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The aim of ﬁclay’; falk is o complete 1he defnition of the symmehic mo noiclal
cafego;y 2Cob | and ﬁ'na”y detine 2D TQFTs sy symme/w“c mowvioiclal functors

fiom 2Col, fo vector spaces. The next lectyre will prove The main theorem, that
such functon are classified by commutative Frobenins algelran.
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@ Rewminder on cobordisms
@ Smooth shucture on j]m:’ng;

©) 2(ob i aca’fego{tj

@ CO[ODTCL(SW)S (l’lev@) all VWOIVH'\CD\C\S ave (Jow\pqd'>

Lot M be o smooth manifold with boumfay 9. Recall that an ovientation on M
in duer an ovientation on OM . A cobordism Fom an ovienfed n-manifeld S 4o
an oviented n~manifolc] " is an ovientec! (n+1) ~manifold M Fogether with a
chosen decomposition of Tl bounclarﬁ (c) oviented mamﬁ%ld:)

aM = M‘,.,L Al Homi’

and diffeomovphisms }é S Min, & " 8 Mout with 75 onentzdion Vevewing
and @ onenlation presevving. We wile e clata of the cobordism an ecdiagram

4 ¢

(Méé¢'): § —l o M «——5s’

Two wbordisms (M1, @, }4), (M=, ¢, 751/) ae egu/'m/em)L i There (s an onentolron
vaevv)'/g d;ﬁ@ommohﬁm ¥ M,—MN, si. Yo 751 - (751/ ’ﬁ/él/ - 751/-



Def” The 06\/\967£j of 2Cob ave oviented clpsed 1-manifolds  (including the empty qucg>
and the moyphism sefs ave

HOWI;_COE( S 3 ') = { oloordisms S —> §' ?}/equ\‘walemu, (2.1)

Tdea of womposifion  Given wbovdisms (M, ¢|j¢,/) S, S5 and (Me,$2,4. ) S, — S3
we consider thu diagvam in “Top (Hhe catego aﬁ’f'DPD{Daica’ spaws ) vheve

the marhed Jt/uave ] a/whouf (i this (ase angg)

M\‘kls Mz

Yoo ~ Y
¢ M‘/, ® \ M, " =)
S / é\ S ‘y ’\5
| 2 3

'H)\/ exXa Vnp]e)

(2.2)

In hevfalla Mrchelle showed M, Lls My is a compact fopologizal momitold
(e is locally homeomophic 4o anopen ball in R?) butwedrd not yet put a
smooth shuchure on Yy Ls My . Assumingwe hawe dovie so, we will clefine

proJHiom in 2Cob via the wile



(M6 ) ] [0 8, 8)] = [ (s o, et 1) | 5

T+ will then vemaino ¢ how that this oomposw%’iow wile is well-defined, asrociative and
how W”J'f Fwhich point we will hawe conspucted ZGob.

Remark  Tntiw cone o |-manifolds and Z-dimensional coboovdisms we com ure
resullr Special o su rfaen (e-g. evey Fopological surface admit a smoott
shuchure ) but we prefer anexposition waing an approach which geperalises
fo the hi gher— dimensional cones.

@ Smooth shuchuve on 311/1;'1/),35

Ouv vederence is Hivsch “Differenti) %Poloyg" lfle{/)[,eﬁ)l/)% denoled [H]) pw'mm(y
fH) §6.1- f?-Z]. The basic reaulls on cobordiams ue need il m((j on cO“CWSJ The ﬂ%oy

o which we review vip w.

Theovem [H; 8'2“—] Let N be a maniold with 9N # 95 Thewve exish o Coo-embedc(iny

suclhithat F(2,0) = x forall xe IN.

Slqel—(,[rxmgpwﬁ Thave existsan C* vectorfreld X ona Vtzfjhlaufhoud 0 a}ﬂ 9N in N
which is nowheve fmlgemHo IN ane which pomh nio N (over IN with chavk
oncl we a paVﬁ'f?'an e unﬂy} forecich xe N we hawve an inifial value pwb/e/’h

(0)=x, P'(t) = X(3®)) whidh bgv"m(mmaljoga han o (moximal) sslution




on some ntenal T() < [o, 00>) calit T IE)—>N. Lef We IN x[0,00) Le

a nﬂighbo»/hood o'£ N on whtch the Flow d‘f Xis C‘Q‘Fiwgd) e, “Ux(£) 15 defined o
all () € W. Then by rf'scmh‘ng Smoothly ngefa Cc® embedcl/‘ng b 9N *[o,00) — W
leavinj AN x0 fixed, and F is

h
ANx[0,0) ——> W ——> N N

(1/ L') — 7 t'(x) .

Exarmple Let N=3"x(0,0) with J=N and X(0,x)= 1.

The solutions ave c‘eﬁncol on W= 9N x [o, ‘D) = §'x [0,00) (oooro(imaia o, i‘)
ol defined by 7(0) = (0,t). Hene Fis the idemh’!j.

Example  Samean above buf with (O x )= 2x- %, then 7¢(0) = (O, t*) and
F(®,2)= (O,x*) iy accociated wllar

O‘oviouwlg m’m‘c%‘ng F 4o some finile infewal, e.9. IN x fo, ’>/ given o jubmainifold
of N more Vewgm\mlfﬂe aracollar, e,




Now leF M1, Ms be n-manifolds 'fvgeWeVWiH/L ac{l‘agram

where §, 9, ave C”embeclch’ngs {dewh'ﬁding S with o connecied (,owupomen}mp oM, resp. oM, .
We howe defined M LLs Mo ay Otﬁ)pbloﬂ]“cc{l n-manifold . Take wllava

F\' S % [OJOO) _— H‘)

with images dendled Ur < M Let U= Uil Uy an open mia\nloo\/f/loocl ol S in M LUs My

We howe a homeomoyohiom

¥ SxR = ($x(-,8)) Usuiay ($x[0,00))
Fug |

U Us U, =V

ic(emh'ﬁdfnj Sx$oYwith SCM, Qg M, .

Def” Giive M LLs s the smooth shucture given by all chark wmpatible with
(@) chavks on M \ O M, coming from the -cmooth shucture on Me and
() chawh on U iduced by the smooth shu ueon SYR yia ¥

Noke that-Fhe choub of #pe (a),(b) ave compati ble by vivive of e being €7 andthuo
e canonical continuouwa meps Me =— M s My embed fu M; ansubmanifolch.




Remavk. T we choose our collavs dfﬁeevenﬂy wemay end up with drfferent

smooth shuctuveson M, s M, - (onsider

00
M= S‘x[ojoo) Ml"317‘[01®)
Nl

[t F, = id : 5|X[°J®)%H[ and lef E_(J) be olbokained ﬁom either oﬁﬂu
vechor fields mHu eailer exampls1e. £ (0,£)=(0,4), £® (o,t)=(0,t%).
Then U = S'*IR =M, LUs M, and fhe homeomoyphim R L7

> U V(0O,%) = (@MJ

TSR

2 (9/;’( x££ 0
PSR ——U Heog—| 7

(0, x>) x>0

Clemvly M smooth shuchure on MMy =3"%IR inducc by YO it mual smooth
shuchuve, wheveas '}W)imc{u@ a diffevent (but clealy eiw‘va/envdmobﬁn
shueture. W ile (M, Us ﬂl)w) fov the fuo manifclds. The howeomouyphism

AL X
Hl -U-S M')_ M[-U-S ML

¥ ¥l
CfeaVLg 9ive) a dl‘ﬁ@gmoyp}]r&m (M, Us I’l,,) - (”, 1, /77_) :



Nexd we puove that his s a general phenovenon - on a.manifld M L Ms depends
on e choite of collena, bud only up o diffeomovphiom. This is notas fivial an Kock's
boole makes itseem, and while Hivsch proveriFas Theovem 2.1 £ 582 sEhis book, Hhis
velieron aneclier Hheovem (1-7) which imp/fci/’/y wes q penlton isotopy F-wllavs.

P Let\,M hemanifolds. An isohgg pom V o M 15 a smooth map F:\V*LT— M
such that foveach t6 T WW[G{,D F:v— M, o= FEt)isan embeddmj
We say Y embeddings Fo arel F ave isotopic . When V=M and eqcir F¢

is o diffeomogolism we all F a c!rﬁoz‘ogy (orambient "407'3)”3) .

Theorem (A)  Let M be a manifold with bounday and fi9: M= [o, o) —> M
collavs. Then £ ave isohpic by an isotopy which fixes e bounday .

Bocf  Follows fom Theorem 5.3 of Chopler 4 o Hirsch. O
Thmholdsjmfaﬂwe//ﬁmny componen of e bowndmy.

Theovem (B) [ef UM be open aud AcU wmpac}. Lot G:UXT—M be
anishopy witlh G thuincluoion,, s i { (RG&1), Jc> e MxT \ ()€ H‘,}
s open (n Mx T . Then thove is ac[fﬁ?ebjrbpy of M loowl'ng z/ompacﬁwppoz//[/
whith agres with G on o VLQT?J/vbox/houd A AxT .

Roof skeblh (see Theorem |4 of Chapler & o Hirsch) Oefine G- Yx T —> Mx T
a(*/ts“ ( &(3{/{)’%3‘

fov eacl/\ D(éU) a\,oq_ IS o cuwe fn MxT and%&bmgemﬁ d&F‘MO_ auerLov qu{CI X
onthe O pen cel GluxT)eMxT. Define H by X(yit) = ( H(%i’)/ I)} H: Glux1) = TN.
By p(MHHOV\ o} Mmkﬂ exkend b Z M x T—2TM and define a c];‘ffc@ﬁpj F:Mx1I—M )iy

8L () = z(F=¥),1).



MQ_W Tn the eavlier mol-ahon) say we have collavs
Fm S [o,0) —> M. ?,jeﬁl,z}
withagociated howmeomonohisms

Y0 sxR ———> U=V, 2 Vs

G (") ()

SxR

wied fo give ‘f[’chmpo ogua] manifold ™M, LLs 2 smooth unctures, denoled
(M, s M.) % W/fadnﬁfﬁomomhlsm (M, U Ma JW’) = (1M, U, NL)\HQ}

which 7 ﬂuiceww outride a me|7l/. borhood of ﬂ/&\Jom S,

M By Theorem A thewe is an i50tppy of F,m with E(z). Precow\pming with
(FOY U, — sx[0®) fuisisanisstopy G * Uyx T—> M) o fieinclusion
U)C’%‘I\'M wu’n\ﬂ/\LW\OlP E(Z)OG:,(|))—l Y M. BUFﬂ/vaem B (wiﬂ/\ A:SEH‘)
fhove 15 adifleomonohism. R T = T hich ages with F((l)"q:lm)—\ on
o ntighborhood of S. Doing Hiesame onthg ofher side we produa o QM — My
and Qs Q, » MitsH, — W WMy s o hovmeowomphisim witiathe puope./b Miat

on SDVMMT‘j\/\\?OIMooo\O'E S it agren) with (F,® (E(”)_l) ag ( E(z]"(ic"YU ‘
From

SxR= (Sx(—oo o])l_l“{ow](gx[o,oo)>
KT E[Z’/ FOou, E°
U, YsU=U

s deavhat Q Vs Qy FsMVequimc\dffﬁepmonohfém -1



(3) 2o 15 & ccﬁegovg

We have justshown The wmposifion operation is el l«c{ef;’ned/ and it remqins 1o
puove it is associative and hon iclentitien. /lJ:ociaﬁyiy i pvial, e fhe gluings
(and associated smooth shuctures ) ave disjoinl, an in i diagrom

(“ 1 “—5z ML) _|_L53 M3

Lemma. Ciiven (S/ug) € Ob(Z_COLD> we define i wbordism (v%ismowemfajriovo

Wds = Sxfo) wiflk, S e— Sx[o,ile—>S.

o 3 (12) (x,1) & 2

Heve ids 1s given theovientation w(v,+)=-wslV) for ve s, se§.
Wemﬁ)ramy WlOl/ph!JWl M:S'— S o Nis—38" in 2.Cob we have
(e M =M and Nelds =N (oloVIDMjaﬂVVIOWI/HWM re. up%d%fo]

Nake +hat Hu o boundavies recine

EDLC!W\Q]e ‘S 8 ()‘ ?_9 ] oPpoxi]-Qw‘eV\\’fAHOM /ﬁom l\dj -

Sx§0 66‘5 Sx{(} al/(\/ou\')\’) =W (—}v) =+ (V/‘f') = —Ws (V)
-—binc(uudoﬁewfﬂh'nmn Sx{olis —ws.




12wb

o (

Rol of Lemma. (e hawve ds

l\/l
. )
d ° M = (SX[OII] —H—— f
IGg S 5’0-—. '\<‘\)SS

We hawe foshow there is o diffemoyohism 2 mal‘zmﬂ the following diagyam wovmule

(SX[@E])%FP«

S~

S’ e 3
IR
> M

Leb f: S [o,00) —>M be Hu collav chosen fo d@)@‘nemealmng , andlwik C for
e submanifold 1 5x [011) £M, and M' = M\ C. Thee ave diffeomoyphivms

M =g C = Sx[oi] M= Cu M

and hente wing A obyiows diffeomprohism L], [o0) = 1] = o)1) and the
onof 0{ osSoclafiviy alveady given,

(Sx[o,f])LLSM = (S%[oﬂ])ﬁ:(C JLS\"\’)
= ((SX[O/Q) 0 C/> LM/
= Sx( Lo, ho]) py™!
2(3){0,\]3 g™/

M.

I

aVl&lw\UélfaV'y maken (10-1) ommule. 0

wWe wadune Mat 200k s acafego?j.



