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The category of simply - typed lambda term sT± " 19116

" Thus a proof is
,

not an object, but an act
. , ,

- Martin - Lof

These are the holes for the second part of a lecture on the category of simply - typed
lambda terms

.

Recall that for  each type 8e#→ we have a set Ya of variables of that

type .
As long as this set is infinite

, everything works
.

For a X - tom M the set FV ( M ) of

free variables is a finite (possibly empty ) subset of the set

' I := Ueohk

of typed variables .

The existence of free variables works somewhat against our natural

inclination to think of  a term M : 8→p as a ( set - theoretic ) function with domain 8
.

In fact we should instead consider the typing as a constraint ( or guarantee ) that M

will " yield
"

an output of type p on an input of type 8
,

but where the process involved

in this yielding may involve other parameters - the freevantabof M
.

Examp|= M = ( Xx ? YT ) has free variable y ,
and while it yields y on any input

of type 6 ( thus obeying the constraint of its type) this output clearly depends
on the value of the parametery .

We may make these
" hidden "

dependencies explicit by habitation ,
which removes

variables from the set of free variables . However we may restore the hidden dependency

just as easily ( see the next example) .
This dual process of "

making dependencies

explicit " and "
hiding dependencies

"
is described by an adjoint of functors ,

and this ( together with a co lax 2- functor which maps terms M to a sublet of

their tree variables ) is our categorical representation of 7 - abstraction in Hse

simply typed 7 - calculus .
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Examp1= With M = Ax ? YT) As above
,

N = iy .

M has type J→(8→J ) and no

free variables
,

while ( N y ) = (( Xy . M ) y ) =p M has the free variable restored
.

Given at - term M :p and variable q
: J there is a commutative diagram in L

M

1 - p
~ q ( 2 . 1)

ii - Tqm \ / U= tut
.

( uq )

( J→p )

and it is this lifting of M into Jtp that we wish to express categorically .

First we need to

understand the set FVCM ) which is dearly Iot an invariant of M under f- reduction
.

ExampI Torvanabwsx , y Fpggfkta? I )YY ) = Fv ( Ha ? XTDUFV ( yb) = { x
, y }

( at x ) xo ) = { x }
.

Lemmas If M→pN then FV ( N ) EFV ( M )
.

Root In ap . reduction ( ( Xx
. P ) Q ) → P [ × : = Q ] the free variables on the

RHS were either already free in Por Q . D

D# Given at - term M we define

FVP ( M ) : - f) FV ( N )
X - turns N

with M =p N

Using that the simply - typed lambda calculus is strongly normalising and confluent
,

it

is equivalent to say that
,

for M the unique normal X - term in the p - equivalence class

of M
,

we have FVP ( M ) = FV ( t )
.
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Lemma_ Given it terms M : 8→P and N : 6 we have

Fyp ( ( M N ) ) E FVP ( M ) u FVS ( N ) 13.1 )

Pw¥ We may assume M
,

N normal
,

in which case there is a chain

^

( M N ) → p ( M N )

whence we are done by Hu previous lemma . D

ExaMpI The inclusion ( 3.1 ) may be strict : consider M = ( Xax ) N=y as above
.

Lemm= Given M : 6→p and N :  J → 8
,

FVP ( Mo N ) e Fvp ( M ) UFV p (N ) ( 3. 2)

Roof Recall Mo N : - Hx .
( M ( N x ) ))

,
xct FV ( M ) UFVIN )

,
and apply the same argument . D

Def Uar denotes the lattice of finite subsets of IT = Use €→Y6
.

At this point we may view FVPH as a function on L,
sending morph isms to elements

of the lattice Var ( by convention FVP ( * ) =$ )
,

and having a kind of weak functionality

expressed by ( 3.2 )
.

Remade If we view L as a 2 - category with only identity 2- mouphisms and Uav as

a 2- category with one object,
and composition of tmorphirms ( = finite subsets

of IT ) as union
,

then FVP is a wlaxfunctor L → Uar
.
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Def For a finite subset PETI define LPEL to be the subcategory with the same objects as L
,

and mophism

:
p ( sp ) ÷ {

fella
,p ) 1

FVPHJEP}
.

Lemm= Lp is a subcategory .

Pwot since FVP (Idb ) '

- $ for all 8
, Lp contains identities and ( 3.2 ) shows Lp

is closed under composition. D

Let

pEE→
and Q be a finite set of variables

.

If Q=¢ define

Q*p
:  

=pOtherwise choose an ordering Q = { 9 '
:  T 's . .

.

, 9k : Jk } and setQ*p
'

-
= J ,

→ Jz→ . . .  →
Jk→P

. 14.1 )

and detin

:'

= And't
.

C.. kuq, )g.) .
- . 9k ) : Q*p→P ( 4.2 )

As discussed earlier Q*p is independent up to isomorphism of the chosen

ordering , in away which is clearly compatible with UQ
.

Our main theorem is :

theorem Given a finite subset QETI the inclusion I : Lac - L has a

right adjoint, given on objects by pt Q*p ,
with UQ as the co unit

of  adjunction .
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Proof Lotus first make Q* :L ' Lintoafunctor
.

It clearly suffices to define a

functor Es - J→H
,

JeE→
.

This is defined on objects in the natural way ,

with J→I : - 1
. For 8 ,p simple types and MELIZP )

,MF*
define

yqs q

← 9 the chosen var

Elm )EL(T→6,J→p )
,

ECM )

:=Xu⇒
?

.

( M ( a ) ) AtYPeTin¥
)

where net FVCM )
. We set Fok ) - * in all cases

,
and for MELII ,p )

T
Fsfmum , )

Mi :%→Piti

FT ( M )eL( 1
, J→p )

,
FTIM ) : - * .

= in .Xq . ( Mum , ( uq ) )
=

Xu
.Xq .

( ft . ( Mzlmit ) ) lug ) )
= Xuiq - ( Mz ( Miluq ) ) )

Nextwepwvethattheveisanaturalbijection ,
for any QP€€→ fairy .hn . )

= Xt
. ( Elms ) ( Fslthlt ) )

Io : LC 8
, Q*p)ac → Ll zp ) = xt.iq . IMHFHMHIQD)

=7tAqtMz(1qtM,HaD)_ g) )

I( N ) : - UQON
.

= At .X9 . ( Mz ( M , Had
,

Natural ityinb is clear
,

and natural ilyinp follows fwmnaturaktyof UQ
,

which

maybe ascertained from commutating of the following for Me % ,p ) and 9 't

M
6 - p

tat ' ? ( aq ) T f Jb⇒ ? ( bq ) ( 5.3 )

J→6 => J→p

Xu⇒?tq
.

(

Mluq
) )

since
N

*( bq ) ]°[ Xu

.tq(Mluq
)) ] =p tz⇒?( ( Nz ) g)

=p Xz
. ( iq . ( M (

zq
) ) q )

=p 7z
.

( M ( zq ) )
=p iz

. ( M ( ta
. ( aq ) z ) )
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We define a function El : LHP ) → L ( 8
, Q*p)q as follows :

I
' ( M ) : - iq ,

?
. . iqhk .

M : T, → . . . → Jr→8→p

where we use the isomorphism discussed in Parti ( J
, → . . . →Jk→6→p#6→Q*A in L

.

Clearly FVP ( #
'
( M ) ) EFV ( iq ,

. . . Xqk . M ) EQ !

|E°#=i⇒ is the statement that for MELHP ) Hrediagram

M

÷" "%¥ua
" ' "

commutes
,

which follows from the calculation ( using PZ )

UQOEYM ) - it ? ( Ua ( It 'M t ) )
= At ? ( .

- . - ' Kent ) q , ) . .
. qk )

= Ht
. K- - - (( Xq ' -

' Xqk M ) 91 ) -
' ' 9k ) t )

, 6.2 ,

=÷- ? ( Mt )
=z M

.

|E'oI=ic# Suppose NEL ( a,Q*p ) with FVPIN ) BQ =¢ .
We may assume N

itself  is normal
, if necessary .

Then by a calculation like 16.2 )

EECN ) - iq ,
. .

. Xqk .
( UQON ) = iq ,

.
. .tqn7t .

( f.. ( Ng , ) . . . qk ) t )

=z Xq,
. . . c) qk .

( i
. ( N 9 , ) . . . 9k )
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Now we use in an essential way the hypothesis FV 1 N ) AQ = 4 to see that by
2- equivalence ,

this is equal in L to N
.

�1�

We have an adjunction
I

-qc
1 t. *

with a unit UQ : Io Q* → id and unit 2 : id → Q*oI given by

±

L ( p , Q*p)a .
- L ( pp )

that is
,

Zp - EC ids ) = Xqt'

. .
. Xq[h .

Xx ? xp

Conclusion t - abstraction has a unique property :

given Q and MEL ( Zip )

the 7- abstraction 7% .
" tqk .M= : 79-14 makes

M

÷qM\ , fg ( 7.2 )

Q*p

commute
,

and it is the only murphism in Lac with this properly .

So X - abstraction

is factorisation through the universal in orphism Q*p→p .
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Remand If QIEQZ then Qie Qi so Lai E Lap .

Examine Let R be a commutative ring and Se Ramultipkcaklydoiedtet ( say R= EK 's :P 'D

and th = ( xi
- Ky . . .mn - th ) for some tie �1�

,
then S = RIM is mult

. closed )
.

For an R - module M there is an exact sequence

o → tau ) → M ¥ s
- ' M

where YM is canonical
.

The sub module HM ) of tonionekment defines a functor

TH : R - Mod → A where A e R - Mod is the full subcategory often modules

( re .
NS.t

.

S
- ' N±0 )

.

This t is a right adjoint to the inclusion it 4 R - Mod
.

⇐⇐ Tay
s÷kHif3. :}

Z : - Spec 1RH) Spec ( s ' ' R) = : U

HM ) are the 5 'M is the restriction to the open set U

sections of M

supported on Z
.

Def A subcategory A at whole inclusion has a right adjoint is called

comet
.

There are theorems which allow is to recover the space Spec 1 R ) from the category R - Mod

by classifying all reflective / coreflective subcategories ( tee e.g. Stenstrom ' '

Rings and

modules of fractions
" )

.

These ideas lend us the following "
geometric

"
intuition

, for what  it's worth

:
a X - levm M

is supported on FVP ( M ) e TI ( our Spec R ) and if FVP ( M ) = { zi ,
. . , zn

, q } then

MH Xz
,

. . . Xzn .
M is analogous to MHM , }M for modules

.


