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Let R be q commutative ving , and A=k[=z)-x] a Pohjnomialm‘mg .
T the cafegoay of A-A-bimoclules theve ave Two notural projective

vevolutions of A cw abimodule (re.the clfqgona/)
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By stand ard homo/ogi(a’ a]gebra%ew exist movphisms ofwmplexen
3 and Y sucdh that

Teo W =Ta, Teo®=Ta, To¥>1g, ¥ed =Ty

The aim of this falk is, stavting from only akmow\edrj{ o bovic (%omo(l)y??a’)
algebm, 1o finf of all define B, 1K and then descibe exphcitly &,%¥.
The map P 35 stondard (0-9.fom the louomgcyﬁ Hochsclnﬂcl—le—aer—Qa;emloayj
“J/Meomm) buf 11 e exph‘cﬂ d%ovipﬁor\ 7t ¥ o ochain mop seems

Jeas wwell-known - On the lafler POM%MOWE ﬁ;{(owfng e papew

[s \/\/] /\.V.Shepler and S,W/'f’herfpoom/ “Quantum differevitiation
and. chain moyps cff himoclule wm,a/ex%” ANT (2011).

[CM] N Carqueville and D-Murfet “Adjuncions and dlelech in
Landmu—&;‘mzburg modlels " Adyv. Math (2016).



Our sfowy begins, however, with the paper

[CQ] T Cuntz and D.Ruillen, ((Algebfa ex fensions cindl
nomsfngulam%j ! TJAMS [/WS).

oncl the oncept of
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A a‘ﬁ%mnﬁb/gmdec/ algebra. (DGA) is amonord in the monoidal calegony
of Z-Smdecl complexes uf R-modules [CV\Z(/?)) &, 1=k ) ,that s
c. DGA s aJrup)e (A, 9) W))V\> wheve (A,a)e CL\Z(}Q) and

m:AeA— A, w: k—>A (A:@/}‘)

(eZ.

are movphisms ¢ complexen satisfying associabivity and unit conshaints
Remarks (1) 1a = u(1k) is a closed elementof A" (9°:A‘— A

(2) A%is a/e—alge}om with mo/AoGMo avd 1p
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(3) If (t‘])m) M) s a h-algebrq then (A, 0, m, u) ' o w
L omma. Theve is gn acljo)“nJr )DGTFO'ygﬁMC‘}DlO (I:Mclum'oW>
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differtial guded k-algebro
k-algebran , and (associahve, unital
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The problem withthis “pvouf";; of coune that & is not a moyphismn ot DAAs
wsoonan Im (&) Z Z2°(B), sina it g (a) 50 then

e d(0) + O = X ().
T fix this anc find. « vigh’raolfo{njr% (<) we need “dA” fitting in adiogram
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DQ_'FN The DGA 0£ noncommutative dT{’-ﬁevew%al%rms over an algebm A
s, o i e_xis%) A pai (L,QAﬂ) oon&ldﬁng o-ﬂ

+ o DGA ﬂA)
- mogphism of algebran T:A— (NA)

which is univewal = jn+he rense that f B o DCA and «x:A—B"
an alge by movphiom, ere is o unique movphism dF DGAs
X NLA— B such %a/l’mqfv)(ow)’mj dicgrom Lormim ues -

,‘? o
a [»QA) rec(uimlw\ﬂg/ MWCC[AQ
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That is, we have natural biections
Homageey (A, B°) 2 Hompaar( JLA, R)
Remavk The monghism of algebrao A l T(A) = A induws o moyphism - DGA;
w: LA—>T(A) st o7 =14,

ro. 1A —RA) o o sechion o (RA)—> A, in Alg(k).



M Fint olo;emﬂﬂ&*’ n any DGA (;QJ)C[) with Hgfzoa/) aduba]gebra

(‘) C((Qodq\"‘ C\Qf\) = C\O(o C{O\\ - C\Qy\_
(?’) (Qodal"'dah)(anﬂc\owwz"‘C'Oh)

= (")haoq;d%-'f’%
+ Z (zl)n'tao da, -"d(C?:C?:H) - dak

The seconel fwmula resulls from multiple applicotivns o

d(b)c = c}(bc) — bd(c).

Thw S han asub—DC—alaebm spavined 139 exprension s aoda,- - da .
Sine Aek }m)D{i@A d(N-14)=0 (,r/'n& la=1n ) this leaicks o Jo define
a Z—amc\ed R-moclule (Q) = @h}

NA = D AreA”” A=Ak
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ond mahe (JLA,d ) a com plex with

d( 0.0, - @ 61) = |lea. @ & & - ®an .
Nowtheve is a clever Hick fo induce the desived DGA shucture. Deofine
E = HOMT&( (J},A,C\>} (ﬂA ) C’)) (DO\-alg,Qbm)

(4, 7= d-f—)"5ec i ]
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Define k-linear maps

£ A—¢° f(a)(ao@o_n@--@(i) = 0,03 & - an

L A—E,  Llweie edm) = ¢@)[d 0] -
- [d, (@) ]

N oiﬁ/’H/w()f

[d,{(Q)](m&T@---@a—V\) = d(acme & 07\3 ()
= e axea&®---&0n

B(j (1),(2) we howe Tm (Le) €& isthe DG —Jubalgebm JPOV)l/L(d by €(A)
Now define T: ¢ —JLA loy T(£) = 16(!)] Ahts U5 R-linear anel oblgwe;; 2000.

Moveover, Wn'na ) ,

T'{J{L(ao@af®" @&I> = { {(qo)[d,{(anﬂ---[d,/ﬁ(ahﬂ }(1)
= fa)[dA ()] [d,2 (o)) \@an )

= ﬁ(qoﬁ(\@\&"@---@oﬁy
= AW@A @ @ Cn .

Hene TCk= 1JLA and Le is ivy‘ecﬁuﬁ. Sinw L (ﬂ/‘)} <& pon agub-DGA
this QQUi[)S ﬂA with auw;‘que DC.~shucture s1. ’ﬁ; Is c Wop d—ﬂ DG A=,

So far we hawe defined a DGA (ﬂ/};@w/oA@;\@j d )J and. in his DGLA

qua/"'C/QA = C{o@GT/é;"'@a_VL. (01(3]9(7 f*bbofhsidw)

A shucture of this DA s (DVV\P[.QI‘e'j detevmined by (l)/ (2]



 remainsfo show fhe algelvoe map
=14 A — (JLA) = A
s univewal : suppose B is a DGA and w: A — B4 algebier map. Then
L LA—B, 2646~ ®ar > uao d(ua)-- Jg(uan)

s & movphism of DGAs wing (1), (2) and is c/ecu//j unigue J- / &/A = U. (]

A=kiE] A= (R — ElEeakb] — ke (<) -

P ——
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el — loxi @xd
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H(NAA)=R, HY(SIA)=0 n>0O.
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Fﬁwoﬁemt making W Smdmkuommdu-h\rﬂ ond r<=06



The Bar complex B (novmalised ) is the complex

B-(nAsA, Y )

/

b (wda@a’> = (~‘)'W,(wa@@’~w®aa’> a,a'e A

Move exph'cf'Hg) B. = JUA @A = A@/&W\@/\ and (s 1Ng (2)/

n

/ — J— ‘-‘ —
b (Qo @Q,@"'@O‘r\@am—u> = _5_ (") O, ®@ Q@B A+ @ - @ An+)
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Lewma The complex o A-A-bimoclules

/ /

b o b =wmm
o — A®A A — A@ABA —> AeA ——A—0
\/“—/—/

B

s exact, n foct conduckivle aoar (,omp(excrp Aght A-modulen.

Puoct (ﬂA/d) is a DGA, and. d& | ir avight A-[rnear clegree —
operafor on B = JLA @ A . Onechecks directy that

bd+dob'=21 on Bn, n20
wheve we indlude b’ ABA —> A for n=0.[]

Question  Howto see 1 as anopevator on SLA® A = Jla (A@A)
PW’ELEJ 1CV0WLW univenal |9UOPev+y ? L don'tknow .



The Koszul complex 1K

Now we SP-ECllC{//‘JeﬁD A= 'Qix‘/'-'/xﬂ—] so B=—=2A is o free reooludion -
Another free veso(ution is e Koszul complex (Pxe= A |0d=) )

K = </\(h@.@-..@k®n) o AN, Z@j‘@ [v(g@l~l@x(])

rﬂ/!inkcrﬁ@t‘
O ()= O () B+ (1) Cﬁc{(ﬁ’) 0w 5= sothe
@f(@/') - Sy Siteverdial vs
an Eu\ev \(.F{el&_l
W'ﬁf)i‘ -,[e,wTQ,I/WIS look //'lze 7((69["*[@76)
Xn@® | —1& Xn

s A S5A0

0 —> A6, —> -
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Remavk. Wit exterior mu\lel"c&Jrfom/ K isen DGA ) o IK— A i
o moyohism of DCAs .

We howe now two frex reoolutions o A cnan A-A-bimodule.

7 Te
B LA/ K— A

This somehmw W)eM (in e.q. ?evjrw]oaﬁv\on theovy, which is Yhe contexdt

of [CM} ) 4o know formulas for chain molps D \K— B, ¥ B—K

[iq%‘ng e ToleN—Hv on A. Onerecvwonto cave aoout ¥ s ot lifhng it 1B

arin the diagram below, is sffen eovier than [iffing info I o novico mmufedive
= differentia\ formys are bettev behaved han

-2 B ol/ch‘namj clifferevifial forms. One can obfain

X 7 J(Y an exphkfﬂﬁ%‘mg b K ‘”fj fwot lfﬂﬂﬂg b B

K (te-F) and ten wwpofingdo get W F.
\JL But omly iFomQ Rudws aﬁwmu]a 7%r b '/




Now fov the formulan

The indued homotopy equivalen £ IK— R

(2]
—E_E_( (‘f®"'>@"i—"(9"ﬁ> - Z (-1) rdz,- dx¢Z(p)®r/
é

E‘Jf

and its homotopy invewe is ¥ - B—> K,

P
Y( rdﬁ---dﬂ,@tf’> = Z(r@r’>—|_9@ﬂ (+:) Qi Ui,

|£i,<---<.‘Pgn R =\

wheve we we The clivided dl'fﬁemn&opemlmw

9[;] : A = \z[ﬁ_ﬂ — k[g,a’]zA‘a

ch](‘F} - JL(/T{/) "'/xt'/_l /J(C/"'(In) — f()(‘i"'/x"’/'(xa/)""

X )

/7
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The fovmulafor L s skundard., ¥ (s fuom UW?) [cM]. T PVDUE S

are mutually invewe up To hbvmohpg oneJ'wnL cha clks by hand the
formulas give cochain maps, avd thatFhey indue La.

Lemma @, are moyohisms of DCAs between IK omel (B, 0, x)

wheve X is Yhe shu Hle pwdud.



JZeim (liven an "A-A-bimodule M,

Hochschild howmology — HHW (A, M)

Hochschild ool/\oymo(oqq HH"‘(A,M) ..

H”(M@ﬁa B)

Hm( Homae (1B, I‘ﬂ} .



