given by £, (3la)) =20, ---, £¢ (9(4)) 7 O anel ure May assume

the balls Op(b) ave chosen swmall eviough so that for each ind ex
o inthe velevant local coovdinate

f (9t} = O

wheve we may assume. ¢j(u) tahes a fixed signon Mo
By conshuchion Mo iser pwduct of (=b, 0 anct [0)b) intevvals,

and let mo be the number of occamencen ot (=b,0 .
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We mag assume 7%%9 are %e oodrc{ffla,w Wj o/ umoc

Toen £ (90)) 70, -, L4 (9(n)) 70 on Ma

=) CJ’(("‘)L/LOIJ| (/LCIJOL Z0O o M« V{SJSOL

% |

< (D'UV%0 on Mu Visjsd  (T=sigdt
C.

(1 = Ut 1 %) )

T e .
J{/L(qu)_'L' - (% Ima > O on My W /g\/‘go(

Uy

= (-1)

S 76#’(%’)1 too [”U)mx 15 even, \'//éjso(.

So either DrJ * (%’)1 too [%/')Mot I even ’ﬂ)r all ‘€j~< d, in whicho
cove ffl(C )nMd :/\10(/ ov this sun s odd 76|/J‘OVW€ {SJKSOL

in which ccve

7 0M« = {ueMe] u= - =un, = 0]

Let /\ denole the ref of & indicen, N'e A the ret of indico for which
TYJ' 4 (@J‘ Jp t - F (%)“)mx ireven.

gkj G[C%N ’/\C is the lﬂvgm\" pole O‘F

el2)= | KO3 4

By vestching to We, Ce if newssanf we moy assume ¥ 2O on W and
P20 on C . Thenin the FO\VHHDV\ £ (W, Thm 6.5 | we coan assume
[9/() [ = ¢P7(«)u™ and F(3C)) (9" ()= $(9aD) #F7(u) ™



So ﬂ/laf (75(“} = 70(9("‘)) C#Pm(u)/ hewnce in (2-3)

Gl (a) = o (W Plua) = 2 () F(3(0)) $F(w).

We now wm[)ufe *fur Re(%) >0 (/wing (23)

EC (2—5 = J K(W)ZLT/(W) dw (‘@J‘/\ o(!upendingov\ o()

2L kG (o) T

97 (IO Ha
J

. 2k2 W ( ) pre
B Zoj-‘u,mmu e [Y'(st) g (mﬂm

Ry the eavlier argwmevﬁ (e-9.in (4.2)) We May tgnove,, for the puvpse
of computing Ac, the ferm in bracleels involving P Soure muot (/ompMaLe
fhe lavgert-pole of

ZS’ thzﬂr\&
(V.
9l O M

<

Z YM %qurkOm{_ Z_»E Mz\z&Jrho{M
<

AN’ < g A {“\:'“:Mma\:O}
4
S B
- J‘ V\‘o C\U\F
Le p=17°
_ L( = Hop @)
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a
Nokﬂ\a\-ﬂ)wehp\m R, he N ore i same an wed o define ;\) so Yhar
AN = min min L‘P*')
/ C oée/\./ léfid& Z\LP
(to-1)

hp + |
Zmir\min(})l>:>\_ D
ZLP

« J=psd

Resolutions and the Posi‘em\or

— (14 x*)Yy)®

(onsider the funchion € ,Viewed o a c\emﬁfm :
9
| b P [Olbjz
v ’
| / ? (10-2)
| /

— X
| .

| A

|

', \ eadn vonsfant z, slie s Gaussian

[ n NE with vavianc gouq Yo zew
!
( ar ) —p X -

If we sef oc =7y, avnd 4=y s he omes a standavd G avsnian
on Xy 7 O

22 2 x> _u*

(10.3 )

Rt diffewently if j:[o,h’\(l—% R & g(x,,yn)=("llfuﬂ)) and

CP-' lQl““? (R is «f’()(,lj) = QXP(“X-Z"jl) Yhewn F(ﬁ (*‘)7')5 = @Rp (' (H'xll)‘jll)
This is (one wordinate pakeh of ) the veoolution of 2 +4* [W, Example 2.1].



The resplution proaduve [w, 514 27 eXprensen he wrecure
exp ( ~n/3 Kn(w)) F(w) dw, whoie noymalisation is Yhe Bayesian pos fevior,
% asvmp-}oﬁ(a/u/v aPonximmed bﬂ o Jum

P erp(=nfu®™ @ AT (w)) (D Iu e (104)
ol
For the sake a;p bw)ljoll'hg infuition lef wo iﬁhDW_ e stoch ontic proceos ?n(“)/ and
The qﬁ*(M) [whidnis made up ofthe (90'/‘[7'7"1'0'/1 Uﬂumhtvj and (o\ffOr) The (U]
is o Tawobian factor, which womesponda to puohing fovward the meonure

2Rkl

GXF(——mﬁLAQh)M r—exp(»nﬂu)z‘z'h— U ) (11.2)

a\ona 3'~U—ﬁ W. Recalk that the index & is acsociated with a ond/ucr
[0)'0]& in some local wordinoten [W, Remavk 214 T andt (1) 15

o be imﬁvpmfecl anecch of these {ocal palehes Mo = [0, b]d o niibuting
addiﬁwe!j 10 avaoxivmaR'f’he postevior.

|
So what kind of—funchon is (11.2) on M = [0 b] 7

each hovizo nrl ond
vewicak slice is e \D

Cocussian wifh zewo mean
ol th U= —loge //

CXP(-nﬁulz U\:) = C

[d=2| kR=(1,1)

_—




sd [y

®
u, 4
£z k- (o)
(
'2—'_,
level el U, = lo<jc |
D& C4 | = Thoa : J
42 logc L GCawvssian i vevieal slice
(’ (/LA\

level cunwe

smlan% Lor kz(bbﬁ. The other caven are Simflavj but he apPuoach fothe
coordinate hyperplanes is move grndual than Gaussan, €3, in k= (0,2) we

howre cxp(—m/wf ) sothe meanure is move S{J\reao( o[,d*a(ovxg fhe u, axis.

Tn hiaherolimensionsj e.9.d =3, 77/7€/DI\CILZ4UP is Similav. We f:fch some subse] of

Yhe woordinale hypevpmvw) (thoxe with the oovwnponclfmg coovdinak of R
nomzew ) place a large measuve along Those hypevplanes cincl “ound
o the corness’ near u= Q. Hf\cil/uev ndies B¢ oneaponol fo Flatfer
approaches along that-coovel inafe .

ld:3>| ho= (Jﬂﬂ) exp(- ufdsus)

level e — Wzbiz M; = '0‘35

Dgcsel Ui Uy Uy = "[Oﬂc

4)

clentiby on (0,6



a3
We now imagine & wolle cfion of such mecnures on sels Ma, each witia
Fheiv own wop 9a M =V o some neighborhood \/ of W, such that
0 wercj\/ﬁe d qum over ol of the F//w)ﬂ%fwaw{ of these measven along ecich g
Q/D/JUDXIW]O\‘\%E/J he Poslez//or on V. To bonow from. (W) Fig 2.5, ig 2.10]"
A
U

Ja4 9 (3.1)
W, "
%%
p \Fu¢le/vior exp( —nﬂ Kin(w)) tf(w) on \/

This Suggwﬁ apo)fmh‘al 3emem“5 ation of imP\ch voviahional inkwmce/

which we fevm microscopic vaviational infevence (MVI ) e fix an mkﬂer
S and let G, . -, Go, be feedfovwaneh netwovks with wﬂ\sh} veckow (O;

whose oqupuﬁJ are |n [Rdam( whore mpuﬁ e in [Ol '] * Fov ecach 1sc & 3

we chooe a vector R = (ka, '--rbwtx e N* and we inhodua additional
U\J\ET%M‘S Ay --, As which ove logi\i fov we\\ghﬁng each netuwork. .

We want Fo 50”’”/9&/ foreach Z/ /ﬁorr\ a normalisafion crf GXPQ— t; "Lké )
where €/ is some (invewe ) %mloemhm/ pass that sample Wvomg\r\ LR
and sum thee omfpuh with weighh fom a soffmax of (ay, ., as ).



Sef Z; = f[o,;jd 67‘/’(“ 55 M/{[)O(Mr We a ssume Sonme ﬁ@e/‘ Wez\ih/’
vector PEW i specfﬁed [aﬂ wn (13 )) and we wish 1o a/o/)boximavte the
pokevibr in a ymald weiﬁbo/f’woo( o P e.9. o eshimae e (pcal RLC I So
we use The ocxt]’/)u/‘a;/ each G, ar a deltz fiom 7? so fhal ouv }Dvobqb///'{y
distbution asrociated 4o M/oammefers (O, 05,3y, 95 ) /s

S explad)

Z‘ 26}({)(0&\)) (G&')#( ét QXP(“"LCCLRC)) + P ([Lf.’)
L= 1 J

where (Gac e means Pm%ﬁ:yworo( along the function computed by the
nefwovk. Ga &

The idea behindl MV L is that inthe sinqulav-cone, 15 not emou\cj\/\Jm
Fhink about modes ancl Giewosians | you need o think in tevms of the
dishsbutions cgo(—n/?bth) on p. O, move gememﬂfjf and how to
SUM jlmmformaﬁmu#%we. By LAVth/eloa/f}y anc The reso(ution Theovem
(e licling Hhe diffevonce befuween Pm/ﬁﬁon c/;'ﬂvmmﬁy aviol the softmax )
for some We;“g%b CQv/-»/ O You can ajupyoac[mai@ he Hume /:;OJ;Len‘or
this way (asymphfically, as in LW, p- 33 ], but fhis emouyl/\Jroaow\puLe
lbeal RLCTs ) ao S — 00, the k(s range over afd 717/1}3)@ and the olepf’ﬂvs
of The Gd} ¢ 90 %)’nﬁm}{"/_

d\4



Remavk  Consicler the foHDUUMg amph;

N

Por xo2 0O welhowe

i op(-2) = ~2xexp (-x*) & -2x + O(x)

[15.2)
d 3\ = — 2 ( L) L Lf)
O—(X @}(P(—L \ = —2x expl-X7) =~ —3xt + 0(1

So the lavgger R, is, The Flo frer exp(—ﬂfa’%b‘) s ad we oz/_s]ovoacl/t the (Hi
wovclinale L;ypgylo)gng M [O) b/j d = Mo . Buf iFis ach/ta”ﬂ the hon s fovmed
meanuve (lI.1) we are inteveated in. Ttis notsimple Jo explain the interackion o
R, 1 in thisformula divecHly  so fo undewtanc how b,k combine Fo clefevmine

fhe local behaviour of the postenor, e Jwifch o fa(/al'nj about volumen .
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EHective numbgrwﬂpammeh’m and the RLCT

Gonsidera VE’?M/C?V model h a ne/\j}» bovhooel of- #he hue Pammdeg which
we may asinmess wo = O, 5o that near W (Fossilolg afte Vc[’)aﬂging wovrd inates )

d
KOA)) ~ ZL—_—_/ wl.z ({6|)

Consider the volume d}ﬂ almosf comech Pammefez/f

V(t) = f Flw)duwo (16.2)
K(w)(f

We knoouﬂ’)epvior ) (alwzonl ) (nvelevant 74Jr 1he /Duypo}eﬂﬁf umc/ew}andmg the
RLCT, Jo%rJ/mla/;”c[@ we tahe iHo be uniform so thod N (€)Y is e volume of

all d—bq,{/{afmcliuo ﬁl/z

viE) ot (16.3)
Hence for a>0, a = | we have
log} \/(ajc)/\/(t)-} _ [03{ ol Edlz/tol/l } on
= logg qty = %, loga.
Hence [W, Theorem 7:1] gives )\ = d/zj ondhe RLCT
Tnfhe veqularcane 2\ is the number of pavametens: We now proted to

\"Jwﬁw‘fg fhe claim that 2N is on aljpvopviafe definifion of the effective iumber-
of purameleia ingeneral, stavting with a puuldly singularcone.



L

Remarke. In the cove d =2 Thevelevaunt, dt‘a%mm s

e graphef K(w)

(17.1)

leve| seb K(w)=t

3

d
volume V (t) ot =1
w) S wy
H:\dltj smgulafca’/)e ..SM/DPDIE NOW ﬁaa) nedy the e e we houre
o/ —
Klw) 2 DL, we (17.2)

where d "< d. Then this mode is S/nyu}a\/} andl K(w) <t imMpores no conshaint
Onﬂw VOI\/;Q,O]M Wd/H) ) Wwd so hat ( with a nice choice (TF PViov and )O(_a[
meiﬁhbowhoud, bul e c\ehi(s don't VV)CiH”‘)

d’ d—d’
{w| K(w5<t§ = Bt.(L(wo) « [0,1] (17.3)

d/ )
where Byt (o) isa d'-ball of mclinn t 2 awand Wo The volume s

V() o £ (17.4)

/
and hence the RLCT s d/z_, The RLCT (doubled ) is the dimension
ot the normal direchions fo W, = fwe W | K(w) =0} pear co. .
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Note that, atleont neav wo, {W) K[w)=0Y hay o frew varable w; for t7d

and hevice dimension d— 0{,) o the V)owna/ bandle is d dimendsional. Hence

2N =d s the YHAMEerdf directions we can VoW Qs whidch change the KL divergente .
Thal is, 2 X1s the effe chive m/wnberd‘ﬂ qumefew i he medel near w, .

Inthe cane d=3, d' = 2 the relovant oll‘agram i (JMPPDJMS Klw) = wi + wf)

n

(1§.1)

i
\
/

\
\

region \<U~)<6) volume oK l’kt

.~ {"7.

\Vi

N N\/

4
A

\
\
S
\
I

Iy w
(
(

)

Qeneral smgmlarcam mgemem[ while Wo = {w

K(w)=0] is aeal amlgh‘uef

it is not o memanifo)dJ andl neav a Jingulay )DOI-VHLﬁ?QV‘E’ is o naive Nofion of a
“normal direction”. So we cannct simply count the numbev of- novmal directions
(H+ the same recion f%eﬁbularnei7hbo/hbac/ Theorem fauils in a@elozfal"cycomeﬂ'w )
s we have done in (17.1)  (wheve evew clivechon wany normal, an Wo wan a
FDMf) and [/{9.}) (wheve Wy, wan a line and Theve are foro normall dlive cirons )

Remavk. If wo €W, isa nonolegenemfe cviteal ]Dofnfmé Wo (neting that
#’&)aolegeweva%e 0neo hawe meonuve zevo, So his accounts for “mosk"
Mepammefet/s> then the Ipcal A near we will S/m/o(/y be C//Z
wheve i the number B normal clivections #o Wh near wo,

[ar W looks [ihe @ submanifold near wo )



However the volume raios, which give the dimension of the novmal bundle in the
v\ggu[ay and {(mi/dly gingu‘al/” s, ge still well-defined and 197 [W/ Thm 7-1]
N = lim 103{V(a+)/V({~\] (a>o/q=f:|5
t>o0 lbjO\,

Heve i's how to think aboat this - suppore someone gave t]oud’he, |oss suvface
{(w, KY) [weW ¥ and a Poin)r Wo €W. You stavt computing volumea

N (0.99E) ) V(£) for some small valuen o . This involres cutufh and prov
bud The vodio \/(D'q%)/\/(t) is loa/)icalltj }V\c\epevxclem o these And

that someone ;cujffvyoq . if this weve a mildly singular mode!, what would
=B
the dimension of the novmal bundle be 7

ad is, what dimemionaiﬁj would these volumes have , i they were d’ balls
for some A" 7 The answer o this question 1s what 2N ogmlamlrefz) hence why
Watanabe vefens to this o volume dimension in [W) Remark 7-1]

Of coune 2ZX need not be an integey, but7his comeapondn 1o the factthat theve
5 o “tune" ormal bundle, so theve cannof really be an integral e fective "

aumber of Pava)efew/n a sinqulav model at a degenerate curhical point.

Remavk  The RLCT is mot a measure of “Flatneas” in the same sense as e 9.

the deferminant o the Heasian : noke thot in the vequlavcane it s 5
vegavdlens of the eigenvalues. Tnstead the RLCT is a kind of "count”
A the number of Flal divechons, aflecs} indivectly | since

small A =% small normal buncle => many fakdirections.



(Sc\(@

Leavming oe %'cievﬁ VS jewemlimﬁon ewor

BMPPofeaAabouewve howe (P/ q//\/‘//\f) and cew wm?)ad/ UUH/L\ c((x)
malba\o)e \/)ﬂ Sd0wWie Pamvm@%\f wm C) leb Ac be the Ieaw\'mg coe%cfem} 'ﬂ)f C .
Then with (f’/ ‘L/C, jo’) a/)ocArMPMf'ﬁ? [W/ §6] we hewe Cod‘)QZ))

)

ElBF] = =+ o(w) (101)

wheve Bgc is the B ayes genevalisation enor [w, (6.07]. 8y [wW, Py 6.1
Bjc = Ex[ log q(X)/fw[(»(XIw)]]
wheve [E x weans f7(%)t—3 dx and
B[ PO ] = [ plwlPn) p(x]w)

)

= ZVO‘J F(Xlw) exp (‘_V‘ﬂKw (w) ) dw

(s the C—renhicted Pvediclee dishibution . So BjQ is Yhe KL divergence behween

fhe fwie dishibution and the C-veahicled predichive disthhuhion, and the
shc\r\aﬁjﬁci\j nvolred in sampling D makes Qjc a mndom vanable e
expecbﬁon in (20.1) ml—agrak_/) out this H‘ocl’)mh‘a’%d,



)
&nc[msion - The bla ))icjruve
So he \pu‘chwe is%eqcollowinﬂf Supposing aL]s realisable by (}D,V\/)J The
seb Wo = {weW LK) =0T s nonemphy , anch in general o womplex
real analgﬁc set with mmH—iP)e (/DWIPDVJZVHj and :mju(am'ﬁm :
(2]
@ |
Wy T
(e o Cq
i 3

Shown ave three PD’mh wé)wjl W, wot € Wo anck compach =W
oomhm\ng%em e point Wo! 75 anisolated zew of Klw) and while

- maw) nonetheless be o clegenerabe cuttal point, letus tmagine iF o

be nonc\eggmmﬁ Jo XQ% = d/?_\ The Po“m+ L/Uég Is a ymooti Poiv& o'ﬂdu

Wo ancl looks PeV\V\O\Fs ke Hu “willd" covze above, e (ocquﬂ K (w)= Eg:,walf
with Acs = dl/z < d/l) and locaMAj ' honert novmal cljrections

to Yhe ret 04) Hme Pammgfem_

Te. point W, is A move complex &'Aaw/am‘fy) and w, move wmplex SHill,

Jo‘ﬂllak W‘f.’/ha/\/\e
) A, =
>\C\ < ANeg, < cx < Cy 2
Hene at a given dattset size, we howe the rame velodons hip botween

The @wﬂ@iavx 3enemlffoﬁon envrs. The models near wo howe the leask number

o effechive parameen, or dlegrees of freeclom, andl generalise beat



