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Generalised ovbifoldingofsimple singularities

this talk was originally given
at the Geometry at ANU conference in August 2016

.

The aimisto explain a remarkable theorem of the mathematical physicist

Carqueville - Ros Camacho - Runkel
,

and my own contribution to some of the

mathematical inpubto their theorem
.

Schematically theresult can be described as an unexpected series of equivalences

of triangulated categories associated to isolated hypersurfia singularities

WEEK ,
... ,xn] - triangulated category hmflw )

niE¢[ y , ,
. . ,ym] -

" " hmf( V )(
dilevent singularities

The equivalences are not hmftw )±hmfN ) ( this would be too strong to

be interesting ) but of the form

hmflv ) ± Modhmfw,(

fftwbeniusalgebmtmonad
The interesting examples sofurarepain ( kW ) ofsimplesingulantiet
( aka ADE singularities )

,
and unimudularsingulantiet ,

but there

arepwbably many more
.

Outline �1� Matrix factorisation i.e. hmflw )

@ Fwbenim algebras
�3� statement of theorem

�4� sketch of proof lusesuovkofminewith ( arqueville )
.
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f
Eisenbud

'

80

DII Let R be a commutative ring and WER
.

Amatil factorisation of W is

a R - graded fg . projective R - module X=X°oX together with

an odd R - linear dx :X - X st . 4×2 = Wtx
.

A morphine T : ( X ,dxHlY ,
dy )

is a degree zero map with dyY=Y¢× .

D# HMHR ,W ) : = matix factorisation of W with homotopy
equivalenceclasses of Morphis ms ( so ( RAR

,
( 9no ) ) ± 0 )

.

Exampled ( l ) R - EK ]
,

W =xN NZZ
,

for leis N - 1

Ei : - ( Rok
, ( Initio ) ) e hmf Can ,

x
" )

(2) R=¢[ my ]
,

W = YN - XN N 72
,

2 = £ "%
so

y
"

- xn = IT ( y - Zix )
OEIEN - 1

Given SE { 9. .

,
N -

1 } we have

meet B ÷ ( Rok (y÷µjFYfmo
"

) ) ehmftekmiyx " )

theorem ( Buch Weitz
,

Orlov ) There is an equivalence of triangulated categories

hmf ( ¢[ x.
,

. . in ]
,

W ) ± D↳( whw
- '

1%erf ( Wto ) )
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Proposition
If WEEK 's .mn ] has isolated critical point then

Deep Ew = hmf( QKJOEKJ
,

Wal - law )° -
Kawubi closure /
idempotent closure

W

is naturally a Q - triangulated category ( Ew
,

* )
,

and hmffefihw )

is an Ew - module
,

i.e. there is an action

Ewxhmf
(
WTThmflw)Y

,

where the tensor product * is for X
,

YEEW

Y * X : = finite rank representative of

( YaQ⇒X ,
dyal Had 't ) in Ew

.

÷avert Wal al -

1aW¥
Wal - lolaw

and the action of X on Eehmfkitd ,
W ) is

Y
.

* E '

-

= finite rank representative of
(

Yago
,

E
,dyal+ lade ) in

hmt
squares

to Wal

# Y*H : hmf ( W ) → hmflw ) is a triangulated functov
.

Esiample

{×µ=hmF(

Ekin
, y

"
- XN ) is monoidal

, with 0<-1,
< N - 2

Pax ÷ P{
a ,aH , :-,

at 't
£ £

"
"

'
-

Example Pa :x*Pb :O

minhtm ,
2N - 4- TH )

= Patbny
Pa :x* Pb

:p

= TO Paths
- tlntx . v ) : v

v=1x - ul

by steps of 2
( Brunner - Roggenkamp 107)

related to fusion / sutyn
. z
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�2� Fwbenias algebras

Let ( 8,0 ,

± ) be a monoidal category .

A Fwbenius algebra n 8 is an object-AEob 18 ) equipped as an

. associative
,

united algebras ,
µ :A*→A

,
2 : A  → 11

•

was iociative
, wunitalwalgebra ,

D : A  → A
*

,

E : 11 → A

such that the tubedhey holds :

H . ¥ . 'N
,

i.e.
( laon) ° ( sola ) -Son=fuola) ° ( la as )

A Eobenius algebra isseparable
§

= | ,
' - e .

µ°
D= la

If there is an action 8 ×J¥J
,

AQ -
: J 'T is a monad

,
and

Mod 's A ) denotes modules over this monad
.

theorem ( Balmer ) If 8 is a G - triangulated category acting on a triangulated

category J
,

and A is a separable algebra in 8
,

then Modj (A) is

naturally triangulated ( some caveats ) .
lskipf
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�3� Fwmnowon Weeks ... ,×n]
,

VEEG 's . . Hm ] have isolated cut
. points .

D# Visa weak generalised ovbifold ( WGO ) of W
,

denoted W →
wao

V
,

if there is a separable Fwbenius algebra AEEW and an equivalence of

triangulated categories

Modnmfcw,
(A) ± hmf ( 11) ( not hmffw )9A* - )

Examp= ( l ) W - waow A=

DWEEW
which is the monoidal unit

(2) W → waowtuitv
'

A =Dwafliff ( u2+v2 )
say

( a form of Knower periodicity )

theorem ( Carqueville - Ros Camacho - Runkel
'

13 ) With the notation

weha

:
even ) Vlad ' ' )

- wao yl Ddkt ' )

VIA " )
- waoy

lE6 )
re .

"
ADE from A

"

yttn )
- wao ylE

' )

y
( Aza )

- wao ylE8 )

( time for ADE many dimension

notjmtcuwes )



�5�

Note Byatheoremofkajiura . Saito - Takahashi for VANADE singularity

hMH4¢[

1

,t],V+t2)±Db(

uep.ee
'

)

where Qisthewwespondingdynkinquiverthefintofthe above

WGO relations was known ( Reiten - Riedtmann
'

85 ) and

wmespondstoa
' '

folding
"

2 3
1

• - • - •  - - .

 •

£ f f
\.dk nz, :#

. . . .
.

. -µ/ and
•  -

•  - • - .
. • -

d- I #
iwepsofstabiliserofdk

IAI |Dak⇒

Bit the ATE relations donitseemtoaniesomegwupactionson

quineninthis straightforward way .

mydoritunten
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�4� sketch of pwof ( assume mm even )

Put ( Carqueville - M
'

12 ) Any Xehmff el sun
,

VK ) - Wl ⇒ )
has a dual XV Ehmftcl 't 'M

,
WKI - VW ) which is an adjoint ( on both sides )

in an appropriate bi category

x ×* -

W = V ( i.e. hmf(e[± )
,

W ) ⇐÷ hmfku 17,11 ))xv

This leads us morph isms in EW
,

Eu resp .

unit wunit

qdime ( D : - Dw -> X* X - > Dw

qdimr ( X ) : - Du ¥X* X ¥ , Du

Pwp_ If both qdim 's of X are scalar multiples of Is
,

then A : - It X

is a separable Eobenimalg . in Ew and Modnmftwl ( Al ± hmtk
that is

,
W - wao V. ( a version of the Barr - Beck theorem )

D# If X as in the proposition exists we say W
,

V are

orbifoldequivalentll
~ao

'

W
.

This is an equivalence reM stronger than → woo .

One actually proves the ADE singularities are ot#dequiynt, e.g.
Vttdthao VlD9#

Note For a grading loci IEQ sit . IWI = 2
, the gnome is c 1 W ) =

3€
,
( l - lxil )

Lemm=V~aoW ⇒ M=n ( modz ) and c ( W )-÷VID at 't
= xittxpz butI

,
1×21=1 - at

,
a  =3 - It

,
the same as

vlaza -

D=
ypdtyz 1yd - to

,
1%1=1

.
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theorem ( Carqueville - M
'

12 ) With X : W → Vas above
,

sk( Zxidx . . ' Zxndxtdyidx '
' ' Jymdx ) dyi - . . dym

qdime ( X ) =±Res¢[x,%µ|
zy ,v . .

.
.

any ) ° ↳

-

Str ( M ) = Eifllkil Mii the residue is a polynomial in El 'D

and similarly for qdimr ( X )
.

Finally : Carqueville - Ros Camacho - Runkel
pwoe their theorem by

searching
the space of matrices dx over ¢lI,1] with C I ) 4×2=11 - W and

( ii ) qdimelx )eE*
, qdimr ( X ) ← E* in a clever

way ,
and

finding an explicit dx in each case
.

�5� Noted

[
of ADE Pain

• In all cases the

FICA
A:=X*XEEwhas as underlying

object a direct sum of Ps matrix factorisation for some S ( Carqueville )

•

Conjecture Strangely dual unimudular exceptional singularities
are ovbifold equivalent ( there are four nontrivial cases

,

as 6 out of 14 are self - dual ) .

Knout : • Qw :

X4ty3tXZ2 ~ao EH : X4Z
ty 't Zt ( Ros - Camacho , Newton 45 )
•

Exceptional unimodularsing . of same weight ( an 92,93 ; h ) are GO - equivalent
^

( Ros - Camacho
,

Newton ' 16 )
'

,

!y=2a÷
( w=h'÷
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QY What is the geometric origin of orbifold equivalences ?

QY Istheveabeltevway ofgenerating examples ?



Appendix ADE ovbifoldmg defects X

• yltot ' )~ylDdk+l ) rankX=2 ( re . dh ,dx° are 2×2 matrices )

. ytt " )~ylE6 ) rankX=2

• VIA " )~VlE ' )
rank X=2

. ylaza )~ylEH vankX=4
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