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The compquO(HOVIOt/ content of L andau— Ginzburq models

Inthis 7Lﬂ”{ I u/ou’o’ like o exp]am Sorie m’-’ﬁve oompuhﬁ\oma) ovr {Lloau\cal '
s pechs of %poloﬁl‘ca' Landau—ﬁinzbwg models. The primay re fevencs are
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e D.Murfet “ The quroPevaJ-ion on mahix factovisations
T Purve and App}z'ecl /ngbm 2018.

. N—Carqueville) D Murlet [(/'\c(jumcﬁom aund defects rn Landau
C{?nszj modlels " Adv. Math 2016.
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The most )ynpo»/o‘nmt shucture in X)T? s “defect ﬁ«oiown or COVV\POSiﬁOVl of /‘VV’D”PMU””—".
This is c,ui}e o wwmplicaled opevation, and fhe pupose ot this falk s fo examine
This opevation from o logical point o view (in asense we will shovH elaborale).

Qutline

H A }iglﬁninﬁ imhoduchon Jo /D@fc
@ An overview of fopological LG models
® Teovem : an ec,u;'va/eme of b;‘cafeﬁori%.

|. Trtroduchion 4o logic

One way fo undevstand infuitionistic Iogic (1-e. logic without the law of excluded]
middle Pv "P) s an the mathemateal Theony of a/dqorﬁ%mfc &omh/ucﬁbng)

& connecHion which is macle precise by the Cuvy -Howarc| coneapondence, which
velales fvoofs mvavious intuitionish'c /09/‘(5 70 a/gom'ﬁ/rms in comes p ond/hj ’(/Dvogmmmffzg
lomquagen”. ferhaps the most /'m]oor#amf' conceptual in sight provided by lpgic is
at there s a dynamicor)  process /‘j"”’j’ behinel function compas/Fon (which

w mathemod fans we ave mclined fo peat as Pm’m/ﬁuv and ”m‘omfc") This
prowns is callec computation: a "subatomic" ﬂweovv of function wmpog/'ﬁon_

r_Fo/ an exp/amaﬁon of 1he velotion between TET and cfuanfvm computtiHon see

M.H. freedman, A. Kitaev, Z-Wang “Simulation of 70/)0/03/‘661/ Freld 74 eoves

Eﬂ Quanfum @mpufem K Commun.Maﬂp.P/oys. 227,5¢7-603 (2002)
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(We can illustale the 3emem/ idea with he fo/’DW/Mg simple example: consider functions

f J
C > C > C

fix) =% 9(s) =37y Z-e

which fom a set Fheovefic Ppm‘r of view we fden%‘ﬂj with their qrophs

T-{0meC [y=3%] T -1(=)eCl=-T)

-

F () Gy, 2)

fom asef -theoretic Poin% o view wmpoxﬂv’om is

T

gof = {(’9%)6({:2( 336@(3=?‘x A %=§gj)}

l;m\m%hﬁm @
- {(r2)e @ | Fye(y=3% n =3 (5%))]

mm\ mﬁj @

= {(I,%)ECZ‘ Z =?Sx }

This ?rocmsof substhufion and elimincfion “rewvites" the Pvfdicafe

re Ww'ﬁ"nj

Fy( Fa)r4(32) s z-Cx

and this hind of substution anel veupifing s sufficientfo clescwibe all computable functions,
ap was proven bj Chuvch with his A-calculus  (in combination with Tuw'ng s wovR ).
Foom Chuvch’s /)oinf ogE view ¢OWIPL/17LZ{‘HOF\ is this pLroceos U}p Ve,ww’y‘?‘mg,




Subtle Eoin+ Compufaﬁor\ does not Ljie\d new information, as in the ca/).aa-ﬂ

2+23=205

the answey S s C(\V‘QO\C\H imPl(ci¥;nm LHS.

A 5Ji9hﬂg diferent but velated way of /oolama at wmputation will be familiarfo
anyone who how studied fhe velation between clansical andl quantum comp utation
which ane/) on the notion of reversible tompuy fation (se e.g. Feynman's “ Lectures
on comp uteidion' ). Te upshot is that, bye Theovem of Bennetf any computaition

(wove precisely, any computation pevfovmed by a Tuwiing machine ) can without
loss o 3ewera|(4ﬂj viewed an & M—Plf\we pLroCeos

inpur  (e.9. +, 2,3) swpply of blanks |

reveii ble comp od'a)rform)

@ I-e-may be Pevfovvwed
with out ge \nem%‘v\j
ewho Py .

AN 4

l output  (e.5.5) \é/ Kjavfbage-ﬁ Yo VL L |

} FWJec‘Hng ot The “3@nbage\\
Tuts 7s ireversible and 3@,|nerajrew eﬂ‘}w]bj

@

I ontpt (e 9. 9)

Imcmma“(j} any computation can be stuuchured an fink reovanging The
informafion irto a move useflh form and then evzning Paer ot that
veawtngect nformation.



2. ToPo(oqica\ LG models

Let wa now min'fevpvef 1his e asﬁmﬁ alout comenpondenter berween (Zew—dfmemdfol/la/)

I'SOIafed hypevsurface Jngu)avi%’q :

IT=(y-3"2) = Clxyl, T=(2-F%)<Clyz]

union u‘@aﬂk Lies s Z (Uh—x“)

2(7)

j“—x“= (3 '\S';()ﬂ(\d_s(-x) Z"_—jv‘ = (.& —E}3>'7T(%_EC3>
ce Z\{2} ez \{3}

~—

this fadovisation nowy roac\maaec(cu)
be packaged ar co e

Ded” Consider Yhe mahi cen

o) y —3x 0 z2 -3 S_j
D = D =
123 - ; , {3} _ .
T (9-7%) o m(z3Y) o
Lel»\ {,7'-} Lf‘an\{{k

Dy = . Doy = ~
{2} O y™-xn o 2=y
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Def* A potewtial is We Clxv - %] such that dime ]/(ax,w,..-/ath =0

Def” (Eisenbud ) A modvix factonsotion dﬁalgofemﬁal W isa block mohix over CIE],

o A z
D=<Bo> st. D= W I, < ABR=BA=WI,

which may be viewed o i odd CLEY \inear OPe‘”Ol)rDr X< D/
on c Zl-jvaded Free Clx]-vnodule O‘QFMHI—Q vonl2 . These form a
Mangu}afed Cafegoy hmd ( C[£], W)

As won elaborated by Kapwrfin-Le, Hedbost-Brunner, Lazavoiw andthen by Orlov,

matix fuctonsations are the ap}ow}ow\a}e hompolog ical ob/’ec/:r o de scube boumdaéy
conditions omd defects in fopological 5—toisked Londay - @nzbuwgmodels. The defect

pat/* ol is stouj is captured by The idea. That ﬁeappwpm‘m‘e notion of “comen pondeuce .
between isolafed sr‘hgulaw'HeA W€C[x] and Ve Cfi] ave matix factovisations
of V— W. This ﬂ/)eovymay be organired info a bicategovy XG

OLD(Z'g) = {PU'M (C[ZY/W) / W is o Pofel’H‘l‘q/ }

z-g( W(’E), V[i) > = ll\l/n)c(Q:ff,i__l) \/ - \/V)w T [clemPD\-QV\\*wrvLP\sL 101

\a %

D23 (%) Desg (9 z)
Example 1™ \‘jrL - Z
D, D,
Def™ The composifon of W) — V(y) — U(z) s
fhe vepresenting objeck D, Dy in £E(w,v) = hmf( Clx2T7, v-w)” oL

are /—moqoh/'xms n %‘g

(Xz@) X|) D,_@]_+1@D\>w 00— yomla. over @[2‘_,;
c(¥]



Theorem (Khouqmvv—ﬁozamsky, Cavgueville-M ) ﬂrrepvmemﬁng olojed exJ61T.

Eocample D,{%} (\j)%) © D{l\ (%‘1) = D{s‘; (1/ %)
2= 3?j v=72x ZT-KS_:L

This oovvnPosHiom oF |-mowhisws is (in C{u']Le o precise felnje, sivice D¢y, Desy ave
“Lrivewal " o lojech i e madbix fpctonsation ca f@gcwy amvocioled 1o the
3mp1fu op £ 9 viewed ov sulbfclaemw) a [')ownologf(ai amaluyue of-the
function (/omposiﬁ()r\ fiom earlier. We saw how a prvocess of computation
(wnsisting of subsHitution and elimination ) lag behind the ec{uql@

T,-Ty = T hx)= 3 x (6)

and we now Pmewf’ a “homoloaf“cql“ analogue for the isormoyhism

Diﬂo DEQ} = D&r}'

The aPPvaiale Rind of ((]Dl/l?je(:"'ing out is JP]]HW‘H?J an fc\elmpo}ew]“

'tmglfc?’r ethdJr
X De X =Yooz
S & ~02)

/—]cw‘ua\\g we onsider only a spectal Rind o idempokent, s}?li“-ing %)

X‘l"\/@\/[’]—%\/%(k@k@) 1=

O\ O o = o |
© (Doee 635050



3. An equivalence o bicalegovien

D:z-fyL The Clr’ﬁﬂovd algelom CV\ is the Zl—ﬂmdecl C'G{)gelova 3ewem+9cl
\03 odd elementz 7‘;--77*\,117:-- . ,a_n—f Sa‘)ﬂ'ﬁj)’wg

_ ot Fo T _
@’(3}7‘3}"01’-—0/ 9" ZJ’ %Uj ; O

- T 7L . = -

Lemma  Theve is an fsomovphisim of Zz—ﬂmc\ecl algebran

€. — Ende(Alco0--0 €0.))  locl=]

Sn &

T —> O A (=) |
g pL — @.*J -) Cois /\(Ow%ﬁww‘d/t
¢ ¢ : Mod (Cn) >~ Mod (@)

Def" Lef J be an idempolent complele Zi—gmc\ed categowy  (e9. hmf ()< ).
The Clifford '}’hfchemimg T has ow objec}z paio (X, n) where n 7O
anck X :‘soxvve)DV‘wem‘aﬁomue Cn in J.

Hom 3 ( (4,2, (4m)) = Home, ( S0 9570 X, 7 )

Nole The inclunion J —> T sending X \—> (X/O> (5 an Qe(uivalemcz.

—

X 2 %7 sabicdying Clitbord relaions i T | st oot

. e
in T

T(77) e (Coco) D 60"

Tim (TWU



Theorem (M) The oloviows inclunions define an equi./a(emcemg Jofco\hzgom’e/j
2 I ——5
wheve Z*g.han We same o@'edj an ff) but

L8 (We, V(9)) = (hmf(€lx2], V- W)wF

end The womposifion in G is qiven by explicit formulan (Mnlfke Z3)

26 (V, 0) xL§ (W, V) s 25 (W, V)

(X2 D, %2 D,) = (xlx 2 PPy, {75,7:132,)

MFof U=V MFof V-W .
we call This the cub o D2, D
(o hak 4ip To logic, and cut-elimination )

wheve n =19 | and

X X, =X @ Jacy @ X, 2 DD, =D, @1+1&D,
cly] cly)

U 5 5 AV /\
At, = [h@L1t1@Ds, o] ki=agV CC["] — C[y ]%}Qcm/@
(/’H‘l‘j&l/\ C/\OSJM) (6)’6@1( OOVM]D(JLhOVL

| S 2
Vo= Af(‘ 77L 1@ = (D > - ZZ B—%?jc(\/)At?
1=!
These opevaton Sal—hfj CliHovd velatons up fo laowno—l-opj_

To complefe ﬂ/)esw let o elaborate The “comp(ﬂﬂﬁona] " View His equivalence
wvides onthe compasiion /~momh/&mr n XG5
P p



(D',D;_) " > 2| Py 2 ?;,8&'+
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/N

2 G(VU) 26 (W, V) —— L& (W)

®
= ] ";J = In :f_ @
“veavmnge”

X5 (ViV) < 9 (W,V) —---> LE(W,V)
L Z
(D) ;Da) (D,20) @ A€ &--60.) 26,8
D, D,

Trplemented. in software, we calculale P2 1Dy and #he fD“a,TL‘*ao
mahies and ten split idewmpotents W;Tﬂﬂr, ---,7m7m+ To compulke
Dro D, an anexplicit modvix of polynomials.

AEBH(Q?%H * this calculeition A D, oD, vie D> [ D) i the banis sRone
appt/oa(lhiacalcu/aﬁﬂj an Aoo-minimal wodel o the
DC -enhancement o hwnf( CIE], W ).



