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The cafegpomj afsimp@#y}ped lambda fevms | mﬁ)

{/W)m[we anHL o cfo IS c{eﬁ'ne aﬁ)l/lcﬁ)r FV: £ — Var where War has o sma)e ol?/‘o.c"
oOlject O and yaV[D;D]Z{ﬁmk subeh of Y} with oorvqmﬂiomaﬂumon. But even one we we

FVe s that is well-definecl on answs, iFcannot be a funclor because of He previous
example. However (2.3) and (7.4 ) Jell wo we hawe a lax funclor betwesn Z-CQngoW‘m_

Def™ A 2-cafegov_1/ G s Wdafad}p
(') aclassoagolo,'ecf': 05(5) willen a,b,c/\,.
(2) for each paiv ab eob(8) g 5ma”caf‘eg()l/j &%) whose o)o)”eUL)‘

ave called [-moyphisims and denoled XY, ... =a— b and whose
monphisms ave called Z'Vwomphwms, dendled o, f,--- 9. X=> b4

(%) foreach hiple a,b,ce ob(8) afunchy (composition )

B(be) % B(a,b) ——> Bla, <)

(4) foreadnac oblB) o unit No: o — a.

Sahs%afnfj fha %/lowfnﬂ condifions

(5) for any a,b,c,d Hlw dlagam
x|

B(C/dﬁxb’(bzc)*ﬁ(q/bB — B(b)d) X K[C'/b>

[xC j/ C

K[@d)*%hﬂ; c > C(Q)CU

commuten.



&)

[6) for any a/b Wdr‘a@mmg (1= {9 rs ﬂwcakgovg with DVuzbbJ‘ed—Q( Dmemoqahmm)

1 x Elajs) «<—— Blah) — Cla)x1

1 x{Ad]

N

G (o) x Eaa)

l {acyx1

Blbl)xEla) — LGk)

<

Low)quLe.

Exavmgle (I) Tf Jl’sa movoidal caﬁng\g then there is o 2—caiego|ﬁ7 Z? with one
ooject 0 and 50,0 =T, composion being & .
Jbounéei
(2) IF (L) é) is a \aH’iu. then ﬂ'\ev»s is a monofc(a/(aytegovg j:T(L/é)
with ob(T)=1L and ® = Vv Mjo;’nJ with un it % and movjphisims
given by <. Hene thave is a 2-ca&3mﬁ GL a above, with
CoL(n, D)= J-

(3) Ang cajregovy ma be viewred an a 2 —cahzgo:y with only Pdem%'@ 2-mowohismr.
Def" We denote by Vav The 2—cafegow associated fo Hhe lattie of finile subseh o z So

“ asingle oloJ‘eoL A
° I-Vnovphrxms O — 0 are ﬁ’nik seh cr,@ variables & e _Y (hni‘ordeved)_
- 2-mowphisims ave inclwions Qe Q'

o wmposiﬁor\ QLDP—;D is union PUQ



Def” Let b, b be 2-calegiter. A colax functor F: 54— B is e daifex of
(1) afunchion ob(A) — 0h(B), denoked a—> F(a)
(2) foreach paira,laéo‘a(uﬂ')aﬂna’w Fu - Alab) — P(Fa,Fb),

() foreach ae shlot ) a 2 -movphism f:(ﬂol) — Nea

Xy
(4) for cach composable pair &=k —>¢ i S a z-moyphism

Jyx : F(Y-X) — F(¥)=F(X) (3.)
natural in both vanaloles,
all su hJ“e(Ho some axioms which we omif here.

Lemma \/few“’\f] L an a l—cakgvmj with only 7del/|+7'® 2—mo|40h|'u/m/ Hhere i
o eoloax funchor- (VPar an defined. on P-@)

FVe: R —— 2

Frocf  FVp sencls each objectef £ fo O, andl each A-fem M +o FUe (M1, with
FVa(%) = & Thelemmanon p.@) imply the “wlaxity" o/ (3:1) . g

From now on we will 5//@an View any calegozy Tasa Z—caﬁegovy with onle/
id ewﬁf}, 2-moyphisims.



Deft Let Srhea cajrego»y and F: 8 — Voar o wlax funcior. Dedine for P a subret
ot Y a subcategouy p < o with thesame objech ar A, but

,{rP(a,q') = {feﬁ[q,q') / F(yﬂ)éP}_

Lewmma A p isasubategoy.

Roct  Condition (3) ol colax funchr implien F(1a)= 94 Reall a, and
(4) shows u@tp [s closed under omposition, cu

F(£-f)s F(L)uFE) =P g

Our caFegovica{ descviption of (4.51) says that 24 is something like a stong cavlesion
moyphisim, but weakened in the 2-categonial sething Fo an acffunchion rather than
anequivalene. To stake #his piopeily, nole thatfor simple dypes 3,0 we have a funchor

F\/;’/o'- &{3,P>—~% ﬂar(D,D}) M F\//@(M) (Lf.f)

and for Q< Y viewed & funchor — U Q = Yar(n,0) - ﬂOIV("J,U) we can fovm Hie
Lo mmot coﬂtegovg (o covtaiin 2—/1’m1’f)07»ﬁ Mdl"agmm mode of FVﬁg'/aand —UQ .

FVZ/Q - &(8.p)

Uar (0,0 —’_C;%Var((l,0>
—U

(.2)

The commacalegow FVEP/Q is univenal filling in this diagvam with a 2-cll
(1e nqmmﬁnnsfovma/?‘om)ﬂj and an be desibed concvefely ar -



Ded” l:\/;(F/Q haw

=

< objecs piples (M, P, %) whare M€ (3,2), PE ¥ is fiaike,
and ¥ is a 2-moyphism FVa (M) —> PUQ . Thisis a condition,
nb)rda'm} s objeds ave veally (MP) sd. FVe(M) EPu® .

. moz_/plfn’sms (M,P)—’% (N’,f’}) are Pam M— M (H;vcmg Hz}/]j
and P= P’ such Mak%wdragmm

FVs(M) == FVp ()

L !

PUQ ——> PUR

wmmmL@, which is qgam no wmdl’ﬁ"on, ;owmmlxu'dvm ale Juﬂ f
{M)P) - (M/ P’) with PQP/

Z,/ ﬂ-l 2//0/ o
* The funchs FVp ffg — x(3,p) and FVe/Q — Yar(np)

(™, PJ}—> Momd (H, P)Hprmpecﬁvey) while e paturak dansformation
M va °T = (-9R)To is delexmined.

f?emav/z f:veog mouphism in VYar(0,0) (thw aleo in FV,@ /Q ) is an eler)OWMUM

[cmc Vwonomoz/l/)l/lwn )

Lemma Mpwjecﬁ‘ve objech of F\/;/'D/Q ave pvecrlre(j f”m,mm (M, P) with
P=FVeM\Q.

Roc  Anobjec (M, P) will be pioje ctive iff. Pisminimal 5.4 FVe(RY<PLQ,
which giresthe claim. ]
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[ emma Foreveuﬂ mophism W O = P with FNg(0)€ Q. Fhereis a canonically induced Fanctor
5. £(3.6)— FV,/a.

Roo Consdev
£ (2,0) -
b FV7/Q ——— %(2.p)
Fip” k Z. l FU (1)
> Yar (0,0 —:—C;%Vm(m,n)

sinw%ww‘ua?az” F\//;l/d’ (U‘"’) = (’UQ) ° FVF this s au\bn/lon"ic : ﬂ

Exp\fc?ﬂg) $ . sends N Gi(gj@) b fiu pair (W’ N, FVF(’\‘)).

P . ) - c '\[ . . %*

loposition  for each simple type p and finikeser @ E 1 theveis anobject @ p m L
and moyphism 2| ® QP —p with FVa(?)=Q such #al +he comonical
ihcluced ﬁfy)cbrzforevetg %ypeg

i /
X( 3, Q*ﬁ)——% FV;P/Q (6.2)

renhich fo ) LJiJ'e,chon natual in 3,

-, P,,UJ( F\/;P/Q ) (6.3)

(X(g/ Q*)D)QC

wheve the LHS 75 1 full subrategowy of N wifl FVs(MOQ = 7§
anc the RHS is e full m/c»cmjregovjof pvojedivf ob\ﬁecﬁ Tn pavkicalar
( Q*/’) ) s uniqi ap Fo wnigre isomoyohism.



@

Remark This says in pavhieular hat for given p, Q the funclor  (se p-14 for zcw)

°p
o 5 set

6,
2 — Pej(FY"/a)
Q L(2.¢)
?w\jeﬁveolo\jed'x J(Z) comma of Vo Ve
Aar(20)— War(0,0)
—‘Ufb\

S V‘CPM@W*UH@ ond Hhe Vepvmemh‘ng pair 's (Q*}D) 2'(@ )

Bo  Lefpeds and Q beafinik set Puaniables. I Q=9 define Qja = p
O%erwwe chovre an ordevmg Q= { 9 Ty, 9k T};}

Qi@ = T > T — :]—,,L—a/D (7.1)

and defne

QLQ: %VLQ*/{ ( ((w ‘1:} ?A--- 7}{) . Q*P—HD (72)

As discussec eavlier &*p s inclependent up fo Tsomonphiim of e chiosen
ordening, in awely which is cleavly compatible with 2" In any cose the
uniqueness stalement of the Ropos ffion aksolues ws rom caving abourthis.
({eav\j F\/p(&") =Q e hare 2= P2 win (16-2Y defined hy

F(0) = (A% N, FVe(N))

//em{. /}fﬂ)ispofwjfwevealneo\mfs U\/?MOUW (/owuph’conleci-—- (Eelajredlg/)



