O
Korea, lectures 2017 - T 1507

The focus o this lecture Is the. DG ~cafeqowy of maix factorisabons cfa potenhal
We Hx{/...,xm], R any commutative nng.- We begin by 7/'//}/7? e fovmal definifion
oL Pofemﬁal Wesef R= k[zy2n] thwughout. Recall the overall pan

tocloy Fomonow
P lential W P—ﬁDQ—ca*ego\g vmc(l/\/) — A‘”‘CO‘JFQEJO‘U
M An element We R[xy-% ] is apofenﬁa/ L (= [er])
(/') 7%6 fec/uem 9x,|/\// . QXAW s cl‘lum/—mgc{/atf amd

(1) wWth Is(QX;W)..-/QXHW)) R/Z_ /}Qfg,ﬁaé—moc/u/f_

(3ii) The Koszul omplex of MW, DxaW is exact except in cbzgrce zew.

Thvomﬂ\nom‘r W is o potential, 4= KW and  Tacy = RIT  <ism,

The hypotheses (i), (i) ave, by Lectuve L, what wre need to encure that

* Theveis an isomowhismaf RIL1] = ity bn [[-modufes

—
=

25 TJacwor kit —> R = D_%R/f
[

recall +; octian ac here

» Theveis a A=lineaw Flat connechion

A N 1 0
V: R —— R®h[£’]4_ﬂlz[§]//{) VZZL&TLCH(

whidn gives de i vatives in The normal dlirection Jothe cvitieal loaun.



O)
Converdion  From now on we do nof clistinquish a; € R and e foymal vaviable 1
Example (i) k=C undthe aifical points of W ave isolated.

(1)  Consider k= C[“], W(IJ\};‘L) = xﬁ‘f‘i’]g— SML\V Fou’ e R [7,Y]
isthe 5emi~uv)ivena| cle']c()rma‘}'l'oﬂ df he CV\/)P) V‘eﬂ%‘c{-ed %
the disciminant. Obrewe 3xW = 2x, yW = 3y*- 3u* so

= CE u~/ /) = W
h[l/:]’_(/('aijadw) ): ltﬁ]/(xqu__ ULQ) Gf[ﬂ @ CI ]j

so W is apo}enﬁal over R.

Def” A (Z»‘fjmded) DG-cafegony ovev R s a afegouy G enviched over #he monoidal
Cafegouj A Z7fgmded oomp)exe/)c)f k-modules, e we howe ochain waps

(,OWIEDSI"HDV\ . Zf((o;c) @k C(le) - E(Q/C)
unit R ——> C(a)a).

¥ Gisa DQ-caJrecaov% the cohomology cateqony of &, denoled HO[G)) (s
o R-linear category with ob(H°G ) = ob(&) and

° — H° heve Rman be an commudodie
(H6)(ab) = HE(ab) o e e et

Def™ The DG'mfegoM C= mf( R, W) ba Mobjech finite rank matbix 74(0%/13017‘/‘0%_(
(X= X°@ X' free , dx:X— X odd, 0(27<:W'1x) and

Zf(xz\/) = (HOVHR(X)\/), Chrow (1) = dy o« — (")/d‘}’(dx)



Def™ hif (R, W) == H’mf (RW) s the homofolpzl caﬁegomjcrfma%/ix
Luctovisationss .

The {leowmj technical lemma will be fmpovfamk +ov the thive lechure -
Lomma ( Completion comparison ) Theve is a DG~ funcior
F: mf(RW) —— mf(R,w)
which how e pwopevhy that forall X, fhe map

Ry HOMR(X;\/)—“/‘ Howfﬁ(%,\?>

(s o k-linear [’JDVWDJFDPj equ}ualem (we say F i h-fully 70’3’%‘744/).

Roof By (i) ﬂ)ehypoﬁawaf (oM, 57 [ ave satisfied [ome cloen mot neacl poethevicmnes,
Lete.q. (CM2, Rem. CZL re. there 1s a defoymation rebact of. the Koswul cpx
I t over R4 RIT (although it is no? defCVibedéyawMMecﬁbw), Thus The
Caim follows fom DM, Rem 7.7 ] ( sincwe do nof assume Ris noetheran
weclonot know R — R is flal, butadually fo vun the avgument Hhere ue
only nexd tolenow tha image of £ i Ry guari-regular, whichitis
in fact it s veqular ). 7

Remash Tt is much eaniev s tee £y, is aluays a guar -isomoyphism, but unless
Ris a feld Fhis is oo weak for our puvposed.



0,
The plan s nowhgiw some examples of objects in mf(W) and a calculation of H*G’(X,Y)_

e
Def™ (Giiven sequentes OF'/"')FQ and Gy--) e n R with Zi;, 3(1,’95 =W Hhe
associaled Koseud factovisation i

551 < (AL oenk T2 475+ ZE0)

((,UV\AN’Q(‘/jﬁonB (uﬁd%e)
(A/l’wVYZ (7{/: { OE(€W‘€ ‘H’lCd_ (q\lwmmm&d\;w ave %mded, [’al\o’]:ab_ (‘{)‘D(|“D)L)Q>

<Z“Ci?;+zﬂ"§"‘)z = 5 kg [357:) = 2ihg =

Example Suppose ks o feld and P=(P,.. ,Pm € Z[W) S0 wre may wite q%fjo we 9.,
W = 2 (P )9¢. The associoded Koszul MF is denoled

k)™ = Jz-p e}

Lemma There is an isomovphisim o mabix fuctors ations - W
s ,-f {t,97 (1)

TS (”)()

*
( ‘/-”?t'f) (i< <’/’)

omd. an isomonphism of wahiv fu cforisativns o W

fa,41—=5 {88} ()



Tn Pav%‘cu[avwe have R-linear /somoyphizms dfwmple)@ﬂ
stab
Homa ([ &Y™ X)) = Home({2-£ 33, X)

= Ix-P 97 @r X
() (m)
59-,—(’5"3)} &r X

I

=
N—"

= [[2-P -3} @r X |[r]
1575 0

Kosed differentiol Koszul dy

The hom{og/'cal /aeu/wkaﬁon Jemma, a/aph‘edﬁ; he shong defovmation repact on Koszul
vomplexes from lontlechure, puovides an efficient method for wmpm%’z/)g the wo homo(ogy
of The (,ow\pfex HDW\R( I%(P)JM’/ X). We will cliscoss thix in some clefail, as The same

banic Fo0ls 30 ynto mm/ma%g i Ao —Stucture on 5 =mf(w)

Lemma [ Dyckevhoff ) Lotk bea field and Pe Z (w). Then aok-modules +here is an isomoyohism
149»’61143 (even iwﬁw'ﬁkB gewemlﬁd) mahix fuctorisation X of W,

HHom (k)™ X) = H' (X en k() )]
Vl/[%(/ﬂ k(P) = R/(ql— ’91/--'/114‘943'

Frod See (D] .We give heve o diffevent proof wing peviuvbation. Wiog fuke P=0.
By Lechure 1 fheve is a Jh/D\/le defovmotion vebvact (SDR) over R

H C; (/\(@zl{?gX@b\R, 2;’(5 ?:k > < : ( ‘Q/OB-
1 dk

[V) U\K]—‘V) V= Zg %ﬁi (molreﬁneve is o naed for wm{nb&fam& heve ’ )



B
Tensonng with X_ gives aunother DR over K
H-rot G (AlOkT)en X, 50, T _7;, (Xexk, ©)
The ‘(pew/baﬁow“ §=2/:(-9)5: +dx safisfies
(H§) =0 frmwo (e is “omall’)
and so by the hom/o?/(a/pew‘wéaﬁbn femmo. there is gn DR ;(«Oﬂﬂ NGEY P

JC
Ho & (A(ORT)ER X, Z 235 5. (-9) 5 +dx ) — (Xoek, deol)

But by () e LHS bhewe i H Homa (k(A)™5 X)(¥] . g

Covo”avy (Sd/mw‘ens) lofer Orlov, Dyckevhoff, |<e,||ev,|\1-\,am\mggv3h) TE ki is aﬁ‘e(c[ ol Wekfizi]

o an isoladed singularty , Hhen R™°=R(0)™ 15 a split generatow of
fhe h‘amgmf@ded cofeqony

T = lwf (Riiz1] W),

That is, evew o%/"emﬁ in I can be buillfrom R woing J}’N?%/ coned ,Sums
and dlirect summands.

frod  Consider T S HMF(W), fhe infinile vamk. MFs o V. This is crangulafed calegow
with au/loiJMZy wpmduc}s and it is clear T < H MF(WJS %ewm/oac%obd‘e k. We
claim RS™ ompactly genemden HMF (W), fomwhich i follows by 9enernl H/leo%
(see Neeman's book.) that < Nk = HMF(V\/)C and hene LRV =T wheve
L= denolesthe smallest thich h/icmgu(akzd mloéafegouj wmfammj a 9/[/@'7 sel.



@
SMPPOJQ ’J"(lzﬁf X[ED: O for i€Z. and X €HMF(w). Then, by the Pooposiﬁbn

0 = H" Homygay (" x )= H'( X0k )1,

But X is homotopy e quivalent over k[121) o 6 modix fuctorisation Xmin
whoe dm%/emh‘a, (OVJ ﬂmaMK) contains no umiﬁ (mem?Hvﬂ(td this is Gausstan elflmim(ﬁiom/
bubsinie X is infinite this needs to be made pvecise woing a Zorn's lemma aqumev\f),

T Lollows that
H* (X@R) = H( Xumin 88 ) = Xoin® ke

owe conclude X =0 in J. By sfandaval reoults His shows '{mhwmpad-ls 3gnem]-% N

The voed\ o Am

Tt Hollows that there is a O(ua/)i—fsovnovbo%fsm of D&—aﬁegow‘w

Ke\le\r]Lefeuwa

VY\‘F( khlﬂl W) = S Pﬁ!ﬂF( EndR(‘aSh\o')B

——

DoA

>< > Hom;{(hmhj X)

UESMO[‘ The DC-algebm Eﬂdr\(hﬂah> wntains all he informadion of mf(w).
Bub This DGA s co-dimensivnal over R . We want o finik | lossless model.

The standavd aPonach isto toe e Aoo -minimal model

min.model

EVldR(kShb> > A = (H*E”dﬁ(kJ%); {mk}k%’-) )
(oming e Koszuk

conhachon oloore ) Ao ’O\lgelom

This Is ﬁmijre/é and also lossless, an Perd st == Pe/;(gmc\(kJ’rth)_



6

Remavk HHoms (K™ k)= H'( 6*°g k) [ = A (kS i0-@k3. )]

This appwctch fo wmgﬁ/ucﬁ'ng Aa-minimal models of Evclp [ki}ab) fnt appeqio n
wovk o Seidel [Je] on miwouzjw;meﬂg) and o wonbinuation of #his work bﬂ
Efimov [E]. Twan also consicleved in LD o will describe how o (in FHheous)
wmpml{ﬂme Mk's next lectuve (explrcit calculations fov genevic W can be havd ).

However we aim fo dDJubJ/UI/IHC{”y move. Computing Tl Aa —minimal modlel 07/
Enclg( Ksjm‘o) s Vt’(aﬁ«/ely =y bhecause S s a Pev“fuvbaﬁ‘on“ of a Kosreud COWI'D/@X.
To vompule the Aco—minimal modelof Endr(X), X a generic matix factorsation

requires new methods , which we will discuss.

Remavle  One mic]H expect mputing fle minimal model ol Endr (F7) ould
be [everaged o oompud?'ng e minimal model «f Endr (X) (i is
mjemembr But fhic seems fo vequive fink exp ICI/’j presenting X w a (rummand of

A) Hwided complex over R M’) re. exp ;aH\L] IOM//C’/nj X Fom /QJ . My impression
is that 4his is not a practical approachto cloing such calculations.

(Ded) P () < Feef (End (k™)) «<— hmf(w)
(R Hm(w X), %vvm S HomR (ks X)) « X
Ufwcl heve is a vector space
(DQ) P@f(c(ﬁ (o&dr) S . Perpdg ( Er\c((laJﬁ‘J)) ¢ = "V"F(W)
0 i w qs ,
(HHome (1), {1) e Hommm (K5 X)) < X

% End heve is mD&m\ga\om &
vequive) expre/mvwg X
on atwisked Cpx -

(heo)  Twldt) <
O Endeve is aw/\oo'a\ﬂe\gm)m minimal modal of End (X)
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