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Korea lectures 2017 - I slain

The focus of this lecture is the DG - category of matrix factorisation sofa potential
Weklxy .

.  . pin ]
,

K

any
commutative ring . We begin by giving the formal definition

of potential .

We set R=k[x% .  - ixn ] throughout .
Recall the overall plan :

today tomorrow

Potential W 1- Da - category mflw ) - An -category

DEI An element Wekfa ,
. . Nn ] is a potential if ( see KMI )

( I ) The sequence Jx ,W ,
. .  -12mW is quasi - regular, and

( ii ) With I=( Jaw ,
... idxnw )

,
RII is a f. g. free k - module

.

( iii ) The Koszul complex of Jxiw , ... Dxnw is exact except in degree zero
.

,

Throughout W is a potential ,

9i=2xiW
and Jacw :  = Rt Kian

,

The hypotheses lihlii ) are , by Lecture 1
,

what we need to ensure that

• there is an isomorphism of Kati ] = Katy ...

,
tn D- modules

6* : Jacwok KAEB -±>R = Kimi'4I
'

Toecahtiactsasai here

• There is ak - linear flat connection

T : R -

EoH⇒D1N±]|k

,

7 = Eiftidti
which gives derivatives in the normal direction to the critical locus

.
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Convention From now on we do not distinguish ai ER and the formal variable ti
.

Example
C I ) k=E and the critical points of W are isolated

.

liil Consider

k=e[u]
,

W ( x

,y,u
) = x2ty3 -

3u2yt2u3
e k[ xis ]

is the semi - Universal deformation of the cusp , restricted to

the discriminant .
Observe 2×W=2x

, 2yW=3y2 -3ur so

k[xiD/( yxwpyw )
-14449]/( x.yzw)

±eHae[u]y
so W is a potential over k

.

Def A ( k - graded ) DG.cat#y over K is a category E enriched over the monoidal

category of Zz - graded complexes of k - modules
,

i.  e. we have w chain maps

composition : if ( b
, c) ok 8 ( a

, b) → 8 ( a
, c)

unit : K - Ela ,
a )

.

If 8 is a DG . category ,
the Edgeatengoy of 8

,
denoted H°( 8)

,
is

a k - linear category with ob ( HF ) =  ob (E) and

( H° 8) ( a
,

b ) :  = Ho 8 ( a
,

b )
. there

Rmay be any
commutative

ring and WER any element

DEI The DG - category 8 -

MHR
,

W ) has as object finite rank matrix tectonic tons

( X = X°aX
'

free ,
dx :X - X odd

, d2×=W - 1x ) and

E ( X
, Y ) :  = ( Homr ( × ,Y )

,
dnom ( D= dyx - C- Hkkdx)
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DEI hmf ( R ,
w ) :  = H°mf ( R , w ) is the homotopy category of matrix

factorisation s
.

The following technical lemma will be important for the third lecture :

Lemma ( Completion comparison ) There is a DG - functor

F : Mf ( R
,

w ) - mf ( R
,

W )

which has the property that for all X
,

Y the map

Fxy : Homrlx ,
Y ) - Home(ii. F )

Is a k . linear homotopy equivalence ( we say F  is t.lu#lhtu1 )
.

Root By liii ) the hypotheses of [ DM , 57 ] are satisfied ( one does not need noethenanness ,

see e.g. [ ( M 2
,

Rem .

C 2 ]
,

i. e. there is a deformation retract of the 1<0 soul cpx

of ± over R to RII ( although it is not described by a connection )
.

thus the

claim follows from [ DM
,

Rem 7.7 ] ( since we do not assume R is noethevian

we do not know R → k is Hat ,
but actually to run the argument there we

only need to know the image of t in R is quasi - regular ,
which it is -

in fact it isvegulav ) . �1�

Remain It is much easier to see Fxy is always a quasi - isomorphism
,

but unless

K is a field this is too weak for our purposes .
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The plan is now to give some examples of objects in mflw ) and a calculation of H*G(x,Y)
.

DEI Given sequences fy .  .

,
Fe and gy . . ,ge in R with { i. , figi = W the

associated Kosud factorisation is

{ £ ,q} :  = ( NK }
,

a.  a Be

)akR,
EE,fi3i* + [ i=,9i}i )

( contraction ) ( wedge )

where 1%1=1
.

Observe that ( all commutation are graded , [qb]=ab - HIM "blba )

( Eifi3i*tEi9i}i)2 = £ . fig ; [ 3¥
,

} :] = [ fig ;
 = W

.

Example_ Suppose kis afield and P= ( Pi
,

... ,Pn )EZ ( W)
,

so we may write for some gi ,

W = EI
,
( xi - Pi )9i

.
the associated Koszul MF is denoted

kcpjslab = { ± - P
, 9- }

.

Lemma_ There is an isomorphism of matrix factorisation of - W

±

{ e
,

- £ } - { t
, £3

"

( ± )

3i
,

.  . -3
:p it f)

4)
( 3i

,
. .  . Tip )* I i ,< . . . cip )

and an isomorphism of matrix factorisation of W

{ 9-
,

- f.) ⇒ { E
,

-

9-

}[e]
. (e)
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In particular we have R . linear isomorphism of complexes

Homr ( klpssth
,

X ) - Homr( { ± - P
, g- }

,

X )

± { ± - P
, g- Tar X

E) ( I )
= { 9-

,

- ( x. - P ) } or X

¥
"

( { ± - P
,

- g- } or X )[ it

⇒awldilwential
Kotszul dxt

the homological perturbation lemma
, applied to the strong deformation retraction Koszul

complexes from last lecture
, provides an efficient method for computing the cohomology

of the complex HOMR ( KCP )
stab

,
X )

.
We will discuss this in some detail , as the same

basic tools
go

into constructing the An - structure on 8=mf( W )
.

Lemma ( Dyckevhoff ) Letkbea field and

PEZIW
)

.

then
ask - modules there is an isomorphism

for any ( even infinitely generated ) matrix factorisation X of W
,

*

H*Homr( KCPPTOBX ) ± H ( Xarklp ) )[n]

where KIP) = Rha
,

- P, ,
. . ,xn

- Pn ) .

Proof See [ D ]
.

We give here a different pwof using perturbation . Wlog take P= Q
.

By Lecture 1 there is a strong deformation retract ( SDR ) over k

I

H C
, ( N0ik3i)okR

,

Eixi
3i* ) = ( k

,
0 )

.

- z
11 dk

[ 7
,

did "0
,

7 - Ei Fxi3i ( not there is no need for completions here ! )
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Tenoning with X gives another SDR over k

I

H = Hot G ( Noik3D@kX.E

in:3
:* ) = ( Xork

,
0 ) .

6

The
"

perturbation
"

8 = Eitgitsitdx satisfies

( Hf )
"

= 0 for  m > > 0 ( i.  e. S is
" small

" )

and so by the homological perturbation lemma there is an SDR §HnaHHsM
"

Ha G ( Naik }:) OKX
,

Eixi3i* + Eitgititdx ) E- ( Xork
,

dxal )

But by Ft ) the Lt 'S here is H
*

Homr ( KCPPKYX ) In ] . D

Cowling ( Schouten s
,

later Orlov
, Dyckevhoff,

Keller - M - Vandenbergh) Tf K is a field and We kg x-D

has an isolated singularity ,
then kstahklolsteb is a split generator of

the triangulated category

J = hmf ( Kd x-D
,

W ) .

That is
, every object in J can be built from K using shifts

,
cones ,

sums

and directs ummands
.

Proof Consider JEHMFCW )
,

the infinite rank ME of W .

This is a triangulated category
with arbitrary co products and it is dear TEHMFCWJC

,
the compact objects .

we

claim kstab compactly generates HMF ( W )
, from which it follows by general theory

1 see Neenan 's book ) that ( kstab ) = HMFIWT and hence ( km > =J
,

where

f) denotes the smallest thick triangulated subcategory containing a given set
.
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J ( ksta

!
X[ D) = 0 for ie 74 and XEHMFIW ) .

Then
, by the Pw position

0 = H
*

Homa . ,
( KM× ) ⇐ H*( Xok ).cn ]

.

But X is homotopy equivalent over kd±D to a matrix factorisation Xmin

whose differential ( as a matrix ) contains no units ( intuitively this is Gaussian elimination
,

but since X is infinite this needs to be made precise using a Zorn 's lemma argument )
.

It follows that

H
'

( Xok ) ±H*( Xminok ) ± Xminok

so we conclude X ± 0 in J
. By standard results this shows KM compactly generates . D

The road to Aoo

It follows that there is a quasi
- isomorphism of DG - categories

Keller / Lefevre

mf ( Kd x-D
,

W ) = Perf (

EIKE
) )

DAA

X - Home ( kstah
,

x )

Upshot The Da - algebra Endr ( kstah ) contains all the information of mflw )
.

But this DGA is a - dimensional over k
. We want a fine , to model

.

the standard approach is to take the An - minimal model

min . model

Endr ( Kmb ) - > A = ( H
* Endrlkstab)

,
{ mk } km ) .

( using the Koszul

contraction above ) An - algebra

this is finite /k and also lossless , as Perfet = Perf ( End ( kstabj ) .
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Remand H
*

Homa ( km
,

kskb )±H*( kstabork ) [ n ] ± A ( k }
, a. . .ak3n)[n]

.

This approach to constructing Aa - minimal models of Endr ( Kmb ) first appears in

work of Seidel [ se ] on minor symmetry ,
and a continuation of this work by

Efimov [ E ]
.

It was also considered in [ D ]
.

We will describe how to C in theory )

compute these mk 's next lecture ( explicit calculations for generic W can be hard )
.

However we aim to do substantially more . Computing the An - minimal model of
Endplksteb ) is relatively easy because kstah is a

' ' perturbation
"

of  a Koseul complex .

To wmpule the Aa - minimal model of Endr ( X )
,

X a generic matrix factorisation
,

requires new methods
,

which we will discuss
.

Remade One might expect computing the minimal model of Endr ( kstab ) could

be leveraged into computing the minimal model of Endr ( X )
,

as kstab is

a generator .

But this seems to require fist explicitly presenting X as a Csummand of

a) twisted complex over kstab
,

i.  e. explicitly building Xfomkstab . My impression

is that this  is not a practical approach to doing such calculations
.

( Ded ) Perfft ) <= Perf ( End ( Ktab) ) <= hmf ( w )
4

( H*Homrlk"stab
,

x )
,
{ mid ) ←iH*Homr(kskb

,
X ) - ×

0 End here is avectovspace

( Da ) Perfdg (A) <= Perfdg ( End ( kstab ) ) =- mf ( w )
qis qis

U Ul U

( Hkttomplkstab
,

x )
,

{ mk } ) at Homrlkstab
,

X ) c- ×

0 End here is a DG - algebra

÷
.

requires expressing X

An ) TW ( t ) as a twisted cpx .

0 End here is an An - algebra,
the minimal model of End ( X )
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