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Tnis nole is a confinuation of “Sinyu/ar Leaming Theow S ! @, wheve
ayoarﬁcu/ar class of models based on feedfovward RelLU nefwovks were
definec. In this nofe we f%eomﬁka/{y clevive the RLCT of these models

(oamoc/ with the Jymmefw‘c e gis hiloutrons.

Recall pom (6:1) of @IS fhal we wonsider o Fwo—layer Rell nefwork

s cl (H)

)

9

and the oovmpono!mg function
fRxW—"R (1-2)
q
Jf(x,w) = ¢ + ZI.:‘ i RQLU<<W1;¢ , %7 + by >

wheve W = (Wl-)---) Wd., b‘)‘ ~-)\°°l) Too-- c("l) C‘)/ and W S (RLH
s oompacf'. (We demo]Le [ij Hl; he qfo(lowing 5V\[’°5J30LCQ

HC — ix@ﬂiz l <Wi0]1>+bd_—-o} ((,9)

We assume the clishibution 7{7/9() s realisable , and H/mfapwa r
bs fixed which is nonzew on the sef ot fnae /oammef‘em.



The wodel class s P(U[I/U") wheve («F& “Fishevr for feedﬁvwavzih)

I

oLyl w) = T exp(-;‘_“ § - P \\2) o)

(27

and. he Kullback — Leibler distance fo the e dishibufion is

K(w) = [ﬂﬂx) q(<) | chedy (2.2)

where 6](96) Is a chosen onbabz'//'/? olem/yy Funcion on R* (We are fint of all
inteveated 1 the set o frue Pamn/lefeh

W, = {we\/\/ | K(W)CO} (2.¢)

which s wonemp"y log lnwnoﬂfv enis. The due st bution we consicler heve is imp/‘yec)
loy, but-different fiom, that in GdID . The veanon fov the change is that the L/
s\xjmmaiMj Mo Ionaer oppears cenhal.

. o )
ﬂn\jPoi’beAU L we suppore 3iu\en on /wfeger lsm<sd gnd lines Hf)j..-/ Hv(n < R*

‘1'09@””?" with chasen W(:z S IR-Z and ’O(L-O)G R ‘j";:r <z < d suach thal HL' e

sAhe hne defevmmec{ [Olf w,;tol [o\(:o)a/z n ((.3) (nol‘e thalsince He is a {;’t/)e)

(o - (0> (D) )
Hhis me ans UUL'.)#;O for ISbgd) and H: #HJ' whenever Z#J . Then

9(91=) = plilxw™) (2 1)

where ()u(o3 is the We,‘gH veCtor (assuvvlecl‘l'o be in the inltenor of W)

i3 () (0) (2) () >
W :(WIOJ"’) WMo)O)"') O/ b‘i"vbm)o/"'/o/‘J"'/I)O)"‘zojo
—— —

d—m 122" cl =
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(21)" @XP(-illv—gReLu(<wg°3,x> +57)| ) o)

q(y/)x) =

so the e dishibution is agenevic model de fevmined by o RelLU nefwosk of
o\e,Pﬂ\ﬁ/vo with M hidden noden (ﬂ'\e\ralufm of ¢ andthe e not be mg imPo/-]-aht)_

Debinition  (iiven w,w'e W we define

(ylx,w')
i g ledy

R(utoo) = [ plalmor) 16 fog

Pyl o)

sothat K(w) = K(ww).

(e ca[cu[ﬂie

K (whew) = fﬂ(%) o o)y =Fee 1Y)
exp(~219 = Fl=w) II7)
Oﬂ ' " C(J(Clj
exp (-5 y = Fluw) ™)

l

- G [1 e (-l e )
21 Iy —fED I = t\v—qﬁ(xlw‘)nlf‘{idj

Fix DCE\RL aVl(L J?_f' u = kd _’F(xjwl), a = ’F(x/‘“) - ‘F(J()w‘) Jo 'H’laf\

[

2(27T)lllja1(x) K (w',w,=) dx %—2au+al741
iy o) feee -

K(W))W> =

2

= a Jexp(%dl)&w —quwexp(’iulxd%
- -—

Jar o



Hence ‘OY] standavd techniquen (ree “Fisher for feedqforwavat“ﬁ

Klw,w=) = Jzm a* (4.1)

Hence

Koy = 5[ 963 ) $ed — Pl Fdx p

Nofe fhat sihee F{xw) is piecewire—lineav, on quh‘ﬁ'om cleferminecl by al otk
a [”UPf"P}W’fA, +o defermine if Flxw) = Flxuw' ) onall £ IR it sufficesFo
compavre their valuer [n some wmpacf wel\jthMVhooo( 2 O. wl'y%oa/‘a/fempﬁf)g
4o wahe quspveche (af the moment) we cussume q(;c) is f)on'ﬁwe nh a lo{g
enough V\eighbouvlaood Ojl O o that this Lompanson sufliwn foralk we V.

ijoﬂﬂmis IL- ﬁ)r q/(i wE W) 1(13 s suchh Phat |<(W§ =0 7[— andl owlu i/-

F(xyw) = JE(I;UU(D)) for all e I

So (4.2) should be recd as an asserbion ot fheve are many natural

chiolen for q(x) sa%sfgfnj Ht/poﬂ/w)s 1. Hence

Wo - {WEW ( Jc(x/u’) = (}C(m,w(b)) 7%»'01”16 lRL} (%3)

whrch reduces the onlolem of clasm’ﬁjinﬁ hue Pmramefem fo The pws blem of
c[aﬂif‘/mfj wf"\a\ﬂh we W mpﬁﬁﬂcﬁor)a/ e7otl'va/eme ot the wm‘y)/oondl'v’y
RelU nefwovk . v #his we use LPL] an o sfal/hhgpom}.

Remavk W hat we have said so far 3enem/fieo fo RelLD networks af avbifvery
depth computing functions R”— RM
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Fo\d sets following the nofation of [PL] we define the fold set of o continuoua

P\'ecewwe ~lineay ﬁm cfion f R*— R by

Flf)= {9‘@//21/]&/}5 nof ditfeventiable at x §

9"’_{\ Ciiven a plecewise ~lineav L R* 5 R ot 1Ualuen bethe domains n R*
sudithat Ug Ua = RENTFEY. Then for each o theve ave unique w*e R*
and b* ¢ R such that ]C(3t>=<w°()17 + 6% forall AeO .

14\ ()

Examg)e B‘j htdpoﬂ)wis F £, w™) ) — Ua:l H,;.
Nole fhat in gevxemi, for weW some of the H: may be emply | or all e IRZJ
ond even it they are all (Ines the fold set may be a proper dMPerl—ej‘O}ﬂ U He,

an the ‘Fo”owinﬂ example shows.

Examg]e C@mfc\ev e v\e;}onlQ J‘(l)ws = © ¥ § Rel L (003(1‘)‘ UUIIl + b )

w\nom%lclm} [\5) asw\miy\ﬂ CI:‘:O/ Hie \\e WX |+ le,_+ L= 0.

Next we consider Hie simplest cone, wheve m (the number of hypevplanes cefevmining
Hhe e dishibution Cf(y <)) is eq ual o c (the number of hy pevplanss “quailable"
n e model),



| Case m=3 J Suppore f(zw)y= JF’(J(/(A)(“)) as funchons on IR™ Then

F Fow) ) = Ht.oju --- UH,,

whichimplies That (ww'ﬁ‘nj 99,9 ¢ +or mepowemﬁof c/u) none of the 9c ove zew,
and none 0{ Wie are zevo for 1< CS WM. fuvther %emzsaloevmm}qﬁo;« 2€ S,
such that H; = H? for =t =m

Lemma For w, w' € R* and J[J)E,G/R we el

H o= [xeR*| <wa¥ +b=0]
= {16/Rl/4w1)yc>+(o’co}.

Suppote H,H' sue both lines. Then M = H " i and only i theve exisk e R\{e}
such that w= >\ou// b=Xb’

M One direchion is clear. Sinte w =0 we can find unique st Cw,b>=-— b)
andl J/-milavly <wht'y=- it t avuttiple o w
andt’ a vvle—ip]e_U*p w! Then t € H, e’ ound

Lw,x-t7=0 & xelH &
& xeH' N
= <w',3c—t[>=o

HeVLLe <W’/ i ’t/> = O und < W, €- t’>: O/ Jo /1C C/u,uu’ ave
'neaVLj independent t = t/, which is a wonbadiction sinae t e spon(w (w),

t'e span(u'). Hence {w, g s hneau\j depev\dew\v mj w= Nwl. Then
=< t> = Lw,t > = A<wHt'> = — XY 50 b=12AL" 0
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@
I follows that ﬁ;r [£ LS M e exich a (U\V\“{W’-> A € Rso and €€, i
(o)
w;. = K (1) Wy, . (71)
by = N (-0 o,

Hence
Llow) = ¢ + Zj:[ﬁgReLU(<wz.,x> + b )
E¢
= C + Z_y-‘:\ 9¢ RelLU( (-0 { Lwe = + lﬁ‘;:)}> (7-2)

= ¢ t ZC. Qe N Rc\,\)<(")ed{<w6(§71> *'bioe\})

Us{nj w we may asiign an onientation fo the normal bundle of the |-shata of

F( F»)) in Ri accomh’nghﬁu divection of the velevant we, . Move precitely
et xe S < F[’F(ljw)) be O\POM)' )w&{_,.’SMb 5, which is contaived in He
Then (.o giver He direction in which the owesponding Rel) i octive "

(7.3)

Fickincj zeU=Uz vU= small enowjk we howe f(xw) = LwEx> 5 Lor
xe U™ where wh—w" = Cfcwi,- : ﬂ/\e]ooivﬂ' heve is that W= w’

may be inferred from the funchon ja(i,w) loy loolainf] ot ik values vear x,
and hence so maj GcWce



Gl
Exawple F(x, 9 w) = 1 ReLU(w=x) has a decision \oounda\,«ﬂ at x= O

with wormal vectorr + iF w2 O and — FF W< O.

sloPe qw
—
> oC 3 DL
—
slopg__ qQw
(,U>O) "‘70 (/\)'>O)0l40
SIDPLN
AN 4_ N
— o 7,
slofe
CIW

0 (]
w < /0[7 W<O)q<o

Escample  Considev the nehwovks

- ehaoih & (Fudh)
ReLU(z+1) 4 RelU(—2¢+ 1)

Vuzj}'l/\/o/L. 2.
— 24 ReLU(~x—1) 4 ReLU(x—1)

—xtl 2 : 2+ el 1
’ |

m‘l‘l/l/o/L_ P
0 x— |

The line R isdivided\ info vegions U = (-o0,—1), Ue =(=,10),Ur= (I, )

and bofh networks have w*= -1, wh = 0, W = | butwe see Fhat ¢ =6="1

/

so this is }DOJJ)(JO’Q<
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@
This means et ﬁfeach [< (s vt we are in one o fwo canes:
(o) . . S
(@) €.=0, 50 weiu, ;" are the same clivection, avcl I Wie = Pt )wgg(b.) So
D)
711 D)
W,e = 7—b (/UgL,/. (Q-f)
° . . . . o (
(lo) c =l s ng.)wézf. ave in olo):on/lﬂ c{/y‘eUmeand ?éwo- - /C(c,) 5;/0.)
(o)
Wee = _it_ g.(b) (1.2)
3 L/'
= : (©) _
Tegetuer s shows Hiat-or 1< T (nofing 4/7=1)
(o)
6,_'7i (o)
wie = (-1) ?’L."wza/. (q.3)

Compam‘soww)'{“k (7.1) shows that 9c mwt be Posh‘itﬂe , hat A= \/ o0 anel

e '7.(0)
by = (1) g by (7:4)

As the example on the previows page shows, it is nof vuummvilg the cane that all €¢

ave zew . Bul thee mag be nonzewo on(j under ;/oecial condFons :
. (o)
Lemma Set F = {ile=13 Then de;: We . = O,

X
Froof Wit the nofation of /9-@ leb U be a domain anel let d; be + 1 3f
this domain is in the active region fov the RelLl with vector wa){Z) In
m V]@]‘WUDL/}l w[O) wmpu#nj JC(Z/(’U(E)) (JO <W¢:/(O')JJL> '{—b[&) z O)/ G“’lCl
2ew otherwise. Lef J;x be +1 if JL-O( =0 ancl O otherwise. Then

o 4 —<
ZA 5. W&f:/). = ZJ#F(&_%WQ + Z 3 GWe, (1.7)

6 F be



Hence
Zm, §”, wz,o, + ZLC? § .. ;).
Zlér‘ &gb wéc T Zcepg (- Wzm>
hichinglen Dzer L 8513, 10357 = 0w cloimmed . g

E;LamE]e Consider F(X)WB de+evmin3 l/u:)PevP\ow\Q/) as shown; with vechy

Wie) Wy, Wy, In ald six regions some RelU iy ackive

\ng}-Cl _f_ll

Lot bs ¥

\07_4‘(.( ‘0\*‘”L+C\

S uppose the funchion flx,w) is hnown, 4’03eﬂaevw(%\_ flw 92, Wi, and h .
Then ¢, may be Found by e\/a[utod—l'nj

o = Fe) = 27 9. ReLU(wyn, 27 + be )

atany poin%of R% One way of Pu/ﬁng this is that if gour know the clecisron
boundlaies andl onentationy, Jomév)ow how qu ol o(lo vaw achws boundardes
and hene forany xe R* youcan defermine 25 1) by +¢) (jranging over active
lhdl&0> by examining FOyw) (e thiis o™ in Hhe nofation of P @ ) and
then subbact Z-J ”{J )

sd1&



(0)

L@VV‘W\Q Se,f’ F; {i(€L=l}.77/)en ZLGF’ bgu = C .

frodf By the same argurmawfaa @imm for the u/f/gloﬁ

Zié:.loi) = C;‘i—Z,L\éch(:O{;loé 1—256[530(
= & f Zmu:é& bse” + ZEGF (f ("9;1))
Hence ZieF[§é §éL ] b(c’) ) asclarmed. [

Nofe iattlie lepma app//'w even it F s emp%/) o show ;= O.-

Seb X = {(XJOIBER>O ,>\‘1:1} and lef

P — { c Z{I}_../M}'_)Zz \ Z/ Wiioj =0 }

=1

Our convention is that fhe emphysum is zevo, o € =O is in P

P»oEoJ/Jion In the cone m=cl thewe is a b\y‘gcﬁon (Sm is the sef o Pevmwhﬁ"oms

~

Y:XMXSM¥P—_9W0

(a2, 2) = (O 22, »
<’>\ Cot) nm( ) (613‘-:‘ )
St )
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_Pw_cr@ The funchion computed (s (wm‘Hng E/L = éea)

/

) s €, (o) R
Z [9:0 + Z,':(RCLU<(~() {<Wz,e,. , = b(é)c: }> (12:1)
Gi=1
Thi's han the same foldsef as 7, w™ ) and so it sutfices fo show
fhat for each open domain U bott (11.2) and F(x w') determive
fhe same WO(, bO(. Lef cSL'O(} ;:( be an on P @ (;o ﬁnetj ove revtelﬂ/’."\fjfo
JC(X;W(O))) Then fhe “slope” w* wm]oujred by L12) 5 (F= fcl e!:]?)

0) — £ 02
Z Szwzé. + Z géc- (”W;c‘,.> (12.2)

(¢ F cef

2 S wasy
wheveas the sfope omputed L:g ]L(DK,UO(D)) s (02:e Wae o However
5

= 4 o)
lmj L\HPOHI]MU ZLGF [Jb?‘l— J(:i ’] UD["\/ ° ZiC-F Uul:d).: O Jo ’“’uwe ave eclua\.
The ({/'r\fercepf” [00< (,ow\l)uf-ec\ l”j (ll,2> S

2oba + 285k + 205507
CEF 4 F ce =

L (&) < , ()
- Z;eF Cg& IOea T 254:,: d 4. by (12-3)

= 2(;5:;[92?

whidh is fhe /‘ﬂ/‘che/D]’(/om/Dt/tfed btj Jc(x/ UU(M ) HQVIU_ JB(X/ LU(D)) = F(ﬂ(,w))
wheve w s the vector on thu RHS crf ({(.1). Ivjecﬁvi*y it clear] since The

hypel//o/aruw 31’[4149 e decision boundcivies cue distinet 5o 3 may be recovered,

and us alo € S\Ajedﬁvﬂvj o llows from what we howe said above-
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5 €
Definition Fov 3€ dm, €EP lef W, S W, dencte Hhe image of
Y rerbickd 4 X x {2} x{el.

b € ‘ .
The subier W, S W, is a submanifold and W, is the dirJ‘om/’umon over-
all 2,6 of the W€ Let C¥€ e a meacf nezglnbouvhoud 4 I/l/oé'c—[m W,

which does not meef any olther component W,,é//e./ Recall the [vcal RLCT o p.& G198

Definition Lef ’/\6/e denole the /eavn/'nj weﬁf[c/en/'a—f (p, ‘?/‘f) respicted o Cé,?

Recall that W hew dimension dm+ L.

PI/OEOSZ‘HDVL 7\) = m+ J?:) for all 6, €.

Foc  Since W. s o submanifold of dimension m [W) Remavk 7.3 ] gives
he mec(ua/n? >\6/e < mt3 o[ivecHy_ But-for eq uah’z‘y we neecl fo soly
move. Set ), =CC qucllet Ap be the sheaf of veal analyh'c Functions
on b and 7 the ideal sheaf generated 19\7 K so that the shuctuve sheal
of \/Uf’6 s An /7/ We claim that W€ is reqular r@a%amaly%‘c an’e/g/.
This follows from the (R>o) - ackion on S, being Fransidive on W' s ince
fhe singular locws s closed (in whafever fopolgy you (k2 ). Hewce af all poinke
& WS e RLCT /s]uﬂf half the codimension. [, Theorem S-1] .
Note that the shuchure sheaf on Woé' 6cm o ma/—qwa{gh‘c \/am‘ey (s notde ferminaed
by W:lea/) a subsef and # is the shuctuve sheaf which de fermies wh l'chloomfj
of +his mbvaneﬁ are vegular (at avegular point the RLCT is the codimeniion ).
Since we hawe not analyred K e cannot Jay much aboul Oue divecty -
Howsever faw sinqulav locan is closed [ H, Theovem 53] so a generic paint
of lee mwif be ve(ﬂa(c(ﬁ Since ((Q»)m ack Han Jl'{iw:(j no Poz’n/‘ir J/)QC/U[)

50%7@3 muatall be 3enevic hene vegu/ar,
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Covo“ag T%ealoloa\ RLCT o (P; ‘7/30) s Mt3
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