Po(gmoymial fuv\()rovs and ?Dgfc @

Tniis note we fentatively egublish o connechon behween stick pofymown“a/ functon

F : modp —> modp , forkea char.0 alg.clo;ecl f-n\elc:!) and neav /vgfc. Lef mPT,i
denote the ca]"egoly oA finilely generalec  polynomial funchor of degree o, und modk
the “univenal envichiment” of modli over the categow) oF k-coalgebvas  (rex below)
We show that theve is a fully faith ful functor

repr,i e > [ lmode,modi |x (1.1)

wheve for R=lnear categorien .8 wewile [EE [k forthe cafegozy A k-lineor funchon.

The connection fo lineay logic is cvr followws. lonsider fhe 2~cafegow U of R-linear calegorien,
k-linear functon, and natural honspymations. This is (almost) closed monz)/‘cla/(/w/‘ny [-)-]r
and ®k (but modulo set-theoietic 155ues ) Fpy any k-linear categow) (5 we denofe by i

the univenal k~h’neavca7‘ego;/y envichedl ovey Coclg whichmaps Fo T i NR) via a funcor

d
I —— ¢ (1.2)

The shnctured 17,(10?3 (ﬂh/ Bk, [—‘/ ’712/ ’ ) should 31\/‘6 a semanticr 099 rotuitoniie
«f;‘wfovclev lineov /09 ic (ree (4] for Veyléremw)), although 1he ﬁwomﬂ a‘f Z—ca}egom\ca(
semantics s il undeveloped . Move precirely, T uould expect the cofegony (Vi)
(with the same ob]ech an Wa_and anows 2-somovphism clayres off (~moyphisms ) 4o
cany a remanticr of- ineav logic an defined in [S] . The point being That linear logre

expreseen all foymal wnshuckons & functors Pom'b(e ning Pr, [-~Jr and .
(X an atomic 'fovm(,{[a)

forexample any temn (re-algorithm ) T i ligeqy logic of fype (1x—lx) = ('x—lx)
gives nse, affer inkoprehng [[x1] == modk , foa b-lineav functrr (= isthe logician's Hom)

[t = V[ modr Y modie ] > [ (modn, twodn [, (1.2)



S

fFe WPTQ then undev (1-1) theve is anasrocioted k-linear !moclk— modi which

by e univenal P)/D))e\,}y I Fo ak-linear funchor [modi—= Vymod we danole by . Then,
sinw 0k (1B = ol (B ) F i alio an blo)\ech# [ T modi, lmodi (& and 1hu a.valiel
input Jo the functor (L2). The oufput might be, for example “F*" nuowing Tof.

Upshot Folynomial functors give anatural clags o inpul fo the 2a fegoyical seynantic
of lineav | vgic in k-lineav ca fegow‘w This semontrcs gives an elabovation off
many ways To w nshuck new functons out of these hanic excimples, 4 example.
by :femhng F (e teroding F). Maybe some vFthese conspuctions ore mfeu*e/a%ng

dv
Ellowmg [1,27] we denote by IV —— V fhw univenal moyphisim in Modi 4o a recfor
cpac \/ (Pom’L(y fnﬁm’k—c(fMemfonaU ouf‘cﬁﬁa wmmutodive coasrociative coun ol

coalgebra (henaforth just woalgebra ) We denote the counit-and comulHiplitation lay
(we dvop subsaiptr on d, ¢, /A wheve # will nof-cause confunion )

c, WW—k, A, lVv—1IVolV (@:@g)

Let C be ale~lineqr cqlregbl/g) \mj Sweecd|ler ancl [’:2] we. aque ({W 0 (av) ﬁm’k—dl’tmmlonal)

(Blapy= @ Sym(z6n) Jymp=Jym  (1.5.0)

o;—vlo

Ouvnotudion is, fov 9v--9k €5 (a,2) H wnife

l‘ﬂ‘)'-'/(ﬂh>{: = jl®---@9k653mjc(5(qﬂo)) < f(j(a,b)_ (!.5.2)

Remark  Eveuthing we say wovkes forr (8,5 )infinife~dimensional, «ith some cave.
Rsbably alio outside char. 0 ancl algebvarrally clored. But gepeval bave vings

R e much less clear.



NO]L&A_"DVL W\Odl{ — ij{ Vﬂcfvrdlgam //Q
Modk — all vecfor spaws ] 2

Coalgk = all coommulaitive coawociative countal coalyebran (R
[-)7 ) — k-linearfunctors

@ Cajro_(johe/; ennched pguer watgelom/)

Our veferene for cafegom’w ewviched gvev c. ymonpiclal cowlegovy s [3)

Giiven . categouy G enviched over Modp teve is o netural way fo produce o cakegoy Xé
e nncludl over fhe cajregovv Codlgn oA (counital, covommidtic) coalgebian, sec for example (71.

Def" Let G Qea,k—(mearcafegog. We define anew k-linear categow 16 by

ohj(1e)=oki(g),  (18)(ak) = | G(ab).

alo)C

The wvaosiﬁon mig - (B 'B(ab) — '€ (ac) s 'H/Ltuw‘qu@
mophism of walgeloran making e diogram leelow commule

OI@d
el e 'E(a)) ———— Tlb,)6 £lab)

I

C(lﬂ( i
m.'ﬁ/ ) l ’o/ (2.1)

° ]

N2

!(f(o)CB 1 — E(q)c)

NO_“E (E is enviched over Modje IOMM’IQL addifive, an eq. Endig(0) = 0= k.

Remavh. USi'n_Cj (i f;eaﬁy {DmH’lat given fa—b, @-’b—ac in & ancl
corerponding (9o € (18)(ab), (¢4 €(18)(b () fuat W%o 6% = | P




L@VV\W\Q l@ is ak-linear cfﬁ‘@go»ﬁ

M Asmcfcﬂiw follows qﬂv&m UDW‘W‘“{U‘%\/”H 'FE

(e t‘}"(b@)@ﬁf'(m‘o) : 5 cde(5 (b )\ @B (o))
c (Bl &8 a,)
U pled)@ ” & /

éfw)@z; b g @@ (@) /(8 aa)e( T eb(am))
o~ (6(ad) @75(1970 A l

C,o\\ & Z (0” C)

A

6 (vd) & ¢ = g (bd) @T() bad)er(a) « 15! (c,d) @5!(%@

Civen oieob (L) we define /L € 'C(09) tohe 1 l¢>f3 s Fu Divoe
dlishi buttonak 150 —=ain C. Toswethis ads Cl/)C{VHO(,QVhLH"% consicler

e
lE(b,)® '5(ab) > 15 (L)
(P, &1 /' \, ded o J, d
Lelg(ob) —— E(b L)@ Flak) ——— £(ab)

e d —e =



€

To slow w] ° (l@u)@ 1) 1'6 (3b) obrewt Hu LHS o walg,ebm mogphim; 5o
ik sudfren fo chick wmmu’r&%mﬁj afher applying d. Sut-then it s decw. Szmi(cw(j

- C
6(ab) & | lea) 5 16 (ak)
\& (47, N\, ded | &
LE(ak)® ke > Clab)gB(ap) — C(alb)
dola
commule- -

Remavk  Notethat 'O s moFJ‘umL k-linear but admallg enviched over e CaLegcvy
of walgebnin R ( Hows ave coalgalsran, comporihon maps ave mogphioms of
wal%hmol which fs Symmjrric monpiclal (actually cardearan) uncler @ .
Heve envichment of ¥ over Coalcak /neing Tn pauh‘culazz unih ae given hy
waLg/?/LJWL vmovlp]/mvm h— %(Jf/?tﬁ, Jo jx scn‘w‘sﬁ‘w Alls)= 1, &7

Lemma Thavets @ h-lineavfunchor F+ G —> & defined bj’) F(x) =2 for okjecﬁ 2, and
Fow - E(a)b) — Clao) s Fa,b =, Yo univegal map.
foo? his is clearfiom (21).1]

PeVVJaV}Z One;houd view ’C ) ﬂutafegomﬂ ofﬁmﬁey ;uppol/}fc/ ﬁ/m[nbuﬁom on
the moyohisms of 5 (2,44 2] te. over eqich f-a—> b sik fhe Dirnic
A shvi bution [‘ij?jc e ('6)(ab) and thdevivadives O >jc

Rematke {/sing fhe desciighon of d om [1] we have T (169¢)=f and
Rt (Ve ) = &, white Fayo (o, et 78) =0 fe r2z.



Remark  Using [, Twm 222 and [2,62.7] e can describe the wmpo\rﬁTor\

mo. o Glhc)e | Ela®) — lelac)

exp\fciHj. Let &,y e €T (b)) and B, Ay € L(%6) be given,
wWith v, s 7 0. Then we fint wnsidev the mop iy (2:1), mHw —J ch'wecﬁ‘onjl e

e \(Bleyo W)= E(b)e | 5lal) — £(a)

given by 1he (ﬁwmwla

R O O N —" d( [4yyte S ) o d( | froficp)

— 5r=o g.r=o o(é
+ = gS:O A 6 {['L{)
+ ér=o gs:l 0([5'(
+ gr:lgjridlﬂ),
Wn'{‘l'r\ﬁ o =0, ﬁosﬁ we cn wiite this an é-/szc(SS/ O(fﬂs. M//’]L{Tng s
fiwvefore The moyphism of walgebias [1, T 2.22]
(tm)eBlab)) > 16(ac) (;.2)

[y e, o, B Viaey T Z

CoLpav\-ﬂion
of 1., vis3

T I C‘>(o(({3) ),__/”YCI C°’§c«./$’) o« 3

where C< 30, 0 rtle., v 5} sdunc for He pmdmc(—dfwotppybpm“mk mmfclm}ﬁ?
elemunt of oy .y dn By, frvs in Jym(zf’(b,CJ@Z?/%b))_ Fom (1) we dedue
thatthe padtition C is madt up of subeh ot size 1 ov 2.



@D
®

The desciiphon bewomen ecuievwhen o = B =0 snw then theonly nonzws summandz
148 fl(l) e ﬁoW\ =38 = lm [‘f'/J/ ancl WW,Q PCWHﬁO}’)S C in whith evely e/gyymm/
how s72¢ oy with one element fum o)., o and one elomentfiom £,--,/3:. Tn

paﬁv‘culal/ :
Lemma. We howe

(i) m;i)c ( lely- sty @ | By fr )= O wiless vy =521

i) Ror r> [, we have

Moo ([0 @ (B cp ) = 2| ooy defon 2 (5

de Sy

Ohsewe that fluwe is a commutative di agvam

l
M,E

Elo )@ 'e(aL) > [5(a,c)
Ul O\
ngo ( B;CB ® Stdeo (W‘O) Sjmo (q,d
vl Ul
v - €8 r
S}jmo(‘o/d ® fymo(m/b) S\wana(ql‘x

where

Qto-odr, fro-of) = 2 ()6 oA i) (5.2

deSr

_g__ Le7L Zr; {C denoke ﬁle Cajfg,gwj uﬂnt the same olojeohaﬁ \5, and W)om})/ﬂ’ﬂj (cl>/l)

Zg(é,b) = swjmﬂ(t;(a,b))= { |okg 7 | eC(q,L)} < (1e)(ab)



B

The wmpwnéon in ZD s given byf’hﬂwm,boﬁﬁow in 16 and thu hy (I-1). The /c(et')')-n% } aeob( G)
is 6‘1 | Loy La Vo n i clearfom (51). S Z¢ isa categony but wd‘ajubcafegoycﬂg

Lewma, Let £, C he k-linear cafegovien with 3¢ eniched over Coalgk, and
Q% — G a k-linea funchor: Then there exish o funchor G malzr@

l‘* (6.1)
96——9 G

C-

wommule (onthe nose). Moveover G is e functor A éﬁa/gh-ewm‘cmd (a}t’g(m‘%
inthe renee thalt on Hom=pawail is compatible with Hhe walgwbm ace.

M D@%nf_ 5 on Objecfs ky éYx) = Q). for D(/ﬂé%oom‘fc&r

|6 (ca, Cy)
oy 7 l N
P b
%(1/‘1) —’C—% 5(&11 Qy )
d,j

We define aw o Yhe unique morphism of coalgebicuy motking this diagpam
commube We need v chech that G s o l=linear functor. Ttis clear (4.1) commuley.
Regavding identifien, forx=Y, we have

( Gx,x 13 5 chx(/-l*) = j-Cuc

Moveover sine 1 € X00%) s gloup -Jike, o /s 5x,x(1:c), whenc it is (P71 0o cloimed - 1



Pblﬂ]bg

©,
@) Strict polynomial functors

G
A shick polynomial Functor modk —> mode is a funchor ahore action on moyhim spates
5 wmpmleol by Polynorm‘a/ maps, 1-e. mouphisms of afine b-schemen

Homp (VW) —— Homy (G, GW) .

The veference is [107, eealso [6,7]. Before 9iving The pmcf&edeﬁnfﬁoff; vecall fhatfor
R-vectorapacs VW T associated schemey ave S pec (Sgm(V*)), Spec (Sym (W ™)), ro

Hom i (vw) = Homxch/h(SPfoW(V*))) Spec(tym(w*/) )
= Hompgn ( Sym(w*), Sym (v¥) |
= Howmy, ( \/\/*/ ij(\/*) )
= Wo ng(\/*).

J
(e say aquo‘jom V— W s olynomial (venp. polynomial d‘ﬁc(equ/etd) iF theve is
edensor 2o we® % with 9; € Jym (VF) (verp. all 9.6 JymT(V¥) ) suchthat for
all e W* we have as Funckions V—> Rk an equqh’@

e = e plid-ge

Dgf\ /4’»&,1710%1/ O moclk — modk js shict Ipolynomia/ fﬁ (HDR Cis r_)_of assamed /I'Vlear_/)

(i) V'V, W € modk the function Gyw: Home (vw)— Homk (GY, GW )
is polynomiol inthe sense just defined, and

(i) there is o constont N such that Gy Ende (V) — Ende (G V) ha,
c{egm < N forall Vemodg, (1e. hese G have o representation
wing g, dﬂﬁblo&gSN).



We sy (s homogenzown P degreed i Guy s s0, forall M W.

Ded” Lot P = P(mod, modk) denote 4he @tegowy of shick polypormal functor and
natural dansfowmations, and /3 the full subcategony of functor homogenzous
ot degrerd.

Lewmma 7> = @d?ﬂ)?&, le- evelw ﬁmcfwdewympw wmz‘que(y an adivectsum
vf finitely many homogeneous funclon.

Remavk.  Giiven G E P Hor V, W€ modie we have o fenior

Guw € Home (G, GW ) & ng(Homk(V; W)*)_

Let wsree howTo expvens that Cis a funchor purely in tevms of these fenion.

v Given UV W wmmutsdivily o (scheme maps)

Gvw @ Gy

Home (v, w) x Homk (U, V) > Homg (GV,ow) x Home ( G, C\V)

- = \J o —
’

Home (V,w) A Homk ( G0, G )

J

Means (,omml/t{'aﬁw';‘g aﬂ a/gebra mopr

Cw.vxl@ CLVJV
" X
SUW\( Homr (VW) & dym (Home (UJVD < Sym (Homk (G, (AW)*) & Jym  Homk (C\U,CV)* )

] e

* Cw,w 3
Symp ( Home (0W)) < Sym ( Home (aw, aw)™)




wheve ¢ isinduad by fhe dual of-the composition map

g
Hom (Uw)* ——— [Homi (V) & Home (U, V) | = Horak (Viv)'® Hom (u,v)

andl f}'mf[av&g Cs

‘ _Bmy G (2)=2av isto sy that tae le-point 1y Sym (Home (v)*) — R send

G € HOW\h(C\V,O\V)@ Sym( Hownlq(\/,v)J" )J

+ Lav. %afh,woﬁnﬂ tat hC'JUW‘(T*) may he evaluolked at ¢ 7: # Gy =S iwe 0 we
reqw’mﬁ/laf S, w9 (1v) = lav.

IFC e /21/ then fov Vi W € mod ke we have a pdynomial mop a’ﬁcugmc(

Covyw  Home (VW) ——— Hom (GV GW)

anck henw fensor

Homla(a\/, 0\\/\/) & Sawﬁl( Home (] VU)*)
T"’l( Homp (\,w) )1469 Home ( GV, QW)
Hom [ T Home (W), Homr (Gu,aw) ).

(9.2)

1%

Il

d ( @d)sot ‘
wheve 1 divided powers ave 9[venbj T V=V . Inchawchlenstic zewo the map

0@ - -Fad > 4! “’8‘--6%1 (q,g)

(5 an iwmoy;oh/‘mv. In %weml Stjmd(\/)%; Td(v*)l



Thediscussion chove showsthat Yhee associoled lineay maps

av,w - TdHOYVIIQ(V; VU) — Homk (GV; Gl ) (10.1)

send, inthe come V:UU) 1%d o 1av) and *ha{-ﬂluj are qlqmcjrbm\al with m)ped‘fo
the {o!lmuinﬂ oovnpbsiﬁ'ow

Def" We define ak—lfnmrcaﬁgog T “modi

DlO(T‘:lmodh> = ob(modh)
(T4modh)(\/,w) = T'dem]a(\/,W)_

Composifion is clefined o be e map m indutl in
d 7 Sd @-A
[Homh(V,W)® ] ® [HDMk(UJV)Gd] < Homh(\/,W)@d@ HDW\k(U)V)
| U'L (UMU c\/\oi&mﬁpaivfmg)

{

m ,‘ [Homh(\),v\fj ® Home (U)V) ] od
& J/ C’DW‘P@i
44
[Homh(U,W)a :, < HbW\MU)V\J)s’OL
T'*wwdb\ ed
The identities ave Lv -1

The M/JJhof of. the above is

Lomma. Theve pre equimﬁamw

() B = [Tdmodl’a, modvz]k
(3i) P = @d%[T*modk, MDo\h]k



@

Def” (v‘oh-h‘umﬁ[@ We unile Tli for Tmodr and V‘GPT\;‘\ for [T‘qmodn, YVlDdPL_]fa

Nole Bi'mnal/ltj wetin C\Q’HVJQ S%W‘CJ'PD}&/V)DVV]fal q@m(;fm/) E_’P) C; P enwched over Vl/lodk.

@ The connection

We have discussecl the “frex” envichment |6 of o k-linear ca@go% G over
wal(j@’gm/)) aud the (g%egwj B = VEPTC; o Jvlm’ch/Db/ynomi‘a/ funclow rﬁgc’egree d.
Sinathe spacs Stjmd( Blab)) = Td?f(qH appear in ' G e exiclen 074 a
comecion between [.'V"odlz, modk]k and. Ty s obviows, we now spell it—oul-

Recall the cafegovy Zg ot P'@) wmﬁrﬁ'nﬁ 4 mowhiams in G (,ompwed
acwrdmg to the composition male of |G, hutwithouf he Identity of ! G.

d ~ d
Lemma With & =wmodk theve s an ec/uim/emg Le = Tk

Root  (We have ob(chl) = ob(modk ) and 4or vector spaws V,W we have

Zg(\/,VV)r- ngd(HoW\h(V/W)) (1-1)
= T Home (W) ).

Fom (S.1) we ree that The maps

SLjW\d HDMh(V,W> % T\c\ Homk(\/,l/l))

12

give an equivalens Z;'; — T‘g 1



£
Lemma. There is a fully faithful funcior NP'—\LL — X.’modle, W‘de]k-

M Lel Fce IFEPTIZ he gtven. We C|€)L{ﬂe @(F) 0V\010jeth ky B (FIV)= F(V).
On moyphisms e define, fr V, W € modie,

P (Fuyw ° (Tmodr)(V,w) = o Sym(Homh(\/,W)) — Homg(FV, FW)

Ffvow
Y veshvict fo 2zevo on Sljlm{ (HDW\R(VIW) )) unless £=0 or V=W, £ =1y These

Covenonly overlop when V=0, nwhich cwe we have o Thid plrfxwipﬁomr

Cose £=0 - @U:}\/,w lsyma vanishes on Sjmg anlers c=d. Tn i come if
is c(eﬁneduv)frg (11.2) o be

E(F)v,w‘gjm{ = 5LJW\°‘Homh(\/,VV) = >T4(‘(0W\k(\/,w)

YW
Howk (FV, F)

<N

Case /=W, ’F =1, (\/?fo) é(f:)\/,\/ ‘ Syma vanishes on jlam; unlgn 1= O/ anok in
+his cane it is de frined loj

% (Fly | ko160, —— Home(FV,FV)

Sujmg_ :
Jﬂmding |¢>1V o 1(5\/.
s dear from e pueviow poge. Hol B(F) is a k-linear ﬁm chor.

Case V=W=0,£=1,=0y %(F)V,V‘Sﬂmio N V\onvamislx\mj for (=0 whare i
stTvax Lz:j ‘FMG%D\I‘P) and Sinw g.jmi(o];o for ¢ 70 thot isall theve utu F0Y.




Ttis cleavfom p.( +hat, ﬂtusdeﬁned @(F)i;ak lineav fumctor. /|n3 nouial
Mnsfomaﬁon Vil —F gives 2P):@(F1) = Z2(R) defined by

F(¥), = %, which s cIeau@ nabwal. Thw 2 isawell-defined funclor (k- ImeaV)J
ancl it is e,a/)/(g checleed fo be full- [

This compl leles the Lommection behween J}HCILPD/VMDWI | functors A ——(:"ePT\Z and.
the conshuchon C = 18 on k-linear categovies. One could dreos #hir cip
inthe follownng woly let D be @b/bdfegmy o Modk-enviched co egories, A e
bfcafegomj o;f Coalgk —enichad. ca/'egom‘g). The exiclene o an aO(L/umﬁ'on

F
Coaljk « > Mod), F — f? (Jo I= Fo?‘;)

e

whue F Wﬁrge}ﬁ{/ﬁmaﬁ;/) gives nse +o an ac/umc/n’m
s
.
wheve (i is also 743;/93/76()/ and Cr'/o (Z?)z 1. Tn the Kleisly b)‘(a}@go,,y @ for the
comonaod ' = (o C({o or\ﬁ (ca/led Pk in 7%L/'V)7LDOO(MC'HOV)) we MCLU‘Q

Hom%!(@,5’> = Homp(!6,8")=['8,8" |x

U,ashof’ The bical egowy 07.0 k-l 'near(afeqowa ond § hick po(unwmd/;@wﬁbw
(s o Jub- b,cahgog of the Klessli b;cafe9oly A The comonad [ on
the lmcafegopj Yo of k-limear cafeyonw and k-lrmecwr funcioe .

Sine linear logic is precitelythe language expveasing all formal conchuchions poscible
with @k, {-,-Jr and l wing the vavious unils and coanits o acyuwcﬁc)n and e
Aunchn Yhemselren, i suggenls a notwal wonmection o polynomral funchon.



L have not cheched T abive in any detziil, butthe only nonbavial puint eenmio be
that composfion in the Kleish biea feqowy matches comporition i /ool(ynomialﬁmcfﬁw_
Toseethis, let X,Y = mocle—> mode be shict polynowial a#c/egrw d,e.Then It is
eanyto see V=X i shict polynomial o degree de (waing 7hx def™ of p@). Let

~

X ij{moc\h———?mwh% ngemﬁdk—% Vnod[,{ ((L{.()

be e associated linear functons, and @(;4)) §(7) € [!W‘de, WIOC“L]k s defined
on P@' These are both crvows modk — Modle in the Kleisli cakgouy) ond theiv-
Lompodife is

'2(%) =(7)

!W,OC{K—H .,.'VVlOdk )Vnodk——% VY‘OClk.

T(X) e
By e univeral pwpewfy we can also compue His by ﬁan@n? F(X)+ modi— [ modp,

(odun dor compati ble with The Coalgebyn shudfures) and then compssing ;e .

(el

%)
lmod modk. mod k.
C

%), > Lok =(7)

On objects this is V> V(X)) and we may compute if- o moyphisms wsin
[l; Fop .Z-Zl—]J which soys that £, V,We mocle ond of---, A e HDW\h(\//W)

(X ipeyw ¢ (Pmode)(iw) —— (Lmedin) (XY, Xw )
[ \

D Sym(Home(wiw)) @> Sym (Homk (v w))

j‘—:\(—)W j'.x\/—n(vv

(14.3)



Qo
is glven I’)ﬂ (i)
i(i)n{/{,\/,vv< ‘ oAy O(S>JC ) - Z’n)) ﬂx]"'v"(dc'7{)' ) iot)"'\’”] OZC7>F>3
pavtifions
Cdf{l,..,s}

where 9= Zﬁ(;(v)v,w I‘PZC]. and. X stunda for the sublensor b A @ e As
f;‘c[uc\ O‘AH’U Y element (. #Mpau%%‘m C= {C\)-- . Cz } Noc e way @(?) >y
defined this s 2e00 unlens £=0 or V=W and £=1y.

Care V=W, £=1v (1) i 2e00 unlos 5=0, whewe (’fgive/J $( ijv{-(,\/,v | ¢>1\,
s equaldo |97, > which is just padtof B gt being afunchr.

Case VF W, £=0 ﬂtavigh+ham0( o (i5.1) is ze00 unloss |Cc|=d for all ¢, which
means <= ad forsome @z |. Horeover 9=0, and i [Cc|=d Hhen

Zﬁ(i)u,wlo(cc‘\z, = >r{v,w( Zz(dc‘)>

€Sy

whove ;<\/,w :Td HOW\h(V;V\’) — Hbmh(XV; XU\J)f andk 3 acls on Homk(\/,vv)@dinm
obvioun Wy . In loaﬂicu[avm RHS P (15.1) ke[ong‘j; o SUW\Z Homp, (v, xw)

Refening fo (14.2) we conclude that 4. V#EW,
— _ de
° [§(7’) ° ﬁ(X)er]\,,W IS NON 200 on‘j on S‘jmo Homna(\/,w)

* on of,...,Ade € Home (VW) iHohes thevalue given overlea
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We compave this o the mowohism Uf;clﬂemea

XV,W y)c\/,)<\/\1
How (4 W) —————— Homa (XV, XW) ———— Home (YXV, YXW )

Lompurled by wnlrmch'ng

SZV\W € HDMh(XV) XW> @ Symd ( Home lVlV“J)\L ) (\7"V| yw € Hom h(YX\/,wa) ® f\t]me(HoW\h (X\/, )(WSKJ
= T Homh(\/,V\JYé‘g Homie (3V, Yw)

along the shawed dlegrens of freedom, . evaluation of the plyviomial in funchionals paft
o 7 onthe poink in Homp (JVXW) o X . Modulo some combinadorcs Hhiic reoms

ihey4o agrea with (16-1) (TODD)

Wisjwﬂi%’m ”U/mhot” claim on P@, le.
Lemma &[VEVI J/M'CZLPOIVI/)DVV)M/ 7€(MC7ZOIO X, bE WIOCIkH W]OCUZ wifh associokecl
k-linearfunciors @(%\Z))  ( :‘/V) - [modik —> modi, are howe —CPL(W( ) eciuaH-o

‘E(k‘) (%)
‘IW,OC[K—-H .’!modk—ﬁ }Vﬂodk—ﬁ" W\OC(IQ.

whvidn is also equal Yo E(T)o @(ﬂlwﬂ



@ Lineav logic with lpolymmia/ Functors
To summan’se thediscussion Thus fav - o wa‘c%po(ynomz‘al functor £ clegiea d

X - wmodr —> mode_ (17.1)

is ’ﬂ/\,uaywe C’af‘acw o k-linear 744/46‘)731/ (,,Lu (<0"))

SV<'- Tdmodn > imode (17.2)

and these intfuvn moy be icle nhtied witha special class of k~linear functow

F(X) : Imodie ——> modg, (17.3)

by The Lemma on p-(3). Moveover The composition Yo X ,for Y : mode —> modix
polynomial cﬁfgdegmﬂ e, moy he vealived. an composition of E(X), ( ¥) wing
the rhucture of e comonad | on b-linegr cafego wep (p-@-0).

We now explain how Iineav logre pviden algovithms {orwmwcﬁng new
Afuncton out of fnpuldata like Z(X). There are afow final ingreclients that

need fv be inhoduwd find, howevey :

« Gomultiplication on '8 = let 5 be k-linear, ancl define o le-limear functor

N 1B > 161G

$o he Hu c(l‘agomaloz/\obj\ech) A= (9,9) gnel on mowhmm?‘b be The wmulﬁ}ol;‘caﬁbm
infiu cofree coctlgebv 16(a/b) ..
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I
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To tee this is o funclor we nead Fo checle wmmuﬁ%w’@ df

—_— —

!6@#)@ f_fj(q/lo) > lﬁ{a\c)
j Ab,c@AQ,\o Ao,c
(16,816 m0)e (166! E6Y) le(a0e 60 C)
12

(v @l Elab) e E(v) gl Elab) -0 & (o -)
which holds hecause by conshuction the composifion —< = = W';’f;,g i amogphism o
coalgebvas. Lompcdq’bi({le with idenkitien holds sinc 1971, Tr(jmuxpfllh. Cleavly s
A 16— 16685 is waundative inasuitable senre, and wcommutative.

- Couniton 16 define afunclor ¢ 16—k (h befngmone—olo]bd cakgmc; with
End(D=h) by sending evewj oloject fo ¢ and Cap: 16 (%) =R Hw wounit
Then Hju c\\'agmms

lgs c c® )
6= 8ok «— @t — ke!c=!
\ TA /
¢

oowwmk) (o) (!6) AJC> is a ((ooa\gebmclo\)“ed“ ‘n Vi/[l'/lﬁavcaylegow\w.



Wit these ingvedients in plate, we can desciibe Fhe clasrof constuchions dlesciibed
by e language ¢F lineav logic. We will do his by jurlepesing aafegovical conspuctions

with the decluction wley o« lineav bogic (o2 (47 fov more dedzil)

. Thvmq\/\omjr AR C, ... stund for formulas of lineav /ogfc/ builtfhom atomrc +ovmulan

YY) 2. woing convecfives &, — andl .l (e-9- -’(1—01)‘°(3(_°7)> wheve

®,— ave bwaw and I g unaw.

o+ A, B, T stund for small k-linear categrores  (Fhere ave some set-theovetic isrues
sine we wanf fo wite e.9. [[J'{‘,)B’}h, E’]k but ure igymmg}/hf: 767//10(,0)./ andl

X, 160, .. for k#;’nearﬁmﬁ)m
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' : — cl
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Civen T: & prewmposen with
e univenal d: 1A — S o obtuin

ned: 14— 5.

Given 1 A@ |4 ——_}/B PprEWMPLLE)
with A L — 1 F @ LA fo oblain

T A: 14 — )

Given T+ A — B precompores wifly ]
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Excample 1 The fo“owmg pwo‘q@ (= tee o deduction vulen with all leaver Axiom Rulen)

— X

- AFA . AFA
AFA MA—AFA
A A~A,A—-AFA
A=A A0 AFA~A
[(A-~4) | 1A=A)rA-A
HA—<A)F A—h

— L

- R (2"\)

dev Fice

ch

enwdes The funcior (21.2)

ded Com

P
1) — 1[4 416 | [t Ts — (detlolbd]o— (4]
which rends a_linear fyunche H € [A4,4 Ji (volkethat He ob( [k )= ol 1A AL ) I

H —— (HH) —> (H,H) ——— H-H. (21.3)

ancl on moyphism spawnis

A ded-
I'Nat(H,H') — INat(HH')® ! Nat(H H') ——> Nat(H,H')@nat(HH') (21.4)

l howsontal comp

Nak(HH')
where e [gat motp B the hovizowtzl (,ow\poSﬁ‘?bn
A H
TS Y Y "Hod — H'lo | '
A A I () |
~N_ > ~ l

H' - V’H IE Hqﬁ)



Civenonatuval framsfpumation F+H= H! evaluoting (21-4)en [PV gire,

6% —> P &by —— fof —— F*F

(22.1)

So the semantice of (21-1), called the Churthnumeral Z | is fo both squove
enclofuncton and natuml Frans formodions (+he latter vie hovizontal wmpoﬁ?LI‘OnJ,

Example 2 In the context of the previous example the link betueen the
procf (211) omd the funchy (21.2) wao mode by chovsing & cu The
denotation of A, wiitten iA1]=A (one should think of the /oyfca/ﬁymu/&w
o Dly’ecﬁ and fQVMJ/pWOﬁ an amows, sothalthe [ongunge forms Freely 9emem}ed
cafegovy aver he sef ot As afomicformulon. Tow, supposing A atomic, Je_ﬁ‘uy
[[41]=t inclucs a functor [i-1] oufof thiy free Cafegoyy whrch asscgns (20.2)
o (211) ). Suppose now insfead fhal A="x with x atmic, and choose

[ =] =modk, so [iAaT)=[1txi]=1]ix1]= ) moc
Then (21:2) is now a le-Iiear functor

’I; l] : ]["modk) lvwodujk——% [ Imodie, .'VV)OC[Iz]h' (22.2)

A’hy /Jofymowaf Funchor XGEL) via ((7.1)-(17.3), gives R-linear E(X) - modk— moc{k)

which by the univewal pwperl gives F(X) e * T ode — Imodie Then wewoy
ompuile

E; I]( i(%u&) = F(R)ype F(X) e

(21,3)
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But considering
F(X)
‘_VVIDClk S iMook mode.

\ 1
\ d 4
) N %) (23.1)

F(X i N
(%)upt s Imodie - —-— -5 Lk

E2( Q]lq/t

wereetidt B e = [ BT (Rt [t whichby ¢ 1 equoldo
he [ift of ?ﬁ,(;(\i) - Limodi. — mod k. In condwgion Men,

[[2 \](@(i)m) — B(X)un (23.:2)

so et one we heure pvopevy entoded polyvomial funchor wodik— modk s endofunclow
of. | modr Ahe Churchnumeral 2 (verp. W) ack by squaving  (vesp- raiising o the nth

p owev).

Example 3 The ﬁ/f’g faithful funclov 3. vePT'i — [Hmdk,wlodh]k o p.(1®
has fhe. puopevly Mat Hom ( Im3! Tm&%) =0 for d#€70. Anahual
Mansformotion B(X)— (T ) would be the same data o a nodural Heansfsvngadtion
X =Y uhichis zew i e+d (TODOchede Hm)_ Hena we have o fully fuithful

P = Do vep T [Umdu,modla]}( (23.3)

ond moveover Hhy above embeds P s a monoidal categoy  (under comporition)

i(E:)) G3.4),
P < s [ Imedie, Lmodic ]},
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Now we have an algeloms (see for example [11, Roposition 3.2 )

KO(P) =B (24.1)
wheve B s The ing of-symmedic fuuckions in ;’nﬁ'nﬂely many varialoles over /. Tn
Pou/h’cular for eceh pavﬁ'ﬁ'ovx A we hewe e Jchur funckion S2€B and a (DVV’@POHle‘:??
SHE P 54 [Sa] mapsto £, and 5/,4"5; ) wmpuled. (afleontin Ko TOD O ) via
The Littlewood -Richardson coefficients. This g/ves an infewesting comlomatores for

Lowpo fifion in DWIOO“«, !V”Odlﬁjk which can be fed to proofs like (21:1). Pom‘b(y

B can be wed fo modlel lineay |031'c mthis way, enhi rely in ferms aaQJymmeﬁxfc Funchisns
ond theiv- combinatovics.

Exoumple 4 From [2,§3.2] we may enwdle a requena Sefp, ‘Tka/m\ ‘vaf S of

bints = !(A—A)—o (1(h~A)o(A—A)). (244.2)

Tahing A = 1% @ above and [1= 1] = moclik, ancl wing Fhe embedding oF
(Zfz\ir),“]/l/vuemal/lﬁcrdf S & a funchor

(s Px7

> P (24.3)

3iuem—ﬁ>«emval»a o S= 00l by
oo (X, V) = Y= X=X (24.4)

T oy, XV = STV and YO =N (V) fhen [ 3 54 A% i
e funclor \/ \— /\e( Sd( Sd\/))



On nabural Yencymations ¢ X =%, #:Y=2Y" wehave
o (4,¥) = ¥x ¢« (25.10)

Tn the concreke example X=5", Y=\ and say szlj 5o P S1= 59, v = /8
we have

gd sd e
SN TR VTR
modk. nqﬁ > modi qu i moclk HWL i vnod k.
\/ ~__ N
80\ SC\ N\

Prped = (o4 )* 9
=[(ps)e(ng)]x ¢
= [(¥s)e(A%d)]s? o s
— f‘ﬁSdeo/\eﬁﬁSO‘O dec}C)é

anel henw

Foor 104,%), = (¥5d4), = ACs2(s V) —> AS(57(5*V))

is equal o

%S“’(SC’\/) ° /\e(c}ssd\/) ° ded(gsv) (25.2)

This shows that

[oor 1]+ Naf( st 5%) x Nuk( /¢ A¢) > Nat(AS459, A5




&>
is ihiel€ pelynomial inthe inputs §, %, aud moveover Hie polynomiols we olotain
are velated fo L square ot the polynowmials wmpuding SY on Hom-spaws
miultiplrech with mpbltjmm?a]r computing & The precise ]DDIUV\DW\TO\\J e
3@Jr ave defoiled by the tinear maps of Hhe fovm (21-4), and wve read L which
lineav meps fom the sl/»ape of e Plod'ﬂ 00! e now explain this.

Tnthis cove [ 2 Exxomple 3007 shows thok 1091] is the funchry (witing A for

I'modg ) shown below:

Aol
[t ® [y ] —— [, F]® [ [d,d]o | [A di]
deded

Y

[4, F]k e [4 B[4, A]  (26.)
= s
[, ]
4Pph'ed4v §(>?>|.+t © & ()t fhis gives §(m)l¢t- Tmmﬁ'nald#ep 3)

Jhe funchn are encoded viothe fenson malzing up X, 5, andthere are conbacled
inan auppwpvioke way with the wetbicients of G Y Jo form (21.2).

Upshol The semantics of Iinear bgic prosts conshuct new polynowmial functors

fomold ones, and in a functovial way. Moveover, The semoavihics ol so

vomputes the polynomial fundhions which wompute #rese functorial
vonstuuctons on the level o nedural hngformadtions.
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