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The category of simply . typed lambda terms (cuts)
hate

Whatwewan= to do is define afanclor FV :L → Uar where Var has a single object

object D and Var ( D
, D) = { finite subset of IT } with composition as union

.

But even once we use

FVP so that  is well - defined on a nous
,

it cannot be a functor because of the previous

example .

However ( 9.3 ) and ( 9.4 ) tell us we have a laxton between 2- categories .

Deft AZ - category 8 is the data of

(1) a class of objects ob 18 ) written a ,b,
c

,
. . .

(2) for each pair qbeoblc ) a small category 8(9b ) whose object
are called t#mand denoted X ,Y ,

.
.

.
:a→b and whose

Morphis ms are called Zmorphismt ,
denoted a , B. . .  e.g. X⇒Y

.

(3) for each triple qb , ceobl 8) afunctor ( condition )

C abc

8 ( b
, c) x8( a

, b) -7 8 ( a
, c)

14) for each aeob 18 ) a unit Da : a → a
.

satisfying the following conditions

(5) for any qb ,
c

,
d the diagram

C x 1

8 ( c
, d) x8 ( b

,
c ) x 819 , b) -7 8 ( b

, d) x 8 ( a
,

b )

in |
, k ,

8 ( c , d) xbla , c) c- 8 ( a
, d)

commutes .



@

(6) For any qb the diagrams ( 1= { . } is the category with one objects onemoophism)

1×8 ( a , b) -± 8 ( a , b) € 86,5×1

|
,

{ Db }x1 || | 1×{ sa }
Y

8 ( b ,b)x8( qb ) T bkib ) - 8 ( a ,b)x8( qa )
C

commute .

Example (1) If Jisamonoidal category then there is a 2- category 8 with one

object D and 8 (RD ) - J
, composition being Q

.

g
bounded

(2) If ( L
,

E ) is a lattice then there is a monoidal category J=Jl↳ ' )
with ob ( J ) =L and @  = × the join ,

with unit¢
,

and Morphis ms

given by E
.

Hence there is a 2- category 8L as above
,

with

Q ( D
,

D ) =3 .

(3) Any category maybe viewed as AZ - category with only identity 2- morphine .

Def We denote by Uav the 2- category associated to the lattice of finite subsets of TI
,

so

•

a single object D

• I - Morphis ms
�1� → �1�

are finite sets of variables QETI ( not ordered )
.

• 2 Morphis ms are inclusions QEQ
'

. composition DID -P, D is union PUQ
.
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D# Let A
, 3) be 2- categories .

A

daxftr
F :A→B is the data of

(1) a function obtt ) → 0h43 )
,

denoted at Fca )

(2) for each pair qbeobkt ) afanctor Fab : Ala , b) - B ( Fa ,
Fb )

,

(3) for each aeobkt ) azmorphism F( Da ) → Dfa

(4) for each compo sable pair a×→b"→c in it a 2- morphism

Y¥× : FIYOX ) - FLY )o FIX ) ( 3 . D

natural in both variables
,

all subject to some axioms which we omit here .

Lemme Viewing L as a 2- category with only identity 2- morph isms
,

there is

a colaxfunctor ( Uav as defined on p . @ )

FVP : L → Oar

Root FVP sends each object of L to D
,

and each 7- lerm M to FVPIMI ,
with

FVP 1 * ) : - ¢ The lemmas on p .

�9� imply the "

wlaxily
" of ( 3.1 ) . D

From now on we will silently view any category Jas a 2 category with only

identity 2 morph isms
.
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Def Let A be a category and Fit → Uar acolaxfunctor . Define for P a subset

of IT a subcategory Ap Et with the same objects as A
,

but

Ap ( a
,

a
' ) ÷ { feet 1 a , a

' ) / F (f) EP }
,

Lemm= Ap is a subcategory .

Pwot Condition (3) ofawlaxfunctor implies Fta ) - $ for all a
,

and

(4) shows Ap is closed under composition,
as

F ( fzof
, ) c- FHDUFH , ) a- P

, D

Our categorical description of 195.1) says that U is something like a strong Cartesian

morphism,
but weakened in the 2- categorical setting to an adjunction rather than

an equivalence .

To stale this properly ,
note that for simple types 8 ,p we have a funotor

FVFP
: Llb , p ) - Var ( D

, D)
,

MM FVP ( M ) (4.1 )

and for QETI viewed as afunctor - UQ : Uav ( D , D) → Uav ( D
, D) we can form the

wmm=tgy( a certain 2- limit ) of the diagram made of FVPH and - UQ .

ftp./Q - - - - - - . . > L ( sp )

: 4 l
,

FVY
'

± ( 4.2 )

Var ( D
, D)

->Uar(
D

, D)
- UQ

The comma category FVY/Q is universal filling in 1h is diagram with a 2- all

( ie . natural transformation ) µ ,
and can be described concretely as :
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Def FVSMQ has

• object triples ( M
,

P
,

0 ) where MEL ( 6 p )
,

PETE is finite ,

and 0 is a 2- mouphism FVP ( M ) → PUQ .
This is a condition

,

not data
,

so objects are really ( M , P ) st
. FVP ( M ) EPUQ

.

• mophisms ( M
,

P ) -7 ( Ml
, P ' ) are pain M → M

' (forcing M=M
')

and P e P
'

such that the diagram

FVP ( M ) - FHSIM
'

)

1
 /PdQ

- FUQ

commutes
,

which is again no condition
,

so morph isms are just
( M , P) → ( M , P

' ) with PEP !

IT
,

Tlz

• the function FVYMQ → LHP ) and FVFYQ → Uav ( D , D)

1 M , PIHM and ( M , PHP respectively , while the natural transformation

µ
: Flip 'eo I ,

⇒ to Q ) otz is determined
.

Remade Eveuymoophism in Harks , D) ( thus also in FVFTQ ) is an epim orphism
( and mono morph ism ) .

i

Lemmas The projective objects of FVYYQ are precisely the pairs ( Mip ) with

P = FVPHKQ .

Pw¥ An object ( M , P) will be projective iff .

P is minimal s . t . FVP ( M ) e P UQ
,

which gives the claim . D
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Lemmas Foreveymorphism u : O→p with FVPKIEQ there is a canonically induced function
Iou : LCQO ) → FVYYQ .

Pwot Consider

Uu -

L ( 6,0 )
-iytVYTQ - LCQP )

FH€
,

|

%
fruitK' ):r(RD )->Uar(D

, D)
- UQ

since there is a 2- all FVPHO ( not ) ⇒ too )°FVF this is automatic . D

Explicitly ,
Eu sends NELH ,O ) to the pair ( u°N

, FVp( N ) )
.

Proposition For each simple typep and finite set QETI there is an object Q*p in L

and morphism UQ : Q*p→p with FVPHM )=Q such that the canonical

induced

functorforevey
type 8

Ll 8
, Q*p ) ¥ ftp./Q ( 6.2 )

restricts to

abjection
natural in Z

,

Ll 8 ,Q*p)a .

¥ PWJCFHTTQ ) ( 6.3 )

where the LHS is the full subcategory of N with FVp(N)nQ=¢
and the RHS is the full subcategory of projective object .

In particular
( Q*p ,

UQ ) is unique up to unique isomorphism .
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Remade this says in particular that forgiven p , Qthefunctor ( see p. 14 for Lac )

op

Lac - set

61-7 Pwj ( FVRYTQ )
Ll a ,p )

(
projective objects of comma of # httpUav CD , D) - Uav ( D ,D )

NQ

is representable ,
and the representing pair is ( Q*p ,

UQ )
.

Put

Letp
EE→ and Qbeafinitesetof variables

.

If Q=¢ define

Q*p
:  

=pOtherwise choose an ordering Q - { 4 :  Ji
,

. .
.

, 9k : Jk }Q*p
'

-
= J ,

→ Jz→ . . .  →
Jk→p

.
( 7.11

and detin

:'

= And't
.

C.. kuq, )%) .
- . qk ) : Q*p→P ( 7.2 )

As discussed earlier Q*p is independent up to isomorphism of the chosen

ordering , in away which is clearly compatible with UQ
.

In any case the

uniqueness statement of the Proposition absolves us from caring about this
.

Clearly FVP ( U ' ) = Q so we have It = EAQ as in ( 16.2 ) defined by

F- ( N ) - ( UQON
, FVPCN ) )

Tend . Atlhispointwerealisedthis was overly complicated . . . ( belatedly )


