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@ TO\DO\D(jFCO\\ | oandau- O\\"nz\ourj models

@ Conmections and residues

@ Iclem’oofemf ‘ﬁ'n .‘yle A OO-W\odelS afsmgu/am'ﬁe:



Pre\l'mivmvies

Rtentials Let kR be o commuttive R-algebva, then We R = R[xy. -, %]
is called o potenhial if
(1) 3xW, -, I W is quani-vegular
(i) R/ (W, 3W) is o £ 9. free R-mmodule

(iit) he Koszul complex of 9xW,--, dx.W /s exact outiicle deg. O.
Jgfree Z, - graded free R-wodule
Def™ (Eism‘ov\d) The D&—aai‘@govj A = ij(R/ V\/) h o /

—Q\’ojeix f.ranR moatix —Fo\C‘l'Drifaﬁ'omd}a |/\// e, X 2 C|§<=W'flx_

— mowohisms A(xy) = ( HomR(X,V)) o > Ol\/o(—(-')ldé(dx).

This is o Zz-gmcled DG ~categony over R.



Pre\l'mivmvies

Rtentials Let kR be o commuttive R-algebva, then We R = R[xy. -, %]
is called o potenhial if
(1) 3xW, -, I W is quani-vegular
(i) R/ (W, 3W) is o £ 9. free R-mmodule

(iit) 4he Koszul oom/\plexd‘,/ O W, dx. W 15 exact outsicle deg. O.

Example (i) Tsolated lngpenuﬁtace singulal}d—}e/&, e.q. W (%o ) guer k= C, st

dim( €V (5w, 20w) Y < 0

(;;3 kR = R[Xy..-/icl R = l'b[xcﬂw"/xw] =R [xl/..-ch/._./ x”j

2

W=7 0 & s o polential e lative fo k—> R



Epoh?f]{cml L andau— &inzbwrg models

/7 cloed 2D TQRFT
— Jawbt nn W"hq_
[\(‘/- “/X"‘] ) 9 |

renidue Paivina

})ofem%\a\ We C
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Mongulated] ca+e<3 ow
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Atiyah classes [c{)(/VJ
{ all potentials / € |~ 20 defect TOFT —
_ Pi\/o‘fw( suPe/loicaJre g\f’ /[dx)
— Carcluew'lle—Rumhep) CaqueViHQ’M



Epobf]{cml L andau— &inzbwrg models

/7 cloed 2D TQRFT
— Jawbt nn W'ﬁq_
[\(‘/- “/X"‘] ) 9 |

renidue Paivina

})ofem%\a\ We C

\‘k‘*) 0|9€V\-clOJ€C\ 2D TQF T
— H*mF(R,W) 35 o Calab -Tous
Mongulated] ca+e<3 ow
- KanaHn—LC) Hevist — Lazavoiu
Polishchul -Vainhol, M, Dyckevhoff

Atiyah classes [dx, V]
{ all potentials / € |~ 20 defect TOFT <
_ Fivo‘fw( suPe/bica]‘e?o\ﬂ /[dx,v
- CarclueV(He—Rumhe) Carc‘meviue—ld,

’B_ejowct T@FT : Aoo—WIoc,e/JO{VVl]C[R,W)



(onH@C%?‘OVlB W)d Pes[c/ues

*fo“owinﬂ T.Li\)man “Resrdues and Yawnr of differential fovms via
Hochschild hovmolow", 198 7.



Restdues

Let k=R be a morphiom of commudative vings, and ty,..., tn €R be
a quosi-reqular sequenice such that R/ T s f.9. and projechive over R,
wheve T= (+,,...,¢tn). Thenthe Grofhendieck resicue s

Resg/h rc\wr,---dn\] c k

by ka

spec(h3



Conneclions and Residues

Let R be a commutative @ -algebra, R a k-algebrm, and Ly tn o guasi-reqular
sequence in R suchthat R/T is ;,C.j, lgro\jecﬁw; over R, T = (t,..., ¢t )

Example W e R=R[Xi %] a POTQV\'Ha\ amd T = (9xW, ..~,9)<V\VU)) e. ;= v W

Lewma (Fovma(—\-m\ou\qr meigln\oowhood) A”l’] k-linear section 8 of R — R/ LT inducens
an jsomovphism oA R by, tn ] =mocules

g¥: R/T o k[ity-, b 1] —> R e Tradi
=5t
MEN”

Upshet  Theve is a. R-linear connectton Vi R—> fi@k[f]ﬂd\—z{f]}k

(g™

V(r) = Z Z M, () tH—eédE;

(= | MeN"

o ()



Conneclions and Residues

= A i 2 1
6*: R/’I_‘ @!{}{Htl/-—'/éhqﬁ R. J v : R—> ‘R'@k[iqﬂhit—”k

Given. 0,01 .-,Tw ER

A X
g s ROut]SL k(e/k
& lyr]- (V)

I D U 2>

N

A " ~ X
RoOJL —— R@ue)SLr(tn

13 q ~linear



Conneclions and Residues

= A i 2 1
g* Rz @nklity- bl — R, YV : R— R®prx7 Nl pok

Given. 0,01 .-,Tw ER

A X
g s ROut]SL k(e/k
X lyr]- (V)

Rlz= T
|

4, A
R =R/1R «

I D U 2>

A " ~ X
=ReJL — R®p¢]SLr[e]/k

13 q ~linear

Kf“Mear



Conneclions and Residues

g% R/T @ klity-rbl] —> R
5 3 1
Vo R R®p1 L wiak

Resk/h[ Fdv - dry\} - +rR/T_<r[v)r,“j-., [ern]> c R

't‘/---}{?V\.

SPec(h)
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Idevmpofenjr Aeo-models
of mabix factonsations






Amalogkj

R=k[Xy.., %], WeR a PoTenHa\

rdv--- dr,
1 =9%W, IT= (&) - ) =
b En
RMR/(l[’z]
spec(R)



Amalogkj

R=k[Xy.., %], WeR a PoTenHa\

rdv--- dr,
1 =9%W, IT= (& .- ) =
b En
RMR/({[’Z]
spec(R)



ﬁre\imivmm'@s

_DQ—’FA A small Z, - 3mc|ecl Aoo’qufeg()ly ﬁ over R has a set ob(]}) c/;f olcy‘ec/f:)
and Zz—cjmded k-modules /3('2,[0) for all abe bb(ﬁ) ec{w'/opecl

with mopewded fovw avd oompo;iﬁom which ave odd inear maps

Voo ) O }3((10/0(.))__!] ® --- @ﬁ(ﬂn-l)&n)[q —ﬁ/}(aojqn)[;j

J
v

n

Sod‘]sﬁjimﬂ the Aao—wns%minﬁ (w}f’lnouf’ exp/fcf?L :fgn:)

r, , o ; . _
Z “°/"'ja£/a(qj} =) An ( Lc[aoa, ® 2 r—a('/’_ ja‘*:/ & & CC(qn-n,an O

i,7/O/J 2!

< Cﬂ’ér\.

EL(IVVIP]_Q An\j ZL"jmded DCL-—CC{fQSWﬂ 5 =0 "Fo( n=2 3.



Finite Ao -model

Let T:h—R beamorp%ﬁrmﬁﬂ ommutative ngs, A a DCt—cafegij over R

Restiction of scalavs 7/'ve:a functor
A -cat (R ) A
| Fx [ - /maj have v, +0
Aoo -cat(R) fe (A ) /B

G

Def™ A finite Aoo -model A A sver kis an Ae ‘fafegog/B over k. with all Hom-spaces
f.5. projective /R, Aw-functors 5 & and Aoo~hormshopior [ =1, C-F=1.



Minimal Awx-model

Let T:R—R beamorplf;iﬂ/naﬁ Lommntative fl'ngs, \/A o Da-cafegow over RC

Restction of scalavs j/'ve.ra functor

/—}w-cat(R) A

[ I

/-}po—caf(/z) Je (A ) 7 (H*(f”, { r”}mvzz)
G

Def"™ A minimal Ac-model of A over R is an Ao —shucture {3 on

H(A) with ¥, =0, v, induced by womposition, ond Aw -functors
F Ce and Aw—homofopies FoC= 1, CoF=1.

( .. Remark 113 seidel's book on Fukaya cafeaov{e/s.



Tdempotent fivite Aw-models @

Let T:R—R be o movphism ot commututive nngs, A a D&—cai‘egij over RC

Restiction of scalavs j/'vesa functor

/—}oo—caﬁ(R) A

E | S
Am—caf(k) fr(A) //E Q E

moy have r; #0..

ml

Def™ An fdempofenf—ﬁm'}e Am—modd d’fA over R is an Ao -(afegoty }3
with all Hom-spaces £-9- /Jvojecﬁ'ue//{, Ao ~functors 5 &, E an above
and Aoo ’homo/'opiefj fo &;E, C»°/:;1. (E=1 3{1/9: 74’/11# VV)ocfelJ)



quy Enite models 4

]o\evvxpofemlr finile model £inite model minimal model
(}3/ E‘}EZ/"'/ r'/ rZ/G/"'> (ﬁ/ ('1 r)'/'f3)"'> (H*((\A))GJFB}..)
12 pp-cat(B) 12 12

(AL, %) (A, 0 ) (A0

. S‘Mr\g Freld ﬂfueov% (Aw) V5. ﬁyoloﬁl“cal freld fheovy (Aeol >
. The information in hrjher}owdacﬁ' is impovtant (e.g. for ;fmc(y:’ny modulc’).

Landau - Ginzburg /Com’-’wmal Field Theow comespondenice (Lc/cFT)

rl’hxjsc‘cs refs. Lozovoiw (THEP 200\)) Lazavwiu-Roiban (THEP 2002))
Lazawin (2006 Carqueville -Dowdy -Recknagel (THEPZz012),
Cowcimev}”e— Kaj (cme zoll) , Bc(wmaar}l —Bvunner— C;qlo-erd}'e,’
(THEP 2007)) Baumam-ﬂ—\/\looc\ (THEP 2009), Knapp - Omev
(THEP 2006 ) .

——



quy Enite models 4

]o\evvxpofemlr finile model £inite model minimal model
(}3/ E‘}EZ/"'/ f,l f‘Z/G’,__> (ﬁ/ f|} rL/QJ,,.> (H*((\A))rl)‘}/>
12 po-cad ()7 12 1 <
(AL, ) (A0 ) (A, 0,0

¢ Shing field theowy (Aw) VS h]aoloﬁl”cal Feld theory (Ned > gzznc@l;{aog;gg

e The information in higher procluck is impovtant (e.q. for stuelying modulc ).
grerp P J 91179

Landau - Ginzburg /Com’-’wmal Field Theow comespondenice (Lc/cFT)

rl’hxjsc‘cs refs. Lozovoiw (THEP 200\)) Lazavwiu-Roiban (THEP 2002))
Lazawin (2 0063 , (arquevi||e~Dowdj ~Rec\av\age\ ( THE?P ZO)Z)/
Covqueville- Kay (cMP 2012) , Baumgart] —Brunner— Gaberdre|
(THEP 2007) | Baumgah-Woed  (THEP 2001), Knapp-Omev
(THEP 2006 ) .

——
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An idempolent finike Ao -model of mf

. WER_:lQ[X'/-"/X‘”j a po\‘el/\‘)'l\a' N \_A = VY“F(P\,W )
L —£= (én}...)ﬁh)} ‘EL = a)(,:w-

A N :I_
-V R— R@h&]ﬂh[t]/h o connection

k(t] {inea”

Qg{_a_ The ﬁjah claus Uf ¢4(X,\/) velahive fo R — kfﬁj is / g‘o\oﬂ‘i
1
[du 7] AY) — AV @ra Sl [1]

Theve ave induced cloed, odd, k-linear oFemerrl

At= [da, 31 Riz@r A6Y) — Rz @ A(X,Y)



An l'dempofenf finike Ao -model of mf

° WER_:lQ[X’/-"/XWj a po‘rem-Hal, \_A = VY“F(P\,W)

L 1: (én ...){Zv\ J ‘EL' = 9;(5\/\/. oo
o) e (B,E)=(A 14)

Theorem (M, '11) Theve is an idempotent finile Aw-model f A =mFRW) 14
— (B )=ob(A), PLY) = R/Ten A(XY)
—nn on/i induced by ¥, on A, E<B—P i identibly on oloje chs
~ B2 T T T e 7 <At = [da, 3, ] e Aliyak
clasres anel, for homotopies [Ac,da )=t (4
1

0o 2% = 20 2 e e L D92 DAt Ak,

mz [ 9y ..ﬂm




An idempolent finike Ao -model of mf

. A - VV]}(R. W) R:IQ):le.../Xh] {IZQXIWJ“'/ £h:aXV\W
@ Ag=/\Foon (R, W)@e R o= kO @ 0kD,

_ R/t ®a mf(RW g = Toern ke
]3 * / ) Aw—homtﬂ‘om eczw\rq\el/lte /k

va .
L CoF=1

A‘H/‘\‘@&K;—?/‘\@e _/B

(o O U

homotopy equivs =
(w )=

— FeC

Theorem (ﬁ, E> is an :'clempofen/'ﬁfn/ﬁe A oo —odel of A @Ré\ i



Prool sketdn
A = m}(ﬁj\/\/) R=k[x.., %] Choore lnoyv\u—{-DP]@ (/\L such 'H/LO\}-

Ag = /\Fo & mF(RW) 0= K
B=Ffr ®r mf(R,W) [C\af, )‘f—l = JC;.

A’_’A@kﬁ ;%/'\@——9/3
C

There is a shict homotopy rehacton crf complexen over kR

(AO(X’\/S/ C'v*> = (AFOG%HOW‘R(X;Y)@R@ ) O|,4—>
e’ T le-& S=22.2.06:;
(/\F@@kHomR(x,\/)@R fi) dg + Zite@f‘)

L\‘j \noWlbloai(a\ f—;_el\/‘]'w/\%;tq’;mr\ﬁ éao I\ J TC «— cav\orlfca\ on\jed_'\bn
wing conne e 10N

(P, dy) = (RIT @xHomg (1Y), dut )



A = }’Wf(R,\/\/) R=k[Xy. %n]
A@ = /\Fs @ mf(R,W) @r R
B = RrewmilRw)

Aé/-\é%@ %Aeh_ﬁ
o8

(A@ (X/\/B, C‘ﬁ>

h.e.
68 &po e

(PxY), dy)

T-3'=1, ¥ 8=1-[da H]

Proof sketdn

The Ao - hansfer [m:'m'ma/ mode/) fhe ovem
(Kac\esh\/i(i/ Mevkulov, Kontsevich -Soibelman
and for ow purpores Nat//a/) conshuch /}oo‘f;wdqd;

o B and Aw~homofopy equivalenesr £ G

A ———p

F=%,C =37 G:F=21

Gﬁ) ‘QJS induced from f‘,J’ QLA.

/

[l



A = mf(rR,w) R=k[x.x]
A @ —
A(ﬁ _ /\FB ®) mf(R,W) @r R (Aa(xl\/}, C,J}> T) (JS(X/\D) C]‘AB

B = frecmiRw)

Hramsfer A oo~ shucture

F

\AAA&JA{ ‘ﬁ/‘\a(__/B
C

N

A, 007) = N\ Ty ok Home (X, ) @ R

= 0 v g ,% choare banen for X,V
A\ Fo ®r Hom (X, ) & ( N~ LenR )
= /\ F@ ®r HOVV\)&(SZ/?) Gk R'/L Bk ‘Qﬂ t‘/"yﬂh [l

= /\\:@ Gk )B(X,y>®lz ‘Qﬂ£‘)'--/éw U >, E(X,Y)

U U | weoxef.

V=505 S(wewef) = |l 1]



A = m}(ﬁ,\/\/) R=k[x-, %]
As = \Fo & mF(RW) e R
]3 = R/I ®PJ’V‘HR1W)

\A’%A®KQQ.AB€__
C

/C)JCA = [V, d%\]

(A’H\jo\\/\ class df A )

[

2 C0(GAL,)8 - B—A,

m> o

£ o

bo = 2 ()(2AtA) SV - Ag —Ag
m~7so )3

S = D N0 Ay — As ra - ]3[1]®3——> BL1]

w770

At/\ )5 rﬁwviﬁevxwxmj g*



EQU"’W‘“"L dnagmms

Suppose X = /\’__% o R, Y=A\F ®rR are Koszul-type MFs.
AlFse R o B Jer Rz orklitl] > N(R'e R )er /T

T SR
../4(9 (Xf/), inteviov of teen /3[)(/\/)) exlevior
© Aparl fiom S all operaton 7 g 2: : .

involved /n oompuh’n /}oo—pwc[ucﬁ
con be wvillen a/)}w[7 nomials
in creation ancl avnihilation

oPeVm‘z)n.

* Feynman cl/‘agmms organixe reduction
ot such trees o novmal form.

Example  One conhibubion for W = 7V 4o
G2 BOOLe B NITeB(%Y)[]— B(x]

(3T ® x1T ® x37*)




[-rdfy"dﬁ\

] e Hr(2a)=H™ (v, )
by, bw

Ruqh[z]

DG -cat /\=W\1C(R,W) /\
(B,E)

(2

(A1)



by oo b

'RMR/(l [7]

.7 I
(v [l [V])
§)
5Pec(f0 R/T

Di-cat /\ = W\F(R/W)

~ (BE)

rn)E\,L ave fumcﬁbmafi [V/ dA], f/\l)--~/ﬂ>""
(2 Q
()oakA)’]_)

R(T & Homp (X N)



