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Preliminaries

Potentials Let k be a commutative Q - algebra ,
then WE R = k Lxi ,

. . .

, Xn ]

is called a potential if

( i ) 2x . W
,

. . . ,2xnW is quasi
- regular

Iii ) R / ( 2x ,
W

,
. . . ,2xnW ) is  a f. g. free k - module

( iii ) the Koszul complex of 2x
,

W
,

. .
.

,
2x

n
W is exact outside deg .

O
.

f- g. free 22 - graded free R-module

DEI ( Eisen bud ) The Da - category A  = Mf ( R
,

W ) has /
-  abjectf. rank matrix facto ri satins of W

,
i.  e .

X 2 dk = W - Ix
.

- morphisms A ( X
,

Y ) = ( Homie ( X
,

Y )
,

at dy x - C - 1)
K Ld x )

.

This is a Iz - graded Da - category over R
.

I



Preliminaries

Potentials Let k be a commutative Q - algebra ,
then WE

R=k[
xy . . .

, Xn ]

is called a potential if

Ci ) 2x . W
,

. . . ,2xnW is quasi
- regular

Cii ) R / ( 2x ,
W

,
. . . ,2xnW ) is  a f. g. free k - module

( iii ) the Koszul complex of 2x
,

W
,

. .
. ,2xnW is exact outside deg .

O
.

Example l i ) Isolated hypersurface singularities ,
e. g.

W ( a .
,

. . .

, xn ) over k=E
,

sit
.

dim ( ELEK 2x ,w
,

. . . ,2×nW ) ) < 00

( ii ) k = IR ( x , .
. . ,xc ]

,

R = klxcti
,

. . .

, an ] = IR [ sci
,

. . .

,
Xc

,
. . .

,
In ]

IN = I

iii.
K

?
is a potential relative to k → R

.



Topological Landau - Ginzburg models

✓
closed 213 TQFT

- Jacobi ring with

potential WEEK is .
.  . in ] residue pairing

}
open

- closed 213 TQFT

- Htm HR
,

W ) is a Calabi-Yau

triangulated category
-

Kapustin - Li
,

Herbst - Laza  win
,

Polish chuk - Vain to b
, M

, Dyckevh off

\
Atiyah classes [ dx

,

{ all potentials / E } - s 2b defect TQFT

- pivotal super bi category I Cdx ,
T

"

]

- Car que rille - Runkel
, Cangue ville - M
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W )
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Connections and Residues

following J
. Lipman

"

Residues and traces of  differential forms via

Hochschild homology
"

,
1987

.



Residues

Let k → R be amorphism of commutative rings ,
and ti

,
. .

.

,
th ER be

a quasi - regular sequence such that RII is f. g. and projective over k
,

where I = ( ti
,

. . .

,
th ) .

Then the Grothendieck residue is

Really:!?
e k

+  
directions

,

,

-

-

i speak \ ÷
-

-

Clk )

.
 

'

,

'



Connections and Residues

Let k be a commutative Q1 - algebra ,
Ra k - algebra ,

and ty . . .

, tn a quasi - regular
sequence in R such that RII is f. g. projective over k

,
I  = Ctg . . .

,
th )

.

Example WE R = klxh . . .

, XD a potential and I = ( 2x
,
W

,
. .

. ,2xnW )
,

i.e .
ti  = Trxiw

Lemma ( Formal tubular  neighbourhood ) Any k - linear  section 8 of R → Rl I induces

an isomorphism of tell ti
,

. . .

,
ten D - modules

6
*

: RII ⑦ Kkk ti
,

. .
.

,
tis D → pie c- I - adic

r =

few 6km ) TM

tfpshot There is a k - linear connection I : Pi → R' ⑦ HEINI Ik

Hr ) = Mi Hrm ) t
" -

eidti

-

Ii ( r )



Connections and Residues

6* : RII ⑦ Kkk ti
,

. .
.

,
tu D Fr

,
I : R' → R ⑦ KEI NICHI k

Given r
,

ri
,

.
.  -

,
rn ER

pi - KOHEI NICHI k

,

!

! rt
,

r
, ] . . . IT

,
rn ]

I

iz = pi ri - I ④ Htt # Henk(
Http - linear



Connections and Residues

6* : RII ⑦ k Katy . .
.

,
tu D Fr

,
I : R' → R ⑦ KEI NICHI k

Given r
,

ri
,

.
.  -

,
rn ER

RIIERTIII c- pi - E KLEIN
*

KCEHK

I
I

>

! i ! rt
,

r
. ] . . . Carn ]

I
,

I" t:*:: "" " " " " " "



Connections and Residues

6
*

: RII ⑦ k k I ti
,

. .
.

,
tis D £

I : pi → R ① KEI NICHI k

Res
Mk f I!?;fry )

= trial -1497 . .  . [ grid ) e k

t  
directions

.

.

.

'



Idempotent An - models

of matrix facto ri satins



Analogy

,

2 =

rdri .  - - d rn

f ti
,

. .  -

,
tumin

,
"

"

.

.

.

'



Analogy

R=k[ Xi
, . . . ,xn ]

,
WER a potential rdr

,
.  . - drn

ti=2xiW ,
I -_ I ti

,
. . . .tn ) 2 =

t  
directions

[ ti
,

. .  -

,
fumiiia

,

✓
°

"

"  
"

A  =mffR,w )
.

.

.
 

.

Alu - O



Analogy

R=k[ Xi
, . . . ,xn ]

,
WER a potential rdr

,
.  . - drn

ti=2xiW ,
I -_ I ti

,
. . . .tn ) 2 =

t  
directions

[ ti
,

. .  -

,
funitin

,

(
V

"

"  
"

A  =mffR,w )
.

.

.

.

Ah - O I
→ ⑦



Preliminaries

DEI A small I - graded An - category 13 over k has a set  ob I 13 ) of  objects ,

and Zz - graded k - modules 13 ( a ,
b ) for all a

,
be  ob (13 ) equipped

with suspended forward compositions which are odd linear maps

rao
,

. . .

,
an

: 13 Cao
,

ai ) ID ④  . . . ⑤ Plan - I
,

an ) I I ] → 13 ( ao
,

an ) [ I ]

rn

satisfying the An - constraints ( without explicit signs )

,

an
" . .  . sai

, aitj ,
. . .

, an
° ( id

aoa ,

①  - - . 0 rai
, . . .

, ai
,

.

0 - . . 0 idan
. ,

,
an ) = O

Example Any 22 - graded Da - category
,

rn = O for  n > 3
.

I



Finite An - model

Let's :k→R be amorphism of commutative rings ,
A a Da -

category over R

Restriction of scalars gives a functor

An - cat ( R )

f-Tix I
y may have r

,
to

" F
Y

An - cattle ) THA )
a

>

13
a

Def
"

A finite An - model of A over Kisan An - category 13 over k with all Hom -

spaces

f. g. projective 1k
,

Ao - functors Fa and An - homotopies FOGEL
,

Go FEI
.



Minimal An - model

Let T : k → R be amorphism of commutative rings ,
A a Da -

category over R

Restriction of scalars gives a functor

Ao - cat ( R ) A

six I
" F

Y

Ao - cat I k ) THA )
a

>

( Htt At
,

{

ruin
> a )

a

Def
" A minimal An - model of A  over K is an Ao - structure { rn 3ns

, , on

H
't (A) with r

,
= O

, rz induced by composition ,
and Ao - functors

F
,

G and Am - homo to pies Fo GE I
,

Go FE I
.

T
c. f. Remark 1.13 Seidel 's book  on Fuka ya  categories .



Idempotent finite An - models ②

Let 's :k→R be amorphism of commutative rings ,
A a Da -

category over R

Restriction of scalars gives a functor

An - cat ( R )

f-Tix I ✓
may have r

,
to

.

" F
Y

Ao - cattle ) THA )
a

>

13 ? E

a

Def
" Anidempotent finite An - model of A over Kisan An - category 13

with all Hom -

spaces f. g. projective 1k
,

Ao - functors Fa Eas above

and An - homotopies Fo

GEE
,

Go FEI
.

( E -

- I gives finite models )



Why finite models ?

idempotent finite  model finite model minimal model

( 13
,

Ei
,

Ez
,

. .
.

,

r
,

, rz.rs ,
. . . ) ( 13

,
ri

,
rz

,
rs

,
. . . ) ( THIA )

,
ra

,
B

,
.

. . )
12 Ao - catch )w 12 12

( A
,

't
,

ri
,

ra ) ( A
,

ri
,

rz ) ( A
,

ri
, ra )

• Stringfield theory ( Ao ) us . topological field theory ( Ded )
.

• the information in higherproducts is importantleg . for  studying moduli ) .

• Landau - Ginzburg / Conformal Field Theory correspondence ( LGICFT )

T
Physics refs .

Lazaro in ( JHEP 2001 )
,

Lazawiu - Roi ban ( JHEP 2002 )
,

Lazaro in ( 2006 )
, Carqueville - Dowdy - Reck nagel ( JHEP 20121

,

( argue ville - Kay ( CMP 2012 )
, Baumgart - Brunner - Gaber diet

( JHEP 2007 )
, Baumgart - Wood ( JHEP 2009 )

, Knapp - Omer

( JHEP 2006 ) .

→



Why finite models ?

idempotent finite  model finite model minimal model

( 13
,

Ei
,

Ez
,

. .
.

,

r
,

, rz.rs ,
. . . ) ( 13

,
ri

,
rz

,
rs

,
. . . ) ( THIA )

,
ra

,
B

,
.

. . )
12 Hoo - catch )w 12

12C
I A 1. rural I Air " ' )

Haim;'m:D
ble for

• Stringfield theory ( Ao ) us . topological field theory ( Ded )
.

special objects

• the information in higherproducts is importantleg . for  studying moduli ) .

• Landau - Ginzburg / Conformal Field Theory correspondence ( LGICFT )

T
Physics refs .
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,
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( JHEP 2006 ) .

→
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An  idempotent finite Ao - model of mf

• WE R=k[ Xi
,

. . .

, xD a potential ,
A  = mf ( R

,
W )

.

•I = C ti
,

. . .

,
th )

,
ti  = 2x

.

- W
.

• I : Pi → KOKE ] Distills a connection

DEI The Atiyah class of AH ,
y ) relative to k → KEI ] is

✓
Htt - linear

& closed

[ da
,

17 ] : A ( x
,

Y ) → A IX. Y ) 0 KEIR :c
Eg ID

There are induced closed
,

odd
,

k - linear operators

Ati :  = Lda
, I . ) : RIIORA ( x ,

Y ) → MI ORA I X
,
Y )

.



An  idempotent finite Ao - model of mf

• WE R=k[ Xi
,

. . .

, XD a potential ,
A  = mf ( R

,
W )

.

•I = C ti
,

. . .

,
th )

,
ti  '

= 2x
.

- W
.

,
, .  e .

43 ,
E) I ( A

, 1A )

Theorem ( M
,

'

19 ) there is an idempotent finite An - model of A  

= m HR
,

W ) with

- ob l 131 =  ob I A )
,

13 l X
,

Y ) = HI 0nA ( X ,
Y )

- ri
,

r
,

on 13 induced by ri
, rz on A,E -

- 13-7/3 is identity on  objects

- E
,

em .  - - r
,

T
,

t
. . . Tnt where K.  = Ati  = [ da

,
# i ] are Atiyah

classes and
, for homotopies ( Xi

,
da ] = ti - ha

,

Tita - Ii - ⇐ §gmcm¥[Agm
,

I - - . C Xgi ,
Ii I .

. . ] Atg ,

. .  .

Atgm



AnidempotentfiniteAao-modelofmfp@fI-mffR.W

) 12=121×1 ,
. . .in ] t ,=2×,W ,

. . ,tn=2xnW

④ Ito = /lFo④kMf( R ,W ) -0k£ to -

- KO
,

. . . Kon

⑦ 13 = R/I①nmf( R ,W )
NkHHk= Fook HEI

f
An - homotopy equivalence 1h

Go FEI
F

A  → Aarti - Ao 13

i ve
a

O
homotopy equiv .

E e- Fea

eloi )=O
.

Theorem ( 13
,

E) is  an idempotent- finite An - model of A ORR
.



Proof  sketch

A  

=  mffr ,
w ) Pekka ,

. . .

,  xD Choose homo topics Xi  such that

Ao = Afo On MHRW ) ORE

[ dug
,

Xi ] = ti
.

13 = MI ① a MHR
,

W )

A  → Aarti - Ao 13

There is a strict homotopy retraction of complexes over k

(Ao I KY )
,

da ) = ( Afo k Homrlx
,

Hank
,

do )

es I !
,

e-
'

s -

- Eiti Oi

( Afo ④ k Homie ( X
,

Y ) ARE
,

dug t Eiti Oi* )
-

by homological perturbation → Go ! ! I c- canonical projection
using connection T

-  -

( 13 ( X ,
Y )

, da) = ( RII Or Homrlx ,
Y )

,
da )



Proof  sketch

A  

=  mffr ,
W ) R=klx .

,
. . .

,  xD

Ao = Afo On MHRW ) are The An - transfer ( minimal model ) theorem

13 = MI 0 Rmf ( R
,

W )

A  → Aaai → Ao p
( Kadesh Vili

,
Merkulov

,
Kontsevich - Soi belman

and for  our purposes Markt ) constructs A -

products

(Ao ( KY )
,

dit ) on 13 and An - homotopyequivalencesFG

a

F

to .

'

7I
'

he
.

Io a

e
'

6
. Tie

- S

F
,

= Io
,

a
,

= Io
- t

,
Go F  I 1

y

( 13 ( x ,
Y )

, is )
47513 induced from not

,

rit
.

Teo It
' =L

,
E-

 '

o Io  =L - [ dit ,
H ]



A  

=  mffR.hr ) Pekka ,
. . ,xn ]

Io

Ao - Afo MHRWIORIE ( Aoki )
,

da ) . n¥,

'

( PLAY )
, Is)

13 = R/I0rmflR,W ) #
transfer An - structure

A  → Aarti - Ao 13
i

Aolx ,Y)=AFo①kHomr( KY ) Orth

^

( choose bases for X ,Y
= Nfo -0k Homktx

,
'T ) KR

i.  e. X=IokR )

= NFo0kHomk( I
,

I ) OKRII④ kkllty. . ,tnD

= Afo -6k$ ( KY ) -6kWh . . . ,tnD 3 PIX ,Y )

D=¥ Oif .

5%
do f) = ,w+¥w0d⑦f .



A  =mffR,W ) Pekka ,
. . ,xn ]

Ao -

AFookmfCR.lv/OrtE/3=R/I0nmflR,W)A-sAo-rR-AoTa/3

p 13 13
•  • •

Gao Go Go

Ata IT
,

da ]
•

es
.

et
. es

( Atiyah class of A ) • rz

•

e
- f

Go = ⇐ tDT5AtaT6 :B → Ao
&

.
Is )Ao

Vz
•

4- = ! HIRATA )m37:Ao→Ao

feet;
g = ⇐ XiOi* : Ao → Ao

r
,

: 1311703-2/311 ]

Att ,
8 rewritten using 3*



Feynman diagrams

Suppose X = AF 0h12
,

Y - A Fz KR are Koszul - type ME
.

Nfo OF
't

A E) Ok HI ⑤ Kkk ID 3 NFz*oFz ) -0k RII
- -

to ( XY )
,

interior of trees 1314141 ,
exterior

Y
,

Y  Y  X  X - X

• Apart from } all operators z
:

in:L:&ifeng.j.mg?o:7aisdud
.

"
 
:

"

÷
:
 

"  "

:

it
. .

in creation and annihilation

÷:::: ag.msorganise.cm#on
of such trees to normal form . .

.

one www.uhonfo . w=¥× ,
.

to

"  " : ÷.

.

.
.

.

.

.

:

:

rs : PHX ) 0134,4117013144 ) → 134,4143 . :

y : X

B ( if 30×23*0×32 't )



from
.  - - drn

)eH :( r :p )=Hn-
 '

Cyrille )
ti

,
. .  -

,
tu

t  
directions

Resnais

specy.a.cat#nnr.w
, .

.
 

'

"

"

\
( 13 ,E )

12N

( HA
,

't )



from
.  - -

drift
:( rip )=Hn-

 '

Cyrille )
ti

,
. .  -

,
tu

t  
directions

Res ,ykl2 ]

. e . mri.no . "

y

"

RFI

Da - cat A=mfC R ,W )
.

.

.

.

↳ '

E )
rn

,
En are functions of [ 7,4A ]

,
Xi

,
. .  . An

12N

( HA
,

't ) A

MIO Homrlxil )


