The cafegouj dfsimpfut/#glped lambda fevm's

Recall that in the simply ~typed lambda calcalun heve iv ct countable ret

£ a micfypes andl the set $. (Fﬂ simple Apes s buil’rup Fom the
atomic fypes waing fhe connechive =, v-e. all atomic fypes ave simple Fypen
ancl if &,T are simple #ypen Then so 15 8— T We say fype for simple 7ype.
for each fype 3 There is o countuble Jet Vo of vaialoles of fype &, and if
b+ T then 7’5(\\/:r= ?é We wvife x 3 fo IG\/g.

Let /N devioke the setof (antyped ) lambdot calculus preterms in Yhe variables
Usea, Va. We defineasubset Ayt €A of well-fyped. prefeyms, Togethier
with o function T+ Nt —> ?’Q—vj by induction:

» all vaiiables x: 2 are well-typed and t(x) =4,
o f M=(PQ) and P,Q ave well -Fypecl with t(P)=2—7T,t(@)=3
forsome 3, T then M is wel)’@)Jed and t(M)=T.
« F M= Dx.N) with N Wt’”‘)ypeo', then M )‘JWeI’*?‘yped ancl
t(M) = t(=)— tN)

We define /_L/é = { Me ALt / t(M)=3 } and. call these /31/87[(’41405 of
fype & . Next we obsewe that At € Al is clorecl under the velotion of

-eq uivalente on /L/, ) long an we undentancl o(—equitfa/ema ﬁjpe—by—fy’pa
[1e. Ne.M =« M. M[x=y] with tE=t)), and ure may thevefore define

Awﬁ = /lt/nﬂ"/"’o(
/Lg, = /-\_/&/NOL

so that /_\W# is d:‘s/b/m! dnfon 0’;! /_Lg over all 3¢3 . We wiile
M2 an Asynonym for [M]e /Lé, ancl call there fevms, J;thpe 3.



Redll ﬁwec{uim/emw relation =B on /Ly freach 3, 9ewem/ec/ by ﬁ—veduo’ion
(whichiis now Hyped )

(M.M}N ) —p M[1‘= N]

\/__/
well-typed., so N* &

omd t((a.M)=bT
with t(x)=8, t(M)=T

Onee we impore =g, diffevent fypes become “the same”. The vight waw o make
sense of this s fo sy the Yypes ave lsombiphic objeck of the ca fegovy K o simple
Mm ondl B-eguivalente classes oF ferms. We begin with a motivating example
A-such an isomowphism, butfint we need 7-equivalene.

Def” Let =7 dencle the smalleat equivalence velation or /N ot satistying

. 7\1.(“1) =2 M ﬁrmy xg FV(M), x:3, M:2—T,
it M=2N then Ax.M=2 *x.N ﬁ)rcm& voviable x
L M=2N then (P M)=2(P N whenerer Pe Aut and
(P M), (PN ave well-Hyped
M=% N then (M P) == (N P) whenewer PEAut and
(MP), (NP) are well-typed.

Nole Thewve are 9ood veasons fo nof imporse 7—e7miv'al£nuz, but ﬁrcaﬁegom‘tal
appvoaclm-b Ncaleulwo (afleast af a norive (evel ) i nece sy -

Def” EW@V@@ JypeZ lot 1dy = Aol =

Nofe E}rany%u/thZ, (1d; M):g M.



Example Let 8,7, P be fypes and consider

To=8 —(7- F) we claim There ave Cisomouphic” {HPeg

Hereisqfemx Mia Of @pe T;’_> 7;, and Hz\ U’E fype Tz%_ﬂ

M. = l/Lé:> (Tﬂ)). W A/\w?’_ ((W w) V)
My = XM:J—)Q—)J)). FA\/UZ,. F)\\/(J—_ ((M_ V) UU>

Recall fom Samls lecture Hhat-we cwmpoe A-fevms T G by bkmj}
Ax. (F (Cx)) whee x¢ FV(F) uFV(Q). Obsewe thal for 1T,

M (Ma (M £)) =2 M. (Mo (o 27 ((£3) )
— M AT G (O W (1)) 3 ) V)
=p M OE (W (0 3)) V)
—p MTT B ((LV) @)
=+ MW (£9)
= bt
= idy,.

Sihnilavly, /for S T./

’XS-(H?—I (M SB) =7 idT,.

So if wre work (A}Hv 7—eyu[u'alewuz , My and Mo behowe ke fsomprpohisms betureen

—ﬂ and 7;_) uhith ((Ject/\eﬂg“ are (5X7)—)/0 > (77<<5)—9/D, and 6xT=Tx 6J so
these fuo fypes are “fhe same”’.




Def® A ccdteﬁovy & wonsists of

(1) A class ob(8) whoe elements ave called objech o Hhe cafegoy

(2) For eadn paiv of objech A,B a sel E(4B) whore elements
are called vnovphisms fom Ao B and ave wwiflen £:A—> E.
(alsoca”ed aunows ﬁom A fo B )

(2) For evewy iple of shjeck (A/B,C) a funchion
Case * E(BC)xE(AB)—C(4 C)
called wmpocition ardwillen  §of = Canc(9,f)
(4) Toreach object A, amophism 5 € 514, A) callec! fhe iclentipy on A .
Safistying Fhe ﬁz//owing axioms

(1) /\ssocl‘gﬁv@ For any fuple (4,8¢,D) g;gojeg&m)d moyphisns
o indicaded in ﬁmd/‘a@mm

h
A jCaB 3%C > D

wehave o (gof) = (heg)-f
(2 Unils  For any moyp hism f:AHBmham

laef = f = Fola



Nole We fake a nonstandard qppwach o deﬁn)‘ng a cafegouj 0;0 A - tevms.
for a standavd Preatment see P Taylor “Prachical foundations for
mathemodics’ or Lambek & Scott “Tnhoduction fo hiyher-ordevcak’gow‘ca(

loﬁfc“.

We ke an our 7w’de the follo wing des dedn for our cafegozy L wnshucked
qtvolm srmplg - ﬁjped lambda calculus as clefined gbove :

@ ob(%) = & 0{1} e ref of simple fypen with an acﬁd‘omeo(
“emply” type, which wewill see s banically foved on ws by(@.

@ Evew A-term s (nspn%em[ed by a momhmm in L.

(® The operations on A-feums (applicakion and A-abrhaction) ave vepresented
by natwal conshuctions in .

Noles  (a) (e should take ﬁ?—eqw‘m’emaz clayren Jf A-fevims (1o Fheset At of
well Ayped fenms modulo =2 an mogohisms not junt A-fevms, singe

our identitien iz 12— 2 only nork upto =». Netie for M:3—=T

A (M (i x)) =g Dx. (Mx) =4 M (5.1)
’/\xb‘('(‘? (M I)B =g A (Mx) == M.

(b) Cleaily then H(2,7)= Nesa /=°z , but whatabout ferms of
atomic Jype? For Yhese we add o new oﬁv’ecf 1 and declove

L(1, & )= Na/=

1£or any JW)@ A (wol')‘w)’rabmfcmp@,%rf wouldn'f uouk , see below ).



(9) Nole Hhot with +his cfeﬁ’mﬁoz/)) a sﬂng/e evm in AaoT is mpmemkd
an both a mowphism in- X(3,7) and an o mowphism . L(1,3-7T).
This is OK.

Heve is the formal definion
D} The categow £ has
+ olojechs: ob(X) = &, 11 {1y
» movphisms * for simple fypes 8, T we define

2(2,7) = Nema/— 1§+ 2(3,2) = {5}
x(1,8) = A /= X(2,1) = {x]

ont shoald checethis ts
well-d (’,]Elﬂlld exehn '“’101)@/\

. COW]EOSi'\’TOY\ s for mepfe nge/\ 3,T; P /’;V (M), F\/(N) is ol B-ipvadcint
A (N (M x)) MN#x

X(T)f) xz(éjj—) _—:; ‘I(é/_/o) N - /\/] - { X othevwire

wheve x ¢ FV(N)UF\[(N).

20p) % 2(1,7) —>X@,p) N M - {(N M) NEx

otherwise

2(1,p)x LML) —%(1,p) N-* = N

Inall otherconen &— ’3-_*P with 3+ 1 ['ouFaHeoW‘OMO'P 7,/0 ec-(uak
+ 1, the vompssite is alumys * .



ngocn'ﬁon X ilqcaltegovy with fdem#ﬁw idé € f{&,é)_

fios (Ve need fo check asrociah L/Hy and thatidentifien wovk. Fovthe fovner,
consider the ccwe of simple 7LVP"/’ 3, P, J

M N P
5 > 7T sp— 38

with M,;N, P not % Then in £ (= ow means ’-“Z)

Pe(N-M) = ?\gjz.(P (N°M y))
- (P ( (A2 (v (M=) 9 )
= WP (N (M)
= (P-N)-M,

The only other nontvivial coe s

M N P

1 > T /p :8

whee we calculale (MEAV/:“z)
Po(N-M) = Po(N M) = (P (N M)B

(Pon)-M = (AT (P (N 9)) ™) //

—(p(N ™))

b asroc?ah‘m’,y holdy. The identifien ollow an in (L1} Lrom ’7-67(/1/”1/&?&”@- i



Example  Retuwn ing fo P-3, for }gpw 2, T, P we defrned

T.=28—o(7=p), T.=T—oR—p)

ard we wnshuckd Mo € (1,0, My € LT ) with
My e le = Cd) Mepe M= id) Jo Tl _2'7_2— m X NDV‘Q@@VLQW“&

for typer Ty, T, 8,p e howre an isomouphism fv-any
Pevmufﬁ#’on O€ dn

T = =T p = Ty Totny— P



Tt vemains Fo discuss desidevala (3, 1e. how Funchion app];‘caﬁow and X-abhaction
ave epresentedin . In e standard appwach s is done by puthing a Carenian
clored shuchure on a (diffevent) categouy o ) - fevms, jn which we (a) add pwduck
Typen fo our language, and associakd conshucton |deshucton and modrfied

B-equivalent and (b) fake ar objeck paiv (x:3,2), and mogphisms
(2:2,3) — (4T, T) avefesms M:39 T with FV(M) C {x).

Funchion 61)3]9?1"(6{‘/7‘0}’1 75j1/v)‘r oomposz’ﬁon. Civen M6 and N:3— T
we hawe by definition a.commutative diagram in

3
(9.1)
(N N l h
T

N-abshaction 15 move womplicaled, ancd we teat it-in Pavk T of these nofer.




