The Cuw@— Howavd pw‘mc;’p/e

The Curvy-Howardl pvinciple says that pwof theow and the theow of computation

are tuo viewpojnfs on the same underlying mathematial objecss — called puoofs on
the ove hand amdp@g_w onthe other [SU]. This was made exp/fu’f in udrk 0}0
Cuvnd '58 and Howave '67 but an impo/funfcompowem ot the waiCph/'/o;ophy
goes back 1o Brouwer, Hegh‘ng and Ko/wgovov (BHK) . As wan recallecl in Shawn’s
fivst lectuve, BHK Hake “the view that whal we wiite an qud’ﬁ is mevelg a descviption
aﬁwmef’hmg which is a/l/eady a puocess in ifrelf” {C, §51.2.2] More concrelely, g F;ocn-o
of A—B should give vise 1o o ransformatipn fum proofs of A #o prochr of 5.

I pwofs ave hansformationt, if maker sensedo ak if fuo pwoofs of A—> B gire rije

to the same trom sfovmation. In this way fhe BHK intevpretation, while a cimple ideq,
suggeats a profoundl break fiom pedifional lpgic with ih focus on prova )oi/ié, (cloes a
Fvoo(—"exfs»t) towards a study of proofs an mathematical Olf',"edj’ i their own Vz‘gh}. Now,

it iseany o miss the poinfhem, sin one w:rghfimagme that one knows “whata ,Dvooaé fs"

by virtue of expevienc witing pwodh in e-9- geomety. Bub while such expeviene confer
levouledge of puovabiliy it offen: vew litfle insightfo the e nature of pocfi (whatever that
mightbe ). Fevhaps Jinear bgic ov homolopy type theowy illushrale This /:oinf mm)—foy(eﬁz[/y‘

This 'm't so suvpiising by way of analogy, i iseonier Jo agree on whot it means for a
function fo be a_ solution of-a differential equotion (1-e. provabilify ) than fo agree on the
“Pate natuve” of. a diffevential equation, which vequires relatively sophisheated differential
geornety waing the language d?gjefbund/m [s]) or algebrafc 3@mei‘uj n te Iomguag,e
of D-modules (even the nature o polynomial equerhons was avguobly anly seftled hy
Guothendieck in [EGAT]). Sofur we (avguably) lack similauly satisfying aniwers o

e guwﬁon “what js g pvo(rf.?”.
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However, whle we may not know what pwofs “ave”, we do have a fint shep  a bijection

b etwreen (c!med) pvoo;@ in nattural dlecluctvon and (closed ) A-fesms in simply ~typed K ~calculus .
This is offen called #he Curry-Howard comespondence (we use “wespondene” Jo name this
pavticular result and “principls" o denole the broader philosophy which it ingpivea) . This

bijection achieves (in some imited, hut suggestive way ) a vealisation of procts an processes -
namely A-Tevmns under ﬁ—mducﬁon fo novmal form.

The puvpore of hdag‘s lechure is o pove the Curvy-Howavd comespondenc.
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Notural Deduchion

Theve ave vavious systems called “natuval deduchion” | see [G/p- 5], [NVP] and Shawn's
talkfor some historical background on why. Tn any care , while there syckems might all agree
m wl/n‘_cl/l pwpmiﬁons avp ,obD\l_alo)g they gemumelg difterv in their opinions about what

a Fvovﬁ is- We muwt chire the wowect sydem o get a lojjection with A-calcylun.
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The syslems all have #he same language = an infinite set of propostional vaviables p,g, 1,
and formulas ¥—F whenever ¥ Y ave formulan  (all vavighles ave formulas ).

System T As presented in [sv] is about sequen) (J’mdgmew}s) T 7 where Pis o formula
and T is afinike sef of formulan. The deduction mlaave.

T,f+%  (Ax) (T" any set not contatning ¥ )
Lkt (T amy set ok contetiing Y )
THY—>Y o

Tri—y THF .
T Y

) (T any Je’r)

The veason we peed T ¥+ and nof just FrS as axioms Aor o veawsons = it s how
we simulale the leH inhoduchon of — tn sequent-calculun, and it engbles Weakfwmg
(#he inhoductionof spuvowy dependencies ). But s is quite a defective syrtem.

Example Ts jo,\{/ Ff—o¥ Pwuakﬂe? Cevi‘ain\j Y+ :Fﬂ\f’ s

m—az (3.2)
Yrfou
But i we wantfo weaken in a.copy B P, we hit thafact that T in T vr¥
harto be o set nota mulbiset. Similar (but even wone) prwblms ouise when
MW Yo enwde standard A-fevms a pwo?ﬁ (e-5. Chuvch numerals). Thisvewion
ot nadwnl deduchion “cnflakes oo many P»ocnﬁ "
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(e could make T = 1 Yij“'/ 5"y amulhieed, for a;> | and adop%avam‘m’v‘on(/f =T

Q) O n
jJ' )--')\fl‘\ {_- ‘\7& ST
a) a;— | G
jox J---;joi J--/joh " jOL——)y/

(4.1

Orec(w'm’emﬂgm can wife e.3. 303 on 2 P 2 B a3 and work up fo o-equivalenc .
This leadn (almost ) 1o “handard” natural deduchonanm  [€] or [NVP, §1:2,58.1]

Sﬂélrem L We add aninfinile collechon of vaviables s for each formula Ny wvb’-ing
2+ for x€ Yy, Sequent are TFY where ¥ is a rmuloand TV is

finileset of vaviables. For convenience ure unile {ay,. 20} a

T-1={9(l“]0\)-“/ 1“‘"30’“} (4.2)

wheve 2, € Vy;. The notation T, A is only well -defined 1 x+2c all e,
inwhich care f-denotes TV 155 2 T The vuley are -

T 2% v (Ax)

T‘,xz‘j’{—"f’(ﬂ
T Y=Y

1) (4.3)

T ¥ Tk)"wi
T Y

)

A P&I%loﬁrf TEY s advee with rule for verien, axioms for leaven and
T+ W conclwion s2he finalwile. A prook is an o — equivalence class
U‘]QEE—EVDOFS (o(-equivulzm means simulfoneons renaming o all ~ - related

vopies of o vowicldle, i e sense made precise ovevleaf ).



fuo occuwenan o F in M?Wr’?

x: Y, J‘-‘J”, z-Y+Y¥
jx‘f) 2 VY=Y

Example

Def" An occuwene of o vaviable > jn o Fve—Pl,D(ﬁP is avanable in P conlext raf
auequemf in some wile o e PI/OCFI? We define a velotion ~ on occuwenws of o
b be the swmallest equivalena velotion qenernted by

TES—Y  T+F

+ seffing thethree occuwenan of x in
Tr ¥ ()

o [ae_ m\akd whem%%r xC—T'/

T,y FF
Ty —¥

- sething fetwo occuwenwn of x in Fo be velated, where xe T

Example  Considev the Fmo‘f, for T'= 1f5-9, 1‘-)"}

T EY—=% TrY
THEY— Y TrY
(—=E)
P = TR R SRS (o (§.1)
P -¥=F
F(¥—=9)— (P-Y)

S13)

Heve all the occuwemw/)mp fave equiuu|ea/ljr under ~ (WJP- 3‘5)

ExamPle Consider the pwa‘f

GRTIs 14t . G
GPr =¥ (1) G PrI-¥
(GY-F—Y

Heve all occuwens 0793 are 'v—equivalm} bul the fue x's cve nof equrmlm}.




D%V‘ We wike <T\ > = {jolq:---)\f:h} '\LMVC{VTQ\S\M occuning n T loe\on\q% @
7,?, N '-'U\/Jﬁ\ (amc\VIosmq\\ev Umibn> and exacHﬂ a; elemenh e T" lie in 7')0‘\. ©

Lewma There is abijection between Syslem I pwofs of T +3
oncl onof% of LT 77T uwiing vile (1), fogether with a “900d"
pavtition of thw occunenten of evew) formula ¥ appeaving inHu conkex F
of a Jequﬂl/l’r in The Puoa?g Le.

H®—yry (Pr v

@ F(P=Y)— (¥>Y) @ FY-Y ) 0 @
¥
B+ v e Y= e
whsve 002 u\r/aw\e and At "7”‘\(\(\0
o €PY WP :

Remavkk  Heve “good" mecins that the partition P oniich o sets Q sehicfying

= Q wniains at mostone Y in each sequent
Q wontamsa ¥ in both T's of the numerstor of a. —& wle £
iFwnteiing o ¥ i he denominator .
i1 P is not e ackive formulocin o0 == vule Then Q covtains o 4%
in the numerahor . icontzins ane in the denomincior.
it Yisachve n =T then amvng e seh R o the Pav}'h%h Hhere
is o unique one which wnains a ¥ inthe nume rator but not+he
denomincdor (5o the reof confein @ ¥ in Hhe denorminator ).

Moveover, we consider paviitions up fo pevmmmﬁ‘on i3 the copien of Yin each feqmenf.

Noke Thun a Stjdfm I )ouwfi: qP»ocn@ with multisehs of hypotheser and a leLQPIlJ‘fp
Uidentihy" fov these hypotheses. A qood paition is equivalent fo packagelabels +
dischonge labels in the uoual sense for natural deduction puoefs which ave clored
-e-all hypotheses aved;‘schar:ded (mofe that in oo netual deduction PUDG'Q e
mawy in educe A= B dischaiging no hy pothusis - Yo conshuct the comerp-
Sysem I proof a new wpy vf A needs fo be ex,v)fciﬂy pLopageted fom the
node of the inrocluckion viule upware $o all The. “downshream" leaves ) .
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J:FVDYV\ now on, we say hatural deduckon’ o ND for “Sysem I :(

We moy fdem%’fv Yhe ret o formulan of ND with the et > of simple typer in A-calculus .

Theovem (Cury-Howard ) For any F€ £ - tere 15 alotjection beturean ND
Fvooﬁ o +T and clored N-tevms o Jype F.

Procf  Basically a fautology . The typing conshaink say: M is of fype Fif i-can be

tonshucled by fhe hyping wile ® >
Cy) T x:2 = MTJ T FM:3-T T HN2
LT .,
[RESRRE T F (oMY= 32T T=(MNY)T

Givena pwoe Pof =% n ND apply the conshuchion wiles @,8,© in the same order
o Ax, =T, =5E o wnebud o doted N-tevm of e same fype PIHis cleoullj o jwﬁecﬁ‘m map

onfo clored N-ferms. To prove 1 jectivily wehmv‘vargue evewy A-term (= -equiv class ) has
exactly one Juotteation v @, B9 for s fype. Bufcathe shuctuve of fiu A-Fam dictates

each. P fhewly and thelr order, and d-equivalence dves ot affect Hu RRS of Hhe PI/DU]Q
shiuchure (here we wre Fiat e fevm 3scl01ed) thisisclear . []

Example  The Chuvch numeal 2 = f/\m(\fﬁ-f”\lj-) (F(£x)) womes fom Pl (1)

Remavk Let Phea pwa@oﬁ Y with comesponding clored A-tevm M. A F-redex
n ™M, say (At ") N?) vowesponds Jo a par-of P o the form
(wole ™M, N may not be closed, 5o we define This “pavt” viathe conchuction M +> )
P
'. P,
T, x:8 v F :

: (7.0
>1
T+ 6T T rF2

T T

- E
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Sudn subprodk consishing of an inpeduchion follourd immediately by an elimination
ove called defours i the literature on natuval dedycton. Tmﬁ'/‘ﬁve/y it reems obviows

we thould be able o conshucta povf of T'F T without waing Fhe hy pothesis x - A. Tndeed,
i we bokat F +he leaves munt be. labelled

T, D, 28,40 FO o T, 023 5 ¢

wl'\ew;g Fx and eify, T = T'or T'= T 420 . We can fovmn a rewdeduction for
T+ T ashllows. in B whenever aleaf of the form T, D, x:3 + 3 occun,

replaw it by the decluchon obliinec! fom B by addling A o The premise of each
sequentin Jy (posiibly with vauiable venaiming 1o prerewe mulhiplicitien ) . Fnally,

dlelele theassumphion x: 8 fiom the premice of eveuy sequant in the resulting puaf.
(s incuda e 23 m T, 0,223,420 +O whichwere anyway never used ).
The verutting onu-@ which ure may denole B [Fa/x] is c/eov/y a kind dPsubshtuton.

Lewoma. P [ P 2 | coweponds Jothe [~skp ﬂ—mcwc#an & M alfhe given
redex.

For By induction on fhe shucture of M- 1]

[ pshof- Under Cavry-Howard B-reduction comesponds Yo detour elimination.

This nofion of dedour elimination wan imboduced and studred independently iv 1he
natual deduchion liferature, bt we can use CH (= Curmy-Howard ) fodeduc the
bavic resutts fwm theovems we have alveady proven aboul A-calcalus.

Def" Lot = clenvketle equivalence reloion an the set of poofs of rYf ge nemied
(in an appropriatke sente, re.clued under —>T and — E ) by defour eliminafion.
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Theovem et PP’ he proofs o T with cowerponding A-fevms MM Then
P=p’ = M =p M/ (9.1)
Comﬂag Evew = - equivalene class @)meofrcrﬂ FY tontains a unique detvur—free szom.”.

Post 95 Chuvrda-Rossev gnd Sh'ong nommali sation fov A -caleulus- T7

This s somewhal vemawkable - anything provable in ND can be proven W/’f%oafw)mg
Modus Ponens | (e —E ) We also obsewe thalt theve e genuinely chife vent
pwoof of The same formula in ND, which differ in their pattevn of bypotheors uwoage .

Example Each Church numeral n give) pwof P Flro¥)=(r-¥)
ancl B 3 R whenever m# 1.

Returningfo the general Curvy-Howard principle cliccusied af the beginning o

The lecture, wecan mgﬂ;aff’he deeper veanon that we wish to distinguish befweon

]Dvooﬁo-ﬂﬂ/ujame formula is that we view pwoofr an fansfommations, and
clefevmin a_diferent fransformadion o b )'V)pw'? (a }Dl/ocn2 £ rP=Y) b

i outpuls (another pwifof FF—Y). This point is made most clealy wsing

the codegoy L of simply ~typed A-tevms discured in myeculier lechuve,
Let . (c forclosed) denole the Juloéa’}fgbhj with the ame oé/‘ea‘rm Z hut
only those moyohismg M with FVe (™M) cfé. Then

fc(ﬂﬂo_,)o) _ /\_j,_)j,/:@7 o~ {PWOFSJE k—f—af}/_e.\_, 7

L[99, 3-9) = Nigopatg) /=1 = § poib b F0-9)(0-1)] Joi7



USMg Phis cafegozy we can be wre precise aibout the hancovmakon detevmined hy
apwop P of b (F=9) (PP ) T M s the omegponding D-teum, i 1w the fynchion

Z.(1, 7 —Y) BN L.(1,7—=7)
/jl_ (10.1)

A

N
> (=Y
($F) —— 9=9)

and, finally, i m=n then Pr and B delevmine cliffevent funchons in (10.1)
7(0»’0\ 3enew‘c N

s 72d T helow

Remark. 7-equivalena , 1-e. Mot M x)~M for x4 FV (M) comerpondp o

- —Ax .
y 2053 Ttk I

— —E ~

Y, x 2 F 7 T,22 11

T
Tr2-T

’]_l

Rega \rclfng the relevanw of the Cuvw - Howard cowesponclence e leave the last
wovd b Givard fom [G, 536



20 CHAPTER 3. THE CURRY-HOWARD ISOMORPHISM

3.6 Relevance of the isomorphism

Strictly speaking, what was defined in 3.5 is a bijection. We cannot say it is
an isomorphism: this requires that structures of the same kind already exist on
either side.

In fact the tradition of normalisation exists independently for natural deduction:
a proof is normal when it does not contain any sequence of an introduction and
an elimination rule:

S S 4]

A B A B o

— N7 — N7 . T

AAB ANAB ) N B:>
ALE N2E = N

For each of these configurations, it is possible to define a notion of conversion.
In chapter 2, we identified deductions by the word “equals”; we now consider
these identifications as rewriting, the left member of the equality being rewritten
to the right one.

That we have an isomorphism follows from the fact that, modulo the bijection
we have already introduced, the notions of conversion, normality and reduction
introduced in the two cases (and independently, from the historical viewpoint)
correspond perfectly. In particular the normal form theorem we announced in 3.4
has an exact counterpart in natural deduction. We shall discuss the analogue of
head normal forms in section 10.3.1.

Having said this, the interest in an isomorphism lies in a difference between
the two participants, otherwise what is the point of it? In the case which interests
us, the functional side possesses an operational aspect alien to formal proofs.
The proof side is distinguished by its logical aspect, a priori alien to algorithmic
considerations.

The comparison of the two alien viewpoints has some deep consequences from
a methodological point of view (technically none, seen at the weak technical level
of the two traditions):

e All good (constructive) logic must have an operational side.

e Conversely, one cannot work with typed calculi without regard to the implicit
symmetries, which are those of Logic. In general, the “improvements” of
typing based on logical atrocities do not work.
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Basically, the two sides of the isomorphism are undoubtedly the the same
object, accidentally represented in two different ways. It seems, in the light of
recent work, that the “proof” aspect is less tied to contingent intuitions, and is
the way in which one should study algorithms. The functional aspect is more
eloquent, more immediate, and should be kept to a heuristic role.



