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The aim o these lecturen is fo present the Feynman m/e;ﬁovem;‘@ the Aso~minmal

model of the DG Cafeﬁoyy u}ﬂ marix fuctornsations of a 7DD7lCi”7LIbI/ we k.., xn]
Letwo begfn with a Vough shefch o this deshination, before we 3@%)’;’)}0 technical

maffers necessauw Jo conshucthe minimal model.

s hiongulaled cal. hmf () = [ (1)
Rotential W

> Da—coﬁegovy W)')C(W)
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Clpological shirg fhesny, L6 [CFT )

Example  For W=x’¢ k[x], hacha0 field, avelevant F@jmman ciagram is

< “A(ke) sl=]
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Alke) e A(k8) @ R[]
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As uoual, he Fexjmw\am cliagram depich @ cevinin palern ot wonhackons betureen
cvecrtion and cvmihilation opevotor acting on the /Zz—gmdec/ vectow spac 7.
For Yhis W there ave exa C‘/{y thvee leincls oF inferackion vevtie, labellec A, B, C.
This diagram computes tu only nonivial conpibutiono e Aeo-steucture,



e

Ak)® s A(K), my(e®) =1
(M3 2000 on oFher input, eg. EGES ) )
Thuwo %ebp)e ﬁ = (/\(kg\, m?,”"a) s an Aao—alf?elom ("”’L lﬂeiﬂgm wual
predutct in Yhe extevior a 3@)0\@) ancl B is fhe minimal model of the endomogphism
DaA 04) the standavcl jenemforof +he DG - cm‘egay (W) . Tn Pav‘ﬁ culay
Pk p & himf{ kE=, 75)"

Outline v Lectures
| - DG+ mf(w) @
(D Connections and contvacting tho%z)}p/pA .
wminimal @
@ The DQ—caJrego:y mf(w) ahG‘fjememJFOrS. model
o
(3) The Aw-minimal model. Ao HWmnf(w) G

Lechire T |

The Technical cove of #he Ao —calculations will be cevinin connections PUDdl/LLQC(
from c(uaAI‘«mgularsec]wmm/ which we now review . Let R be a wmmutafve
R-dlgebrn, for some base ving K.

Def” Asequence Ay ..., an € R s qumi—mqu/ar £ wn‘ﬁ‘nj T=(ay..,an), the
ﬁ//owmgmonoh[sm of JQ/I-cz'/gel/)rcw

? R [yt | > guR=Rirelr-eT/ -
p(t.)= a, € L/7>

is aniso mpyphism. In parficular =P, Nr-a.
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Remark  Set N = Spec(R[T) < Spec(R) =X fhen CyX+=Spec(gr=R)
is o scheme over Y called the normaol wne  tyhen T is gememkd

by anquovi-reqular sequena , the normal sheaf (Y in X)) ira bundle

(7/12)" = Homssz (T/z2 Rlx)

N free of ank n on e bawis {Qﬁ‘}z , and the (fotal spaa o the )

hormal bundle is the velafive Spec
§pz;c{9y( Jym (/l/y;;) ) = SpeC< Stij/I( /Il))
SPQC(R/I[f'/~--/£n]) {Ll___at\

SPQC(%Y1R>

Cy ><)

e

12 1

Il

re. the novrmal cone is the normal bundle.

The method of. deformation fo the novmal cone  (used in e-g. infevsectiontheovy ) relates
the clored immenion Y= X by a £lat deformation fo the inclanion Y == Cy X .

937%( athove, inthu qumz‘—k@gulanaﬂe/ his Jeiffev immewion is juot the zewo Jection

ot the normal bundle. This is thu Oflgebm/\)“ omoflogz/le o the Fubular neiq hbovhood
theovem for smooth mantolds: £ V<X is asubmanifolel a pavhial fubulor nel‘ghbovhooc(

s mel‘fjlf\loou/houcl () of the zeosechon of NyX — Y and an evmbeddmg f:U-X
1. H\/ =1 gnd 75{(/) s open in X :
(smooth mam‘{o\ds)
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4
Refmvm‘mga'u‘me algebmfc cove, we clonot expect Y fo hawe isoimoyphic Zavisk(
0pen neighlaofhoocls in & X and X, bul we could ank for the formal nel‘ghbo\(hoodj

fo be isomoyohic, ari the diagram

( schewes)
o X — () U

%

VAR X

NO(/U f/hél (/OVVIPIQ‘}’IOV\(}‘Z C\/X a 0”9 \/\JMJ_ wiecohns PO”JW‘\CJ ﬁ/OVVl R/ [f /th] ‘/‘0
R/I[ kr, ,ﬁm:] el me]eﬁng X o(lon‘c] \/ ww_amg'fubmg m 1 C(dlCUDVV\P[GﬁOM {E
Sowe ave oaking for aving isomoyphism (in fuct a R £ ] ~algelovon isowmoyphism )

R/I IR ]
Example Let R bea field, R = R(=Jand T= (x4) for d> 1. By dimension coun

(hm/(x“) )H] — EB;»O(DC L)/xdwd)

so a=x" s cevtuinly quoni -veqular. Tre T-adic fopoloyy is e same as
the (= -adic bopology, so

rlie] =HYpaekit], 4= iz
These ave w/fﬂinl\tﬂ not isomov»o\nl‘c (OVIQ is uec\uuzd) Moﬂﬂer N nOlL)

The aftempt & of an (ydgel<)va,‘5}3 Cormal" Jubular me/yhbovhoad is Too naive, but
theve is a useful subshiyle :
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M (L"PW‘Q”> 514}3/90/6 ay---,0n eR ?ua/)/‘-/ﬂegu(ay/ af R/I is a ﬁnnktg
preented k-module and that the c[u/oﬁ'em T:-R—R/T han a k-livear
cechion &+ N1 —— R Thenthere is an inducec| isorm Dvphicm
A Rt ba ]-modules

2% R/I@'{kpfq—ﬁ ﬁ “— “Yyyma) Fubular

neighloorhood !
R_M_Cfi JFM}U%EQH) ’J’Mewisawmmuﬁﬁme p\[agmm
T
R > R/T
L i ~ (no‘rﬁ ?[Cé\fs IR/,\)

T

5o we do notdishinguish RiT, RITR . Sine R isa Rt -algebya (4 aching an a;)
any section 3 induces a k|1t 1] -linear map 3% defined by

2X(Feflt)) = 2(F) F(t)

To show that &' is an isomouyphism we muat £t shocw thatevely re R
han o unique expreasion o the form

= 2 3e)t" (1)

MEN™

jtor e\emenﬁ Y‘Me R/I

—
NOTE - Thawe is ho poethedan hﬂpoﬂ'&/))s %er?__}



Exislene ffor rGR sinw (JT(P”B(V)) = O we howe

-2 e TR = F'B(Y)=Z;\=\ acf, Sovme O\ceé\

But ai—?»(ca)el[i\ S q;_g(qL)zzgt)a].g.

r= 200+ 251§ 460 Epad;
= 2(r)+ 2,17 30)f + 2/ Ay Fef
confinuing inthis way P»oc[utw aevien converging o 1.

Uniqueness Aollows from quowi—mgw/arf@. Suppose 1o e CONVGH/W that

ZMB(VM)fM =0 in )é\

with not all viy zewo m RIT. let w = ""”'”{ IM[ [ vy £0 in R/IP}. Sinw M Cauchy

sequend { Z,wsd g(rm)f“}dem wonvergento O, wecan Find D 4. for-
all d> D,

m+

Zlmlsd‘z[rﬂ)f“ < Uu---/{h) in R.
(l

ZIM\=W\2 ((”)%M t Zm< IM|<d 2(r) ¢

This implies Zw:m 3(vm) tM € 1MH) o Z|M|=m (mt'= O in e
anc| by c(efpuaequam—m\f/u\av@ His foveer M ETL so = 0in RIT forall M
with [M[=m. But-Fhis is aconbadicfron, so e avvive et Ht desived
um:‘quemnwﬁﬁ/;e mpmewfuﬁ‘om (Jr)



This shows theve is an isomoyphiom of k-modules

ﬁ - > —H_MGN“R/I

vV (rﬂ)m

Buf then sine NIT is 1([3 over R, 2% isthe somoyphisim

Rtorklt] = Rrow ||k = W Rizerk ) =TT Rlr= R . 0
Covollavy TP B/T is e £19. projective k-module fheve is o R=lineay commection
V- R—— Rews) L)

V(r#) = V()Fit) + re df
Relfive o a fixed connechion e inhoduce 3F; € Enck (R) v 7 =2 37}y

fvof R is adivect summand of o fivite divect jum of copien of RAET], which

has o wnvectipn. Choosing a rection 3 e oltuin a connechion \3

Ve ()= ZMGNZ; M3t Yedt g



The “bormal” fubulav nejgh bovhood! is not an actual fubulgy V)e;“yhbo vhood,, Jo

The intuition can be misleading; but one can think of Fhe connection V
ar difeventiation in the divechions normal o ¥ < X, 1.

Tne plan for the vemainder of the lectuve isto ure this connection To cefine reaicues

avcl provide a natural homotopy equivalene befween e Koszul complex
of a=(ay-,an) and it o homolbgy R/T. But fint, an example

Example R a field, R=kix], a =29, Choore the k-lineav section

g: R/t —R, 3(x)=x" psi<d-

%

and lef YV be the asociaded onnection, with 5 R — R Then (d>2)

a%(oa“r de) = ’a%( [27]-1 +

RIT t° R ¢!

[ljitj ) = X.

~—

*®
Remak Sina et avethe woorclinates in (I/Il) avising from 71 QC‘T wew!ll ot Jen
whte ;&5 'fbr %’ wheve it will nol cause wnﬁwmn.

Roposition Lef 2= (ay--,An) he a Jequena m R. Then

(i) & veqular = a quovi-regulor
(i) R noethedan, a is quani—ufgulav = Hw Koszul wvmple)(
on & {sexactexaptin degm zew.

(i) TF (R,m k) s local and a < Fhen regular <= Clmm"'@aulw‘



Def™ Suppose a < R qmmi—mgulavamd Rx 7[~8-P1/D\jedﬁm over K.

CH\\/QV\ Yo, Viy..., ‘C\GRW‘QdQ‘HWQ

RQSR//{(WO dr,-..dn\> s= '}VSI(WO[V/W/]'“ Zv/vnj) e R
S

a, --- an
A Rol— Rel . RelleR
Tg J{T(
R/I———-- —————— ® . . . __ -~ R/i

Remavk Thi's is ejfenﬁa”y%e defnifipn of residues 3ivfn )’7 L/}oman, vep%mfed
fouse conmections. He piover the hasic onpeufv‘eo (e-9.The Hansfovmation
e ) fovthese residue).

- % dx , . C
Example R (_J) = e, <1b [ ) = P ()‘ 3%7‘)

_
\ ot x* ;(d

= v © = ég/d—).

Remarke IF vo €L the residue is zewo.
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Remark Suppore 1z = 3(sc) fov ISten (Fhisis ypical). Then e moicluie is

D 2l 7260 g2 ) ()

If Z*= P/Iﬂ 9’] =, FAﬁ weve anisomoyphiamm@vingf, we would hare (In T%)
2()b(s') = 2(sr’) and sothe renidue would hewe fo be zewd. The veridue
reflech the filure of 2%%o be o /ing isomoyphisim, or move pvecisely, it is

an exprension in The t-devvatives of fhe wco\lo(mna fevor -

Ded” Witk Ahe same hypothesen an in the definifion of residuer, let T" be the fensor

T ¢ (Riz) e (R/If@,k(ﬁ/ﬂ or ki £

given by the R-linear map

N

365 A MMH- A

R/T6r R/1 —— R@kR > R s R/t or kit

d-\ . .
Examfle R:k{“]) Q:DKC\, R/I = @'(:o l’il‘) f-ﬁw OSI,J <A—- unile

é+J: 0]/d+r‘ Osv,q<ck
2130y = xU = 2% ) = 2 tt

Henw

T

. 9 _
T (2, 0) = 2T t] T = O d4au)



(Vlow asmmmg Risa @—O\lfjebm) v

Contvactions on fie Koszul complex.  Let a be a quani-reqular sequewe,

oncl ossume R/T s ﬁj_ onjeoHv&ouev R . Considerthe C{\Aan‘l—l‘somovp]/mﬂ/v\

l T @ am R-moclule.
R/I =( R/I O)_ (QVQVLC{/JOLDC(‘R~CLL?@MVQ>

Th fact this is a bomo%plj equivalene over R. Choose 8 a k-lineavrzection gnd
Y the associaled homofop:j. We view N = > %L@c‘ aran ocld k-linecr opemh)r
on K. Then

[V} dKj{( r(9|-|.--(9¢’,> — (Vder CIKV)(V@;,---(D;P)

3 3+ A
= V( 2}:(") rc‘fj@:,”%Dy '—Oi/: >
+ dK( Z,::. ?%h(r) Ol 0ip )

A

_ SEal-) .
= 2. B vy ) 60,6 0
/\J

by 2™ Ao onnaction — ( )
o) + 3 U7 ah@; O
a,_m(r%}z a'\ja%'h(ﬂ Zh ) otk ) P

unless k=1, J’Q o ,
¢ J + Zj,h 1) a’{k(r) OliJ' @’/—(9] @7},
= Z{ 2 (ray) — 55.(ag $ 040
= ZLoj) ottt T i J =P
" 2
T Zb:\ a—m(") Ak @ff"‘(DfP

= 32}*‘ + D ﬁ(ﬂqk} Oi--Oip = { P+ dxV }(r)&,~-'@rp.



Obsewe that

e 9( Snamt" ) = 7 5 mjagaedt™

Ivv\ (deDI R— R) is’ﬂ/miolea\ I

Lewma

| ema Let Ky € K denole The sulomodule SPcmmo\ bj r & @i,"‘@rP with P>/l.
Thew K1 isclored under [V, dk] and Huw k-lineav mep
[\7) de |+ Ksw —— Ko is inverdrble.

s

- — l
Bt [7,66] (e, -0) ) = 50—y 200 -

Theovem  (onsider the diagram of k-linear mops

H G (Kde) ——=(¥/1,0)
where H = [V, dK]/\" /. Then wve have
(Ok) T[J b ave ochain maps (‘J’ﬁ Jrz\-wwrpfe_xej)
(v) T3=1

@ 27 = Le— [dr,H]
(d) H*=0, H2 =0, TH=0.

This kind crf situadion s aalled a ng deformation vepract.




El/o_o£ (/L/@pWVt (). ijemﬂ’lah m/vf%'vxﬂ T= [, dx]

dr T = c\K[VJG\K] = dr(Vdk +dx V)
- dxVdk = [V,dx]dx = Tdk

(+)
Wite KP EKq%v The submoclule SPaV]yped bfj r® COI/"'@(F) re é\ Then on Kf’
tﬁ;v P>O we have Lﬂj ) that dx = Tde T ' o KF , ancl henue

[dK) H] = dxH + Hdk
= deT'V 4+ T 'Vdk
= 77T deT'V+ 77 Vdk
= 7'dx V +7'Vdk
= T (deV + Vde ) =77 =1

wherean on K, we have for reR thal r-2(NeT and for xeT we lenow
Theve exils ye R with x=dxV (y) Then

([_dL<H>(x> = (1-dxH ) dcV(9)
= C[KV{y) ——clK'J'/'VdKV(j)
= drVly) = dig (T4 V) V(¥)

BUL']L 414'15 éleUVS qu on KO)

(Le—[de,H] ) () = (Te—deH)(r)
= (2e—deH)(2())
= 3() N
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