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The computational content of Landau - Ginzburg models

Inthistalktuouldliketo explain some of the computational or
"

logical
"

aspects of topological Landau - Ginzburg models
.

The primary references are

• D. Murfet
"

The  cut operation onmatixfactorisations
"

T
. Pure and Applied Algebra 2018

.

• N . Carqueville
,

D. Murfet
"

Adjunctions and defects in Landau

Ginzburg models
"

Adv
.

Math 2016
.
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The most important structure in LG is
" defect fusion

"

or composition of I - morphisms .

This is quite a complicated operation ,
and the

purpose of this talk is to examine

this operation from a logical point of view ( in a sense we will shortly elaborate )
.

Outline

① A lightning introduction to logic

② An overview of topological La models

③ Theorem : an equivalence of bicategories .

I
.

Introduction to logic

One way to understand intuitionistic logic ( i.e . logic without the law of excluded

middle Pv TP ) is as the mathematical theory of algorithmic constructions
,

a connection which is made precise by the Curry - Howard correspondence ,
which

relates proofs in various intuitionistic logics to algorithms in corresponding
"

programming

languages
"

. Perhaps the most important conceptual insight provided by logic is

that there is a dynamical process lying behind function composition ( which

as mathematicians we are inclined to treat as primitive and
" atomic " )

.

This

process
is called computation .

a
" subatomic "

theory of function composition .

T
For an explanation of the relation between TFT and quantum computation see

M . H . Freedman
,

A . Kita ex
,

2
. Wang

"
Simulation of Topological Field Theories

by Quantum Computers
"

Comm  un .

Math . Phys .

227
,

587 - 603 ( 2002 )
.

→
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We can illustrate the general idea with the following simple example : consider functions

f- g

① > Cl s ①

Ziti In

f- f x ) =3
'

x g ly )=3
'

y 3 = e

which from a set-theoretic point of view we identify with their graphs

Tf = { ( x. y) EE I
y =3

'

x } Tg
= { ( y

,
z ) etc I z  =3

'

y )
.

- -

Flay ) Sly
,

z )

From a set - theoretic point of view composition is

Tg
of

= I ( Yz ) e Cl
'

I Fye Cl ( y =3
'

x a z  =3
'

y ) )

f substitution ⑦

= I ( x
, z ) E E I Fye E ( y

= 33 a z
-

- 33 ( Tx ) ) }

¥ition of
y If

= I ( x
,

z ) E I z  =3 % }

This
process of substitution and elimination " rewrites

"

the predicate

rewriting

Fy ( Ffa , y ) a Sly
,

Z ) ) nuns -2=33

and this kind of substitution and rewriting is sufficient to describe all computable functions
,

as was proven by Church with his 7- calculus ( in combination with Tuning 's work )
.

From Church 's point of view computation is this process of  rewriting .
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Subtle point Computation does not yield new information
,

as in the case of

21-3=5

the answersis already implicit in the LHS
.

A slightly different but related way of looking at computation will be familiar to

anyone who has studied the relation between classical and quantum computation ,

which hinges on the notion of reversible computation ( see e. g . Feynman 's " Lectures

on computation
" ) .

The upshot  is that
, by a Theorem of Bennett

any computation

( more precisely , any computation performed by a Tuning machine ) can without

loss of generality viewed as a two - phase process

input ( e.g .

t
, 2,3 ) supply of blanks

① f
::::;::i:÷ .

without generating

u  ✓
entropy .

output I e.g . 5)1% "

garbage
"

# I

⑦ }
projecting out the "

garbage
"

~
This is irreversible and generates entropy

output ( e.g . 5)

Informally
, any computation can be structured as first rearranging the

information into a more useful form and then erasing part of that

rearranged information .
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2. Topological La models

Let  us now reinterpret this as a story about correspondences between ( zero - dimensional )

isolated hypersurface singularities :

I = ( y - 32 x ) E Efx , y ]
,

J= ( z - 33g ) E Ely ,
z ]

( yn - xn ) EI ( E - yn ) EJ

'

,

'

.

①
2

.  

I
-

- - -

¥37
.

,

-

I

Aa
( 1,34

-

,

' I
r l

-

-

r
I

- -

t
1-

-

-

I

÷÷÷¥÷÷.\
- I It/

\

X
-

-
-

-

-

ion fall lines is 2 ( y
"

- xn )

21 I )

ZIT )

y
'

- an = ( y -32 ) .TILT
- Six ) E - yn = ( z - 33g )

.IT/z-3iy)iE2nll23

icky 3 }
- -

this factorisationmay packaged as

be packaged as a matrix

DEI Consider the matrices

Dgp = (
° Y

- 32 " z - 33g

it
,

six ) o
) '

D =

Gf
iz . zig , o )

iEEnK33

Then

a ;=
"

g.:) .

Desi - f-In ) .
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DEIA' potential is WE ELM . . .

, xD such that dime l±%2×
,

W
,

. . .

,
2µW ) < A

.

DEI I Eisen bud ) A matrix faction 's ation of a potential W is a block matrix over ICHI
,

D= ( OBAo ) s
.

t
.

D
'

= W . Iza⇒ AB = BA - W .Ik

which maybe viewed as an odd - linear operator X 2 D
,

on a 22 - graded free EH ) - module of finite rank .
These form a

triangulated category hmf ( ICHI
,

W ) .

As was elaborated by Kapustin - Li
,

Herbst - Brunner
,

Lazaro in and then by Orlov
,

matrix facto n' satins are the appropriate homological objects to describe boundary

conditions and defects in topological B - twisted Landau - Ginzburg models
.

The  detect

part of this story is captured by the idea that the appropriate notion of "

correspondence
"

between isolated singularities WE ICHI and VE KIL ] are matrix factor
-

satins

of V - W
. This theory may be organised into a bi category LS :

ob ( Les ) = { pain ( ICHI
,

W ) I W is a potential }
.

LS ( WEI,
H1 ) ) = hmficfx.IT

,
y - W )

w
I

idempotentcompletion

Dusky ) D ( Y
, z )

Examples x
"

- y
"

- Z
"

are I - morphisms in LG
.

Da

Deff The composition of W I x ) VG ) → UH ) is

the representing object Dao D ,
in Lb I W

,
u ) = hmfc Efx ,

Ed
,

U - W )
w

of

( Xz ¥ ⇒

Xi
,

Dao I t I G- D , ) ← a - rank over CeCe ,
Ed

.
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rqueville - M ) A representing object exists
.

Eocampte D ( DZ ) o Devs Gay ) = Dgs, ( a
, 't )

z  =3
'

y y
= 33C Z  =3

This composition of t - morphisms is ( in quite a precise sense
,

since

DID
,

Des } are

" universal
"

objects in the matrix factorization category associated to the

graphs
off

, g viewed as sub schemes ) a homological analogue of the

function composition from earlier .
We saw how a process

of computation

( consisting of substitution and elimination ) lay behind the equality

Tg o Tf = Th h C x ) =3
'

I It )

and we now present a
"

homological
"

analogue for the isomorphism

Day ° DEZ }
= Des )

.

The appropriate kind of
"

projecting out
"

is splitting an idempotent

implicit explicit

XD e X = Y -02

G U

E = e
e (

'

ooo )

Actually we consider only a special kind of idempotent , splitting as

X = Y ① Ya ] = Y ( Ko-KO ) 101=1

a on
e

c ;: ) =
0*0 0=(981,0*-186)
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equivalence of bi categories

DEI The Clifford algebra Cn  is the Iz - graded E- algebra generated

by odd elements Tb . .  - ion
,

Mt
,

. . .

,
Tnt satisfying

Ti8jtTj8i=O , Titty .tt Tj trite O

f. g.
t

t Tj tri  = Sj .

Lemma There is an isomorphism of Zz - graded algebras

±

Cn - Enda ( Nao ,
-0 - -

- a clan ) ) toil =/
-

ri I → one ,

Sn I

sit IT Oise - ,
.

Caris Morita trivial

Mod C Cn ) ⇐ Mod ( a )
.

DEI Let T be an idempotent complete Is - graded category ( e.g .

hmflw 50 )
.

The Clifford thickening J
•

has as objects pain ( X
,

n ) where n 70

and X is a representation of Cn in J
.

Horns . ( ( X
,

n )
,

Hm ) ) = Homem ( Sm ,ESn*§X ,
Y )

Note The inclusion J → J
.

sending XP ( X
,

0 ) is an equivalence .

X

28
,

Tt satisfying Clifford relations in J

Imirrt
) icoeo , ace ,o* )

!Tom
"

Im I rot )
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Theorem ( M ) The obvious inclusions define an equivalence ofbicategouies

Z : Leg - Leg
.

wheveL9@hasthesameobjecbasLS.b

ut

LST
wed

,
lily ) ) lhmficfe.IT,V - WT }

.

and the composition in E is given by explicit - formulas ( unlike 'LL )

LST
YU

)xL99w,v
) > Lf

.tw
,

u )

( Xz2Dz,Xi2D , )l→(KIX , 2121131
,

{ Tirith
, )

Mfofu - V Mfofll - W I

we call this the of Da ,D ,

where n = 121 and
Cahattiptologic ,

and cut - elimination )

Xzlx ,
= XL #⇒

T.acvjqy.gl/i2DulDi=Dz01t1o-D ,

D

A [122011-10131,37] ti-Fy.VCII-EIII.fr?aeyc
( Atiyah classes ) TEI - adic completion

ri -

- Ati rit -

-1%10
, ) -ftp.FFyilvhttg

These operators satisfy Clifford relations upto homotopy .

Tocomplelethestoryletnselaboratelhe "

computational
"

view this equivalence

provides on the compositional - morphisms in LS
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( Di
,

Dz ) I > 121 D ,
2 2,8 it

a a a

LS ( YU ) x LG ( W
,

v ) > LS

!
w

,
U )

= I ¥ I = in J
.

⑦

i

"
rearrange

"

LS ( YU ) x LSIW
,

V ) - . . . . . . > LS IN
,

U )

- e
*

( D , , Dz ) ( Dao Di ) ④ A ( GO , A .  - . ⑤ Eon ) a Oi
,
Oi

! ⑦ a projection
"

Dao D
,

Implemented in software
,

we calculate Dz ID , and the Ti
,

Vitas

matrices and then split idempotent NOT
,

.  - -

,
Wht to compute

DID
, as an explicit matrix of polynomials .

Application : this calculation of Dao D
,

via Da ID , is the basis of one

approach to calculating an Ao - minimal model of the

Da - enhancement of hmftc HI
,

W )
.


