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The cevitral 5hfemeﬂ¥g£singular /eavm'ng ﬂf)eovg is thal the Bayw jgnem/uc{h‘on
evror of a singular model is defermined by the RLCT, and in confradishnction

Jo the case of requlor models, the RLCT is nof dleteviminecl by the number of

Fammef@m in the model. (With a fixed class of models, the RLCT vavies an

the fwie dishibution vanes. Tn commecton with this, Walanabe [w, §7.6]
makes the remarkable, and somewhal cyphic, statementthat

simple function <= complicated singulavities
(1.1)

(/omplical‘ec{ funchon <= simple Smjwlaw‘ﬁm‘

Heve “function” refew fo the we distabution, ancl the complexiby of

a Smg(,l{aw'}y is meapured by the RLCT (complex smg(/llavih‘eo howe smaller
RLCT_S) Stvice Kolmoaomv oom]a]emf\j) and ofher wmplexﬂy meaIuves,

lie at the he avf'oﬁimﬁoymaﬁon Theowy , The above statement is

pofentally one of +he deepest insignts of statistical leavaing +heow

and information science, but itis not widely Rnown

T order fo make Watanabe's discovewy move accessible, we exhibif
imthisnote The wonnecfion befween com lem’r’yuf%umcﬁonfano(
wmplaxﬁy o% 5injmlaw‘7/7'wm what we hope is a simple and
hanspa rentway by emphaaising the vole of_ggw}\y_

A highly symmebic funchonis simple, because i can be descibed with

less information o votationally invaviant function Fy) may be descibed
an afunction 9(") Let ws explain how highly Jymmellvic fwie dispibutions
Q(SJX) lead fo small RCCTs.
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Remark  Recall the RLCT is o imeasure of “efective numbev of Paramefew” n
a wode| clore fo the most oomplexaingulaw'fy of-the set of tue pavamete,
inthe seme that in local coordinates uy, -, Ud the retof fue
Pmlmvmefew i w = = Uy =0 wheve A is the RLCT (#his

s only shactly hme in the “mildly singulov Tease, eg. veduced ravik.
regvesiion ). Since vawjing the remaining Uaas, -~ Ud doean't

clhange the “ft" of the model, we do not countthem an Jbamme?'"em )

We fuke The Jame J’ej'u/D as The “Fisher for feedﬁ)rwarc/ " nokes @)
buf wheve f(x,w) is not V)ecwaw'/y a RelU nefwork. Thewn

Klw) = fé(/(y[x) q(x) log = chedy (1)
We do not assume the fwe clishibution is realisalole, sel Wy = fw] Klw)= o}
As discusred in G4 beginning =n ,D-@) for C €W wmpact (ignoning privs )
f WeNCFF Fhe local RLCT 2N is o meaqure of The effechive
codimension of We) C in C (vew voughly ). Tn pavticular,
it seems reanonable Fo assume thal the move directions at PE Wo./1C
fangentfo Wo/VC, the smaller The RLCT (fhis is shictly hue inthe
“ildly singulav " case frwom D, f@)

Suppake given & guoup G, and (oot nec. ontinuouws ) occtionss GxW— W,
willen (9w 9w, gnd GxRT— R” wiiten (3,%) 9o~

Det™ We say the paiving £ RYxW — R™ & G-imvavianr if
flax gw) = f(= ) (1-2)

']CDV_C(/LL x e RN/WE l/u) 3ea (QC“A('\/. Qﬁ(ﬂx)w) = F("/ﬁ—"’”) ﬁ'f 01// Q[(W)g)A



Eocample 1 Consider a fuo layer feedforward Rel U net
W b,
Nz Qi
W - (2 4)
. . T2
WL)_ b?_

wih W = EK(O) = 'Rcl fov some i, N=2 and M =1, and

w = (UJH)W‘L)WZU Wza ‘9‘/ l9‘"—/q”)01’7—/ C ) G[@J’PVV‘V}MW@ ‘FDVJL: (11,7(1_)

JC(X)W) = C{” RCLU(anl + W 2o _)'L) B

(22)
+ 9 RelU{ wae Tk vaa Xp + ba )+ C)
T <0
> O
o‘”_7 0
(w2 W)
20
20

Lf’ﬂL = 0(2) act on (RN: ’Rl cwwmal, and on W by

9w = (3 Wie, § W, lm/bz/q\\,ﬂn/c\) (2.3)

WMCU\@ Wlo = (w‘UWlL)T/ Woe = (WZ\) UULL)T- We C,(CI/‘VY\ 7"[/)0}
Jf RNxW — R s -invaviont, with wy)Ped to these actions. Wviting
<7 Hor he dot product Hhis follows From



Sd)r

jt(ﬂ% gw) = 9u ReLu(< 7 W , 9L ¥ by )
£ quRelU(< g wor, g2y +ba)+C).
- quReLu(<ee 2y o) o)
+ 9. ReLU( < Wae, x>+ by ) +Cy

= jﬁ(x)w)

More 3emem(ly r

[emmoa Let JC ")RNXW — RM be a ReLU yetwovk 07.0 avbi%mv Olep'ﬁ/t)
and Vepvz%eer W o W, x W where W, = (RN)CLW@ fhe w»eighh
in the fint layer:

e |

w = (WJOIWZUJ__—/WAO/W’) € W
: N
®c (,U.“——(w;\,,\,waN)G(R

(/Ue,(f,{' o= O(’\/) acton /RN in the standavd way , ond on W/ by

Cox W, xW' —— \/\/,x\/\/,

(q/(ujl')"'/uuot'wjU)')l—_ﬁ (g LA')\'J"') 3 WAQJUUIB»
Then £ is G ~invanan].
M Tnthe —Ffwjrlatﬂev) 'F wmpu\-w pve ~achrafions an

x* — <<W|-,1>) -- - <(/O°(.,3C>>. J
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Lemme. T [ is G- invadant thew P(UI 9%, gw ) = plylx, w)

L op(~tly-Fe *) g

Podf  Clear since [yl w) =
T (?—ﬂ)
Pﬂpoiﬂl Lel (L bea group achng on R and W suchthat £ is

Ci - invavant and

() 2(9)92)= L(¥)x) forall xeR", ye R g¢ G

(i) 4.(x) = 4(9%) forall xe R", 96C

(i) For qe G fhe action g- ()~ RY—> R is 5pmooth
wnd | det (D=1 for alk 2e R

Thea K(w) = K(9w) forall we W, ge G

9(91x)

m dxc(j

Rodd  Klgw) 2[%(813&)“[(9‘5 log

:J‘CL(B\J()C](x)(Ug Ol(k”x) dldﬂ
‘ﬁ] fjlac w)

= fﬂ g]g9x)q(3=) log Ayl dx dy
JCAREAD
Sivice ﬂ(”) - IRN — IRN (s jVV)OOﬂ/\ av\ol \oijccﬁme/

E)
_ jaL 917) 4(x) log (v\ — LT )6 | det

= K().Q

60!/0“6{5 The level sek Wo € W ave C. - invaviant .



sdl s

G)
Example 2 T the situation of Example 1, we assume 0((1) isan O(2) —invaviawr
dishibution on R®, €9 a novmal dishibution centered atO | and
an example of ﬁ(d)i) Saﬁ&ﬁgmﬂ VMPOH’)%)\X (1) of the onposi/‘ion )s

I

o oe(-ily = 1)

wheve 1~ = ”x ”/ ﬁzr any onfi nuwows ][Mmcﬁ‘w\ h: [O/ 00) — R.
Then ﬂnePwFosiﬁon applier and all fhe level sels W ave 0(2) ~ivvavamt.

q (y]x) =

W{fwb(em heve isthal an O (2) -invaviant pue dishibufion whidh i
nonwonstont seems not 4o be realisable by a ﬁn;%e—cle/m"h Rel U netwovik .

Flowever we can consider pealisable twie dishibutions which ave invaiant under

M@ Jubauoups o< 0(2).

ExawnE}e 3 Lowsidev a p{e/pﬂlﬁuo RelLU network j[(—/ w)’ /RL — R where the
%ypefp)ame/) dWie, x>+ b =0 (f-lccsd indexing o
node n the fv)l- hidden layer) are mot/)/)eclﬁ) one anoether

by o finike ubgroup G < 0(2) geneated by rotechions by L%). e.9.
\17,
(£1)

Hy




This is a wonshzinf on wWe € W which ensures Fhal 1 (tj ID‘) = ]D( VI EATE )
sabishes the imvaiance wndition of fhe Puposition on p. @) for g€ Ci. So
Fhis twe distabubion is both G-nvaviont and real ]JO\[) (b\‘j conshuction ).

Move jememy et G & O(N) loeox]aml}e mlogwuf C=<9) and Suppose
%emeﬁmod\o\uﬂ\\;\em loLjuV\e\SH‘s U\)—((w ), =, /ﬂ C.)mm

(€1
9d

such that fhere « mPevmuhHOn 2¢ Sd with

\ cchunc%om — IR for (= ( & A
Lwin, 3 x7+bi = Kwre , 27+ by (6.2)

() 9eey =1 for lesc=d

Thewn d
Hgxw)— g + qu ReLU(<win g2y + b ) (o)

- ¢ 4 Zc\ Cf&(c')ReLU(<w b(&.)£>* \Oé(c)B

= jC(J()UOo>_
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Nofe that condition (i) can be redlised by faking all 9. equal. To veanon
about (¢ ) leF wy astume nove of e W e are zew vecto s, Jo

L Woe, =7 RN’_9 R iumy‘ec}im and )RN/K > R whae Kisthe kevnel .
Let LR be mdhthal SWe., =€ > = be Ther

Lwi, 2>+ b = 0 < <wie, x—17>=0
ond (6.2) 9 ec(u'lvalemufo (W”%”‘j b= J 3/175‘)
<j’\wg, , X - ﬂ/\ﬂ> = L Wew)e, 1—hm>
which we can awange hy e.9. 34002- = Wer)e  and T‘ b = té(c‘).
Lemma. Let GLE O(N) be aﬁnilegvoup \7enem%cd by 9, and suppose

(Wie, -, Wd ) E(R™™ and (£, ,t4 e ((R"’Yk and 3 € Sd
are such thaf

(=) 3~\wa.= Wei)e Aorall J=csd
(o) 3_\(:L = fé(a) for alk ES-U

Then let W, = ((U‘)L-y:\:fl ) (—<W3°)€5>3(il ) (q/)id:f y C>
be the Pammefem—{;ov o "‘\/UO"lOLj{V fea dfovward Rel U nwetw ol
anin (61), fom RY— IR with biases b — —<we., b 2,
anc 0(’ceR 0\v/|0|'Jrvan-Tl/\en

jc(jx) w°> = f(ac/uuo) \7‘16“3\“’

Pt Same calculation o) (63) e
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flgmwe) = ¢+ OLZLLI RelLU( L wie, 927 +L¢>

c+ g D0 RelU(<win, g2 -be>) (54
~ kg T Re(< g (w2 ()
R A P

= f(xwo) . 1

Example 4 Tovevisi} Example 3 move toncredely | ler 9 € O(2) be o
\oj %% shclochwite ‘fov ©me M= 3 ancl leF G = <97y = Z/VV)Z_

Lk £ = 37 (1,0)" wheve 9" s iokation by Tuxy define

also (WO .o
Xy
>~
N / ~ \ Ho m=6
W/ A > Wie _
A Ha 1=)
/ <0
t)
A > 20
8.2
\ AR
N\
~ Hés{1|<wa./1>+bi=07}

Then j')w;. = ﬂéﬁlé, = Wa)e and 3—1{5 = Tc—r where indicen
ave veod moclulo M, so wih 2 e ujc\rg?evmmb%‘on ﬂm\/ly]?oﬂ/mw hold.



‘[;Ahm% 7(3\15 = FU)X/ W°> fov such Wo conshuds a Z,,, —invaiant
realisable e dishilboution for any 7 2. Netie That this hue dishbution
s vealisalle for The ReLU avchiteckure with ¢l nodes in the hidden layer
«Fwavnj d=Zm (hhmg some c’¢’5 o be zew .

Consider o Fuo - |OLer RelLU nefwork. avchitecture j[ )Rz XxW——> R
with d nodes in the hiclden (ct\tjerj where W s wmpad and O(2) -invaviant.

Por m<d let qm(ﬂ]1> be the Z., -invaviont vealisable fwe clishibution
wnshucted above cnd Ay s RLECT velative fo Jome Fixed Pvior.

@T/‘m ’Am 5 a dtcmcwimg Ffunction ﬁgm.

Less 'form oluﬂ

A move S\jMVWQMC e dishibubion = swalle RLCT

“s\wpler function” " more wmplicated singulanity

Tn their publishecl workon RLCTs, Watanabe and collaborafon fend fo focus on
rather simple tue dishibutions, becawe it is alveacly cliffrcult 4o f%eomﬁ‘ca/{y

analye the RLCT in these cases. However the deep iclea on p-(D is bestillus pated
with move infeveating fuie clishi butions, and expevimental agvoximation Jo the RLCT.

Remavk WQJ’MH@ the applicahion qﬂgmgular /ea:/nmj theowsJo Re LU
nefwovks by the “Gudt RelU Hick "

Remark  The idea of sfudying figuves in the plane. jn connection with !ovo,oav#eo
of neural netwovks s inspived by Minsky £ PO(/DQW”J bodk

A Per(elof'wm - an inhwcluction fo wmpufaﬁ‘om( 9eomeﬁy "
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