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Outline : 0 An - algebras ,
derived category

�2� Examples from isolated hypenurfaa singularities WH An - algbw
�3� Matrix factorisation i→ An - modules

lAa-a1gebrT ( from algebraic topology ,

"

homotopy algebras
' ' )

see [ K ] for background
Dee An Aa - algebra is AZ - graded vector space

A  = One >< An

with operation mn : A←→A
,

n→1
, K - linear

, degree 2- n .

m
,

: A  → A deg +1

Mz : A@A→A deg 0
,

Mz : A•3→A deg -1 A÷
:

A0r@A0soA0tcf16ms61suchthatforn71AoraAoAot0fxdnt5tstmrnttCIoramso1otj-ofmrHttAtstrictunit_iseEA9mileyaeaunitformzandmnvanishesforn72assoonasanyentuyise.h

omologicdunit is a unit for H*A
,

we say A is homily



taihf@DdAismin_maifmF0.ooExamp1e_mn-Qna3.OsaysCA.m

, ,mz ) satisfies
\ mile ab - mz( aob )

no Miao

@ mi( ab ) = Mila )b+( tjlalam ,( b)

# mz is associative
.

i. (

A.mi.mDisaDG-a1gebraIngeh_lm3isahomotopymzl10MD-mzCmz@11Examp1e_Forcb31eK1.A

'd's kH/{ 2- Kake

mniO for nets 2 ,d }
mztmnltiplication } At "DaZz . graded Aaoalgebra

md(e@ . . .ae ) = 1

WIAa.at#1wn ?

-

J triangulated category of interest ,eg .

ftp Dblwhx )
,

hmflw )
, Fukl Y )

,
. .

.

P DG enhancement of J
, e.g.by lkinjecliveres .

: ¥ghingthmfdmepnimal

Generator (allobjects
" bniltfom

" E)

Endple ) DG - algebra ( usually a- dim/C )I<( H*EhdpF⇒,{mn}n>,z ) Aa - algebra quasi - isotoendole )
.

( fdimk )
Knows "

everything
"

about J .
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Motivation
f

semantics of linear log

:
gen .

orb
• To study moduli ( of J itself

,
or objects of T )

,

^ he
. g . Polish chink 's work on moduli of curves\

deformation of singularities via hmfw

• Topological string theory ( boundary sector )
= minimal , cyclic strictly un ital An -

categories( Herbst - Lazaro in - Lerche
,

Costello
, .

.
. )

= axioms of open - closed TCFT
.

( monoidalfuncton Rie → Comp ¢ )
dg

• What are Aliyah classes ? ( of MFS . Physicists know ! )

An - modules An An - module over an An - algebra ( A
, { mn ]n > , , )

is a 2 - goaded vector space M with operations ( no )

MM : A
' ' '

'@ M - M

of degree 2 - n satisfying the same identities D
.

A morphine
of Aa - modules 9 : M→N is a collection of
linear maps Yn : A * " ' ' 'oM→N of degree In such that

r

luarittty,

§+an±
Yultoomsotot ) -§=n±metro %)

this is an eq . the ( ordinary ) category of Aa - modules and these morph ismstameness
.mn

is denoted Moda hole'*mYays*AImFMmY?ana%•mm#¥n

the action of A " uptohtpy
"

,
etc.

. .
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Thedei=gy A ah - united Aa - algebra .

• There is an An - category of (h . Unita ) An - modules Moda ( A )
,

such that Moda = 2°C Moda A )
. Tthisisatiangulaledaocat

( see Seidel [ s ] )

More concretely ,
horn "( M

, N ) is the space of { th }n > , , with each

[ : AOK
' ' )

@ M → N ( of degree a- ntl )

and only mi
, mz are nonzero in Moda (A) ( lie . this is  a Datatec )

.

• the perfectdeniccnagy per (A) is the smallest triangulated

subcategory of H°( Moda A) - Modal - containing A
.

Examp1= A  =A# from above
,

d >z ( le . mn=O n€{ 2
,

d } )
.

Given 2 tied -2
,

is d- i we define an An - module over A
'd .

by
^

Mci )
it A ( k } ) = k•k}

lZz- graded

with operations dn=O unless ne { 2
, its a- it ' }

Ln : Adm "
@ Mc ;)

-> Mc ;)

2<(1 ,
- ) - id

,

d ;+ , ( e
,

e
,

. . . ,e ,
- ) = ±}*s c.) = ( :b )

Lditi ( e
, 5. . . ,e ,

- ) = ± } ^ C- ) = ( °

, ;)
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2
. Isolated singularities

3

WE ( xy . . . ,xm ) E ¢[ xy . .
.

, xm ] ( actually works  with

minor  changes for WEMY

dime '4×Y( saw , . .
.

, 2mW ) < to

the scheme X=Z( ME En has an isolated singularity at . 0
.

Example

xidtxtx?( Ad
. , )

,

oil
,

xilxitx ,k ' ) tx ; ( Dk ,kz4 )

AIM Explain a construction W - Zz- graded minimal An - alg 8w

perk ) ± hmffw ) ± Dblwhxyperqx ,

Hdl ¢ )

•
Dyckerhoff

' 09 Da alg End ( kstaf generator

+ min . model thmt good choice of homotopy retract
.

< makes explicit calculations

Bed The underlying algebra of Cow is actually feasible .

Gw - NKS ,
a .

" o

Kym
)

.

To define Mni 8w←→6w we introduce an auxiliary space

S : - CWQNKO ,o . . a- kom

)oe*
p= projection ( o ,x1→° ) \

mile m for the product in S

- Cw÷
embedding
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,

• [ xi ,xj]=[ Jxi ,2xj]=0 [ xi ,2x ;] - hj

Interactions W - Eixiwi Wi - [ Wilojxt wilojec
TEINM

AO : BO @
%

ixi
% Oi

"
' XD

•
,

,

'

•

Oj ,
ipxjlxt) foi ^

Tawil ) a |

( foralliij and OENM )

i
1

1

- of,WimOjJxjlx49o* Oi2 . %*aa*

A

On
so
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Feynman calculus for higher products

Describes mn " Cw•h→8w via the structure constants ( Ti
,

Sebw )

✓
basis at

,
ie .

%
,

' '
' FK some iic . . . < its

weff . of 8 in Mn ( NO. . .

0:

- [ amplitude (D)

YES
£
ynman

diagrams D ,

tinwming
8 outgoing

" DIN
"

A Feynman diagram D for a binary tree T ( e.g. Y
'

)
is an oriented graph embedded in the thickening of T

,
with

lines labelled Yi
, Oi ,

xi Ki 'm and nodes of type A
, BC ,

with the following constraints :

• A nodes may only occur along edgy ( not adjacent towot )
• B nodes ' ' ' ' ' '

at internal vertices ( i.e. Y )
• There is precisely one C node on every internal edge

( and no other C nodes )
• The only lines incident at the boundary (of T ) are 9- lines

.

The amplitude of D is

HD ) -

- Tj
amplitude (D) - ti ) T, 11 ( gwilt ) )

f
A nodes -

symmetry factor j , ii depend on the node

( EQ )
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Examp1e_InthespecialcaseWtX3-x.x3soWtx2Cw-NkN-kokYS-NkM@NkoyoCH.p
AO

t, , .

03
€.jo

@
I

•
,

,

'

•

°
. I

,
fo

@

A Feynman diagram for T=\&ejs :

@

::#:* :*t÷t#¥#"•

m(y*@o*
)¥40

,?Eo* , An
to

•

P in -9,49
,

out  = 1

denotes
[

linear map
Pwa - for defined by

amplitude = - 1

pmlT*oo*XiHoO2×m( 7*00*3 ( ittotoxytyit ) ) )
y•y•yi→ - I

Intact this is the only nontrivial Feynman diagram ,
so bw - NKY ) has

mz - usual product , m }( TOTOT ) =
- 1 otherwise zero

,
mn - 0 net {2/3}

.
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Lemmas For 01>2
,

Ged = AH )
defined earlier ( i.e. mn=0 net { 2

,
d } )

.

Them( M ) Thus defined ( Ew - NKT , -o . . a Hm )
,

{ mn }n>,z ) is

a ( minimal ) 74 - graded An - algebra and

per ( cow ) ± hmflw )
( minimal model of End ( kstub )

Roof Dyckevhoff 's End ( Kk ) + Keller - Lefevre - Hasegawa
"

generator theorem
"

+ minimal model thm + homotopy retract of ar Xiv : 1402.4541 . D

Noles • Calculating 8W is feasible ( e.g. W=y3 - X3 )
.

-

• Special cases : Herbst - Lazaro iu - Lekhe 2004
,

Efimov 2011
.

• Approach generalises to compute End ( X )
, any MFX

.

• Net :  cyclic structures / TCFT from W ( Shklyawv 1604.05365 )

3
.

minimal models for MFS :

Q/ what is the An - module corresponding to Xehmflw ) ?

Assume for simplicity that dx ( X ) E m2X
,

then the underlying 4 - space is

11 : = X@€[×] Elm ]

an :Ewan
"

@ 11 - y

is computed by Feynman rules on diagrams of operators on SQ¢[x] X
, e.g.



8W 8W 8W 1 fine
 @

*"ask.im#$f*YkndayIqym;mu
( as before )

sa

Boundayfeynmanmlt ( inadditionto 0,130,0 ) DO ,#veAies allowed
on any edge

,
.

- -

,

\

DO 1

, AEi #
•

%

%
'

'

.
-" ¥¥

-

i

OioAtix-Oio2xddx1Gs@XllAtiyahdasslltNotethattheAtiyahdasseswmpletelydetwmiheHreAoo.modulestuectuue.Fxa_mplConsiderW-xdsd73and8w-CNkM.m

, Md )

X - ( Mk } ) ,xi3*txoti3 ) 131=1

and assume Zeisd -2
. Then

I - ( Kok } )[D and 2×1 dx ) - ixi ' '3*t ( d- ijxdi ' '

}

Hence the ' '

Aliyah
" interaction is actually to interactions :

%I¥n Tieman
DO @
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Since X. is an Ao - module over 8w=NkT ) wewanttoknowhowf
" action } . The only

interactions
are the ones mediated by all :

×
}

Y
•

, jxi - I 111.1 )" e # '

±,

,

•

/
@

@
•

-

- ( d- ijxdit
it O

-

'

*. ,

,

( 11.2 )
L

× }

•

@

Lemme the An - module X for X - ( xati5
"

) is Mci ) from earlier
.

Root 111.1 ) gives nsetothe operation 9*+1-751
,

al .4toY•diY→ }
.

D
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