The cateqoy uf&imp@—%g}ped lombda fevns 1L 1afafte

“ Thus apvoofis, not an objecﬁ butan act. ), — Madin-Lsf

These ave fhe nokes for the second pavt of o lechuve on he categoyy o simply~yped
lambda terms. Recall that for each lpe e B we haveaset Yz of vaviables of that
type. Aslong cna Hhis relis infinite, eveuthing wovke. For a A= leun M the set FV(M) of
free vaviables is o finite (possibly empty ) subsef of the sef

Y = Ug,e@ﬂ \/g

of fyped variales. The existenw of free vaviables works somewhat aga/mf ouv netumal
inclinafionto think of a tesm M: 38— P on a (ret-theovetic) fynchon with domain 3.

In fuct we should incteadl wnsider the fyping ap a consramt (or guavantee) that M

wi)l f/yfdc’”an az/f%puh/ﬂ%ype/o on an /npuhf}ﬂ fype 8, bul whave the pocers ivolred
m this yfeldfnj may fnvolve other paameten  — The free vaviabley o /1.

Exawmple M= (;\12,35) haw free vangble Y, and whle ;}Vl‘eldx) Y onany Jnput
of type & (thws obeying fhe conshaint of ifs /ype) This output clearly dependn
on e value of the pammakyj.

We may make these “hidden” dependencies expliviFby )-abshackion , which removes

vaviables fiom fhe ret of free vaviables. Hoorevty we may resfore the hidden clepentlency
jutaneaally (see the next example). This dual process of “making dependencies
explicit” and * hicling dependencies” is describec by an adjoint parr of functors,

and this [%vge}’her with a o lax 2~functor which maps feums M fo a subset of
their free mw“ab’w) isour ca fegom‘cal reprosentation of A-abitraction in the
simply typed A-caleulus.



Examle With M = (A=° 56) an above, N=29.M has type T—(3-T) and o
Freevaviables, while (N y) = ((A.M) y) =p M hos e fpee vaviable vestored.

Civen . A-fevm M ‘2 and vaiable 9 T theve is a commuladive d/“q(c/mm m &
M

1 —>/:>
g N\, /o A ) @)
(7—p)

cmol ijr is this “ng 4 M info 'Jﬁ—’]o ’n/\aILW\Q (,uia[/\ }o exprens Cafegovfca ’!-l/ Fnt we need +O
understand the set FV(M) which is deally not invaviant o M under B - reduction.

Example Torvanables = F\/(((AQZ- <) 52)> = Fv( (ML'IT))U FV(j%) - {M’UFS
(a#x) FV(29) = {=}.

Lomma. IE M—>gN ften FV(N)<S FV(M).

Roof  Ina B-veduction (AxP) @) — Px= &) #he fiee variolboles on Hre
RHS were eiﬁwalmadtjfﬁ/u/n Por . 7

De}" Givena A-fesm M we define
Fus (M) = () FU(W)

A-tevms N
with N=p N

Using that 1T simplg—}ypecl /anloElOl calculws js shomgly novmalising and confluent, it
is ec?uf\/alen{"l'o say that, for M Fhe anique normal A-fevm in the B -equivalene dass
of M, wehave FVg(H) = FV( M),



Lemma. Given A-feyms M:8—=L and N8 wpe have

Fis((MN)) e FVe(r) o FVg(N) (3.1)

floof (e maw assuvme M, N normal, in which case theve is o chain

(MN)—>p (MN)
whena wre ave done /ﬂf Hhe prrevioua lermma.
Excample The inclwsion (3.1) moy be shict: consider M= (Aa x) N =Y as above.
Lemma Given M+ &—p and N:T— 3§,
FVs( MeN ) € FVp (1) v FVe(n) (32)

Poof. Recall Mo N = (A= (11 (N x))) , XG‘FV(”)UFWN)/ and apply The same agumel/!1~ﬂ

Mﬂ War denolen the lathice zn,D ﬁ'm’lembfe# of V= U,;@_, \/é_

At fhis pont e may view FVA(=) anafunctionon &, sendling moyphisms fo elemens
of the laie Zar ( by convention FVE(X)=3) aud having a kind of weak fanctoriality
exPrE’/)/ed on (2.2).

Remark If we view &£ an a 2 -categowy with only /‘dewh’b 2-moyohivms and Yar an
o 2-cateqow with one object, and composifion of I-movphioms (= finte jubiet
of —,V) as union, then FVe iy a wlax functor £ —> Var.



®

Def* Forafite subset PE Y define Lp €L be the subcategows with the 1ame vbjects an X,

ancl movphisms
Zp(3,p) =1 Fe L(3,p) | F%(f)éP}_
Lemma XP Basubcabﬂo\g.

M Stne F\f/)? (idb) :94 I all g, Rpp wntarns identifies and /3~2) Shows &’Dp

fs clored under composition 0

Ld/) Gge and Q beaﬁ’m’f-e ;efofvam‘abfw If Q =Qf> c[ef:’ne Qjo *-:/D
Otherwive chove an Orclevmg Q=39 T, -, 9r: Th} ond sef

Q’;O = T, > T = — J',,_—aﬁ (4.1)
and define
=M™ () )~ ) R%p—p

As discusrec! eavlier Qgﬁp s inclependlent up fo Tsomovphiim «f e chiosen
ordeving, in a woy whrich is clem/@ (,ompaﬁ/de with 24 ?

Ouv main theorem is:

Theovem (iiven a finile subset G € Y the inclporon L JQC — X hay q
right adjoint, given on objects by p = Q%p, with 2R e the wounit
of ﬂC’J'MVlC)LI’OV).



Rock Lot uo fivst make Q* R — L jnbo a funchor. TH C‘eaV’y suffion o defrne a
funchr 5= T—() , Te 2. Thic is defined on olpjech in the natural wowy,
wih T— 1 =1 2, P simple J—UPeA and M€ X (3,p), HM# X define

qﬂu%(emuar
Fo(M)eE(1=08,75p) 5 (I”l)—)m . /1 (M (a ‘7)) FhipeTin Q
(51)
wheve U gf FV(M). We ret FJ(*)=X inalll comes, andfov )WGK{I)P)
P (maehn) M pe= fi
Fy(M)G X)(ﬂ, 7"’]’)) FT(M)I=*. = '/\LA"AT(MfM;(utLD

= %M)O,(%t(ﬂ), (H]‘l’“ (MQ))
= ?\u\?\q.(\"\a_ (f1 (wq)))

Next we prove that fheve is anatuial bjjechon, for any 8, p € ¢ F (H0)o ()
= )\t. (FJ (F:r(“! )

. L(30d%)e — X(2p) = 2t (g ( Mz((ﬁ(m 1t) 4))
= M. ’A(f F’lz((M ))q»

= AMAq (M2 (M, 1t
B(N) = 2A%N {1 G '”_)L

Naurality in 8 is clear, and natuvelitin p follows fom nafuraliky of U, which
may he ascertained fom comm ufu}-iu‘%g of the follbwing for M€ Z(2,p)and 9: T

M
b — P
2o’ (ag) T [ W77 (k4) (5.3)
T2 — TSP
Mg (11 (ng)

Sin
N
— ~— A ——

[blen)]=[ D2 (Ml )] =0 2 (N 2) )
=p /\2.(?@.(/"((2@)} fi)
=p dz.(M (z )
—p A2 (M (Aa(ag) 2))



We defineofunchion AR L(3,p) = L (3,8 qc an follous:

&'(M) ="M/ MM - T T 8 f

wheve ure ure the Tsoymoyphiem discusred in Ravk L (75> oe—>p2E—> Q*PJ in &.
Cleadly FV(2'(M) SFV( X9, Aqe. M) <= QF

| 23~ id | is the udement that-for ME X (3,0) hadiagram

"
& > P
(6.1)
(M) / 28
Qp

commuler, which follows fom the caleulafipn (wing @7)

A% BM) = M (28 (amt))
(1) )
= W (a2 M) 2) - ) E)

= M2 (Mt)
0 M

(6-2)

8 F=ud| Suppwe NEX(2,&%) with FVs(n)NQ = (e mewy aume N
selFispormal, if neconsawy- Then by a calculation like (6.2)

BN = D9, Mgk (AN N) = Do A M (- (Ng)-9%) E)
= >\C/’ ’/\‘?k ( (N ) 7/<)



Now we we in anesential way the hypotheons FVIN)DR =@ oses that by
“L-equivaleng, Fhis isequal in L 4 N. 1

We hawe an adjancﬁon

(7.1)

with counit A% Te & — id andunit 7+ 1d —> QT given by
Z(p, 65— tlpp)
That 1s,
7/0 = 3'(idp) = Nq, - /\C[E*.Xxp.xf

Conclusion  A-abshraction has a unique }Dl/ope/yy * given Q and MEX(3,p)
e %—abﬂmcﬁon ]7,"'}]%]’/ =: 'A?.M makeo

M

5 %
%%.M\/ . /?/7(,6( (7'2>
a'p

commule, and i+ is the only movghism in Lg< with this pyopey{j So N-gbshachon
IS fz{ch)mafwn ’”’wouahm,(umvel/)al "WDVP}’lUW] & P — L.



pemmk H Q,<8; then chg Q\C S0 f@; € ‘f@lc'

Example Let R be cccommutotive ving and SR amulﬁ‘plrcalehi clored et (90 R = Clxy-2n]
and m = (=D T =2n) foraome A € € Hhon § = R\m 1 pul-closed ).

For an R-module M Hheve is an exac] sequance

M

> §7'M

O —t(M)— M

whave Y 15 anonical. The mbmodule (M) of fonion elements defines or Fnctor
t(©): R-Mod —> A whave < R-Hod is +he ﬁd/mbmkgoz,y oF fovlon nmuduley
(re. Nsd. STINE0) This t isa n‘ghf acyom}foﬁuzimlmzbn <> R-Mod.

Sl:ec[{

soy S = U;‘HE-"}
FeR

z(F)

@ /
/
2= Spec(Rff)  Spec(sR) =V

JC(N)GW&W S"M(Sﬂumh\cﬁoh-}oMOpeh et U

Jech"omrrf- M
Supporled on 2.

Ded" A subteqoy A <>T whore inclusion hay o ightadjoint is called coveflective.

There ave Theovems which allow vo fo vewver he ¢pae Spec(R) from Mu;ca/fgoy R-Hod
lay clam‘ﬁ/mj 01// vef/ecﬁve/wl/f’f/ecﬁw S Iozakgo nep (m £.9. Jvlemﬁfo'm ’(Q/hgf am‘/
moclule o?gﬁ:u(ﬁom”).

These iclean Jend w) f’l/bcfo//owing “jeomdw“cnmﬁdﬁon) for what its worth: o D~femm

is suppovked on FVe(M)= Y (our pecR) omd if FVig (M) = {2120, 1§ Then
M XAz M s avualc>3oum¥o M= TQﬂM fov modules .



