Derivafives of Tuw’nﬁ Machines and Inductive Inference

Daniel Murfef
UVH'\/eVs/@ of Melbourne

r-boue_cl omJoiw+ worh withe T-Clit “Devivatives of Tuvfmg moaichivien

. . ~ Il SNy - s
mL\V\equogm oarXiv-1P0S. 11 13

the r/'S/'mjxe 0.0r9




Taila Outline

|. Devivatives of Alﬂoﬁ'f’l/lw]s 7
— Twing machines, Univenal Tuving machines
— Twe Elvhavd -Regnier devivative
2., The Pmlolemaf/nducﬁve inference /ongmm symﬂ/lesfs
~ Generul poblem stafement
— The pwbabilistic appwach

3. Proamm sgjn‘l’hems vial naive onbaloimvj



What is an a}gow’fhm?

Def™ A Tuving Machine M on alphabet 2. and sel of staten R (both

ﬁ'nfyte reJ—s/ with Jpecia) symbols blank 02, and 0, €2, and

Sater START, HALTE Q ) s afunction (s M=(2,8,5) )
6 : 2" R— ZxQx { LEFT, RIGHT, STAY }

which desciibes the fime evolution of a conﬁ‘gumﬁon

Y

Llefala] e 35xQ

(all butfintlely many 3, are blank ) ((3‘)<‘GZ, aL)
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What is an a/gom%m?

Def™ Givena Tuw’ng machine /"l we wnite M (x) =Y for X 4€ {0, '}*
Fon a comﬁgum%bn, (=, 57ﬂRT> the machine reaches the

wnﬁfjumv‘mn (v, HHLT) after ﬁ'n}lely many J}E/DJ\

Theorem (Tunng ) Theve exssh a Tuving machine U such that for eveu
Twmg machine M Hhere exist a shing cw (M) e {o, ’}JFJMCL\ that
for all x €0, \}*

— i M()=Y then. U(cu(M), x)=Y, and

— i Mdoenrnothalton input x , then W does nothalf on (€al™),x)

» Such o machine is called c« Univevsal Tuvfmg Mochive (U ™)



What s an a)gom'ﬁ)m?

Example TheTuvmg Machine M has 2_={0,01} Q ={smr, HaLT}

$(=, HHLT) = (x, HALT, smv) | |
§( 0, sTarT ) = (l, START, Rl&HT) [xJoly] —~ X

g(\)STARTB = (O/ START, R'GHT)

M(olo) = 100l
,q(qo(o)éolo{

The wode of fhis Tuving machine is fhe shﬂag C(M> ’

(
‘ O START | START RIGHT & O HALT 0 HALT STAY | START ---

ancl by choou’ng bmavy emwd[mgf we may assume c(M ) €40, \}*.

N



The Ehvhavd-Regnier devivative

{Tuviy\g machines } { N—calculun fevms}
Tuving (A= (Ag.%)), (Ay.9),...
M S (M)

e

DitH)-a . %\Diﬁev&ﬂﬁa] A-calculn Tevms}
D, (7\1.(?\3.1))- w,. ..

Question : what o these devivatives wean? And what are they good for ?

« T Ehvhard, L.Regw‘er “The diftevertial A—calculus" Theoretrcal Computer

Science 309, p.1-41, 2003.



A semantic appwach via Linear Logic

\"“"‘j"‘aqe uf closed ;Hlmlmeﬁfc Vvlomoic(a\
cafeaovie/) wHh ofree walge\om

enode \(

% Tuving madhines } — { linear logfcpvoo%} )]

1 add ducl numbey
bared on work -0
o Givard { difeverhial l\'neav)ogic Pwﬂﬁs} — leck

) (
o AIX Sweedlersemen fies

Elwhavd -Regniev (bawed on cofree ooa\qebmo)
dewatie



Twductive Inference

. (Imcovmal) Given several instances ot a ,Da#em, infer fhe/z)a#em

- Given (x091),. ., (0,90 with 2¢,4: €19, '}T nfer an
a\gor’vﬂam M such that M(x)=Y: for I<csn.

"induchive + we ke M) an q]ovedidiow for unobrevved x|

— Whatdowe mean b«j “algom%m" P

— Theve ave M‘ﬁni/ely manﬂ such Ms = PVf"Fer sfmpleron%

— But what does “s?mp’er" mean ©

.

— Tor fechnical reanons we moy also bound. M's mnkme. (1e-we
assume the pafiern s effechively computtole ) and allow Mfx)=Ye* .



Tnductive Inference, formalised

* Bvey UTM U gives o “,Damme%ﬁsa/?bn" dff’he;efmga/golﬂ'//hmﬁ
Cw x
{a\ﬂovﬁﬂnms }:“ { Tuvimy machimen } — {0; '}, le. wodes

. Kolmocﬂbvov) So‘omomoﬁ?" 0||'30vi‘ﬂllm ™ s JiW)E]er Then o\lﬂoz/ﬂ%m NI A
\ (M) \ < le(N) l

N
Tnductive Inference: given ¢ = {(X"/35/£5)}¢"=| with x¢,y. € {0} and

* 1c
teeN, find the shorkot code C€{0Y such that UL(C, %) = Yex

. A
forall 121 < N. Cqll any such C e solution of E. meaning o shing

wf‘h/\ PV‘Q]CM 3(



Cvror propagotion

Tnductive Tnference: given g€ = {9,k )}, = with 12,y €79 ‘} oind

t:eN, find the shorkeal code CE{OIPJ such that Z/L(C;”C) = yg*
dor all 1= L< N Call any such C a solution of E.

Logician's solufion enumerate coden oy [engﬁr\ and ty Them one-by-one .

Prohabilist s soluton yiew C= (C°)C\/---) an ageqguence U"-)Q
9

dishibutions over 1017 and vaw C so0 o o minimise a [oss

L(C) = Z DKL(ff Jti( C, X¢>> t+ mgulam‘mHOn

=1 L\
KL clivevgence Pwpagoch‘omdf umceﬂ‘a;‘wfy in C fthvough OTM




Evror pvopag oton

= KL
LZ_ KL [0
predicted.  ————  J
ASJR’PJGL ! tape wonlens  —
U E?_ pi (a sequenc -
N —L;_-— £ dishibutions)
4 time sheps |2 T \
o UTM evolution : N
( given some method | L(C)=;DKL(34Il P")+
O‘P' Pwpaga\"inﬂ ! C -
un cevimin ' .
") : Dec(a ] P)ﬁ;}‘fc'"(q/@
610/
£ P9 drshibudions on {0, ‘}.




Cvror propagotion

* Question + how to propagate ervor [unceviainty Thwough o TM °

©
.

AEAnNE I

t sleps

Def” Given o finike set Z, let NZ = {waaloi“ﬁ clis ™ hutions over Z}‘

z AS\QPM z
(22) x AL > (D) x AQ
~ R
wn%gumﬁom e whatt should Hits be 7

with uncevtzi Mj



- Stondard pvoloa\oﬂ'\lrn - sample from dishibutions repvmew%‘\ng state

and +ape squoves, vun the machine fov (*s#ep;) aMa\gamale resully

P S(t+N=¢) = Z P(Vol)=3A S5(t)=q)
8¢, qeQ ‘X
\ohﬁe.

s’l‘njrea*’%me t+1 5(2).11)_:(?)0],',_') S\jmlgo[umder headl

Suppose fhe code C = (G, O Caye ) dlependsn on CJ' = x;-0t(1-7j)-1, s0

N

%L(C) = Z 'a—a_)fj DKL_( Je

(=1

, ASﬁ’,F,:if(C) X¢>> 4+ -

&
a function of %A‘SHP%(C) :Q)

1

Umﬁoﬁumjrel:f VL isurelens fomolw‘ng e inductive inference ]oz/o}o)em /




+ Naive Pw\aa\oﬂijrﬁ we can define an altevnative Asjrep Pwpagqﬁﬂf]
wncevtointy fhwough oo TH, by making cevtain “naive conditiondl

indepenclence hypotheres, €-3-

P(S(t+)=4) = z P(Y(©)=3)P( st)=q")
" 3T, qeQ 1 g

s’ﬁntem{"J’ine t+1 6(2)¢1|)=(?)qu) jnjm[oO[uV\der MQDLaI dﬁl‘e

Theovem. (Clift=M ) Tne onPagaHon of naive pro ,DC(loI',Ny
AS,,_QPM: (AZ)ZKA&———% (Ag)ZX_AQ
arises fom the denotational semantics o [near fogrc,

and the Ehvhavd~r<e3ml‘er devivotive of M vomputes T(Asﬁe/om)‘
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The Ehvhavd-Regnier devivative

{Tuw'y\g machines } { N—calculun fewm}
Tuving (= (Ag.2)), (7\3.3)},._
M = (M)

e

D t(H)-w . {Diﬁewnﬁa] A-calculwa Tevms}
D, (?\x.(ﬂj.x))- w,. ..

Question : what do these devivatives mean ? And whatare f/hey jood ﬂ3r7

/

‘ﬂllej (,ovau“e rater of chanqe (Pofevﬂ‘ialty) program Ijnﬂ/v%fs
O]Q haive waalm'l"j V L wmputed by Elm/hard-Qegwief‘



