/)oofalﬂebms and minimal models 2¢/kelle

The aim (ff s ﬁf’/? s o Cleschbe ﬂ/)e m/'n/'ma/ mode/ wm&fwa/?‘on
and give an example (sex the end for vefeventen).

Outine

© Aoo -algebvan.
@ The minimal model theovem
® Example fom singulavity theow

. A - a\gebms (’me a\gelomfc '}opology s ((l/lOW\D’l"DP\j O\\gebmiw )
ree [K] o backﬁuoumd

M Ah /qoo-algebm sa Z —jmded V@C'/Dr SPC?CL

A = @nez An

with Q,EMJ_W m,- A% — A, =1, k#/hew; degm 2 -n.

m:A— A dag + |
M, AsA — A deg O l
ms - A®Z S A deg — | 78"
N A@r@ﬂgfé/éf'@{-
(6 mMs &\
such that fov n> ) A@f@/ar@/}@t
Y Jé v W’r ( t
@ 4 ,("'J ' VV),/_HH(ﬂ@@ ms(@jz@b):o J‘ e
r+sit=n A

Def” A moyphinm §:A—B i LA B ) mif=fmy -



€]
E’ﬂ”_ﬂp: W= 0, 73] @ soys (A,VVM, th) Sa‘]ﬁs%‘e/)
ke alb=m, (a®b)
@=D wm =0

@D () =mi )b + ()" ami(b)
@ m, 7s associative.
TExe (JUF(M),4,0)

g (A/m.)mﬂ is c. DG-algebra M manifold |
Tngenerak s is a homotopy W (L) =M (e ).

Example for d>2, |2l=1, HCi R[E]fer= R@kE
=0 Sfor n¢{2,d}

My = mulhplication
md(eg--®€&) = )

A% s o 2,-grdud Aos-dlgehra

Where do Ace—algebran wme from”

J %amgu \ated categowy of inferent, e.q.
THO LD(M\X> hnf (W), Fuk(7),..
p DG enhanement of J, e.9. by [K-injechive rto.
v
I'I:', Jrakmgvt\l'\oec\vg\\\nlma\ Ceenerator (all ObjeU}K “LV\'\Hﬁamn _)

End,(E) D G-algebra  (wually OO-dim/CE )
l

< H*EMAP(E)) {myﬂ]m; 23 /—}oo-alge\om 7uam‘—iso+o Endo(EY . (1.dim /(E)

Knows ”t’VeMj’fh/‘ngﬂ albout J-.



Whﬁ nel minimal mvc(eb? 6

+ Toshudy moduli (o T self, or objeck of T ),

. ’%Po\owcal 51’\/\'»’\3 Theow (bomnc\a\/ﬂ;ec’r\m/)
= minimal, cyclic st‘cHLj unital Am—cafeﬂwi@

( Hevbst—Lazamwin—Levche, Coskells )

Am, cﬂcl|’cf4-3;) unif oomﬁfa/’/)ﬁ ﬁ;r mr = axzbmrofopen~c/ofed TCFT.
Cmomofdal fnclous  Rie —> GQM? (CB

S(Mpemded forwavd oovaoJH?“om (Oted/\mca\ Pov'nt)

LQJ' [A/ {’”’V‘}MWZ) @e an A‘m —algebva) C{e—ﬁne

s A— Al s(a)=a
Zi<' C“O(_
AT A (e ean) = () it J)Wln(aw--@a.)
Ch"/'}[’]®w——%/q[{7) Cb\ = S°}(V\O(S’]®”"@S—‘) rfhasz—)
Co(egm-kl} « SMﬂpﬁV\C\edqth/U\/a\fﬁ(DW\poyfﬁow& D g

[emma The dodm (A/ {C"}m?/lx 56\%‘5@ qcbr all ",

/ Cr+l+t°(ﬂ®r@ Cs@j'—@t) = 0 ()

rtstt=n

— (o si?m /

Twe are the “supended forward Ao -velotions”



00.d. fd.
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(2) The minimal model theovem. ( A

Ld’ (A, 9 ”V‘) (oea Da“&(,ge\om (Swpelf)dw\‘(wwmm\ PWOU/LCWQ)
1o sd (B, {am)) sat. (O

A shick homotopy vebadion o A is a Z-gvadsd vector space

B and lintay mops

P >
HQA&' B

sichthal
(i) P, ¢ are c(ejwze/uo w1ovp hirmg u:;p_cpxs
(where B s given zewo diffeveitial )

(i) pol = le

(i) Ip—iop=HotaH (e iop=la)

= B= H (4,2 5/ w[ﬁ/\a\pav—}fcu'av choie of how o prolect
elemant n A onfo cocycles (7 Cp@) = LAp(a) =0 ).

{ onenfed and conneded plana freon, with n+l leave }

U:\’ ——
( 2 3 ( 2 3
- €. TB = Ril/\(ﬁfDO*
| \
/ Taternal edge-

intemal veutex
(va\ema 2)
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Def™ Given Te Ju wedifine P71 7 B B by exgimple :

‘ﬁ =2, pr ¢ Bl — B}

TEI

Theovem (M’nimal Vnoc{e,\) (B/ {/”n }n7/1§ & an Am-algebra (with,
supendad forwavek pudielr ) ancl thawe s an Ago=quoni -isomoyphirm

(A, )= (B, {1 )

/

callec iy minimal modal
(recall B=H"A)




(® Example
Leb Wem®s CLxy, .o xw] have an iso/aled S/‘nyc//am'@ at O, 1e.

dime T/ (W, QW) < 0. (emmp]e: W= x'y-yiz* (DL*D

M ,/ﬁw is the szjmclec( Da‘algebm w[ﬁ\ mmdel//g;‘mj m@dule

XTW = Enc/(g(/l((m”,@ L@ @%)) s Clx].
\ﬁﬁ )
C(;ﬁforo( algelom) 3ememjred loy "ﬁ = f = 'ﬁ,*: \é*__] —
Saﬁﬁ[kﬂng [Y/“/\P']: [Lft*l (6'*]:0/ [/F[/ ‘le’:]—_— O(\l]‘

mc\eo\ \—(,&\')v-
with the wonal algebra vhucture, and differential U

W) = | Zoax's 2wk, « ]

oPem‘l'Dr on /\(Ctg-& CY)® @[’(7

— Zzg ["ﬁ'*/ o(] + Z V\/i["f’;/o(]_

E)(amgle \/\/=DLO‘€@[7<])C[7/?_ \/\]=I—J(.DHJ \/\l‘=)€d’|

A = Ende(CoC¥)oe T[] = M (CHT)
XY= a[ Vo] xT'[F,«]

e ) = 2 (20),%] ¢+ %d"[(f’f)/“]
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Theovem (Dydlﬁﬂmﬂoe) Theve is qgenemb/ E /ﬁy fhe Cakgoty crf
mahix fuctonsativons hmf(W) with DG-endomoyphism algebie Sw .
Henw fheve is an ec]w'xfa/el/u

b )
pev(xfw) = himf(W). (g DP(CZZZ(,M)))
&Pe»ﬂeclt JAW‘MDCLM(PA i

The minimal model o [\Xﬂ w, 2)

S=/\(coe-eco.) (DG-alg with 3=0)

Theorem ([N]) Theve is oo C-lineqr shict homotopy rehaction

&

i G Secd, ——— Endc(Altteoct))

with 8371, #'2=1-[3 ]
(P\neu(e form £ &2 \-\ from the ?eﬂuv baton IQV)’!W{Q)

=2 1he minimal model 0}0 S@c A s Ende (/| Yf) with hfgber
WMH\PI; ‘cations oompw%eo{ by €.9. sumsovertrews like

End (A¥) End(AF) End (M)
\b—l \;—\ /3_
- N g
\ G /5@%
‘S@ld‘

3
P End(/\\{/)@—% Emd(/\\P)‘

l End(nY)
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M = Nt e Ct’) S Ende( AlCte e Ch) )

embeddud o oovdmcﬁom [\Fi/’j ack an wvﬂm&iom

on S L.

Thin Al $vees map M%< End[NY] )@\ + Mc £nd (1Y)
and. the induwd Ao —a\gebm (L/%, {/{ [ pon }V\>/2 ) s Hie
winimal model of A, (fowem? 7 orly WE M™ fiuwe ave some

small changen )
Skelth of Feynman wilen  (see [M2])

Hl‘g%ev proclucts compute “scaﬁevmg " of pavhitles ﬂAvouak Trees . Move
preciely , " and H can be witlen an sums o products of

° bosomc cwmﬁon ondl aV)Vn'Lnrlaﬁon D])GW\DI/J Z/gx
. X _
o Levmionic cveation and aunihilotion opertion 0,07 [¥:,~]

ac{v'na on /\(@@'f)g /\(@‘F*’f) % clx] < Sed

Tree l oEeerDV l | Feynman d\‘agmm‘

Sest any monom ok TeZ o *.‘
\ven vevlex y}
ontaine \/\IJ(’O/)EQ (Ia’)ﬁa[%/ —] - \ @
S@at , G \\\aq(i?f) coefE.
( W ZZJ‘ 1J'WJ ) ’(j;,]V\/j(W)

gires revlex

w%/‘ns @é 96 E— l @
Ot



[+,-100;

ins
. il
H &

31'v~e/3\/e(/)-€ X

Feynman wles

e
é/@

To oompu‘ﬁ Jﬂy\ <Y| & -

OOWIPMHMj /)n : c/%@VL —> M

vevhun q"' \‘V\PM\? anc\ m’revmzi EC\%,Z/) (7/0)
verhi@s — exactyone ob eacln nd. e&%e
Q vertin af 1w}, vevhices (70)

@Y., ) , Sumover allFreen T, and for
eadn [ (/oyv\pu‘re Scava'ma of ljﬁ?;y\_: Y& @YX withinferachon
\f@VhUﬂ @/®/© ((-a. fum over ald PDJrible /Q!Vldf)(qg /\V#QVC(C'IJT\OI/\)_

A

Example W = 763_

W

L with vacuum bd\/\j wnd,

”I'FDW hosons % aindk
\CQ/VVY\fOHS (9

M= Nt )= Co <"

U



To compule Y (Y70 ¥'o +*)e N,

,\Fk «f,"‘ ,7&*

This hewtolbe paired with an
OU@DZV\CJ A or Gy OPeme on oomhvﬁv-

Hhis how Fo be conjumed \03 o (C)
verex or we hape an ertaping %

(\/)a{aﬁr\} V a AU b&fly)

Henu Mon(j oon}vilowﬁ‘mg oo/lec%mqp inferaction vevhun s
v i v

s (V'ot+"e )= —1

One an duch om(y =, Py are novl 2e/0 and cfev[t?vmfmﬁ So
e minimal model of A for W=x3 Ts A(ﬂ fom eavlier.



Oy
Conclimion
J = hmf(w) qLV“GiV\fjl/\lc'/ﬁec[ cafego\vy
P = mf(w) D -cabegouy
)
= gevevagor
ﬁw = EV\C&F(E) DQ'O\\%,Q\OQ
l minimall Wloclel

(M> {fh}nt S for V\/:deeﬁmm
e (0,72

a/)ﬂu vninimol moclel.
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