Kovea, lectures 2017 —1IL 6/9/{7

The aim of ')‘vdag’s lecture is Fo compute (an favran we are able ) the Aeo-minimal
model of e DG~cafegow mf (R,W) where R is g @-algeloo, R=FkR[x)., %]
and WER is a /Jofet/)/fa/.

Notedion - C = VVIJC(W)) I= (QK\W/‘../?X,\W)) R\ is T-adic wmp}g-l—z‘oh) Jacy = R/I
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Remark (i) Maja0 G F(00,a1)  Maya, =O. Wik m)= {mﬂ\,ao}q,,qa,

Tallour Aw —categovies are
homolvg)‘m// unital but we
will xMPPy—MJ 72’)/\_]

(i) H;l (%) is « k-linear (afegouﬂ.

(',;;) /‘]ny DG\ ca+egoz/j IS an /‘]oo*(anEgoLy_
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PiﬁC_VL Let A be an ;Aroo—ca’regolg.‘mewaquani—fsomovphlkm A Aoo—(aJregbﬁeA
F: B—— is called o

(i) mwinimal model if m}’B:O.

(i) finitemodel i P(ab) isafg pujeckive kR-moclule
for all a,beo(o{ﬁ), and each map

Fayao * Bl 0s) — A(aya0)

is o R=linear homotopy equjvalenc .
Motivation (why consider Am-categonos ! There are various reasons, but heve ave fuo:

(D) Given a D&'cafegmy S over afyeld R, if is commonthat each S(o,b)
s o 00-dim vector spawe but H'ut (o,%) is fnite. The minimal mode]

B- (H5, fmilue ) —— (A, m) = A

therefore 9iver Finile ~dimensonal modelof u(f} which & “logslens “sn e renre
that B, S ave Movite equivalent Tis i applied, v instana, fo shudy deformarons
oqﬁobjecﬁ ot fo/. o & itrelf.

@ In examples, the (alculation of i ' fendln o distll the “fundamental hbmc/ogj(a)
svaiank o f objech o A, re. the /‘)ﬁyah closs in e ccne of morhix fzctorisations.



Recall fiom last lectuve -

Lemma (Cowmpletion wompavison ) The DG~ functor & — B@RR is o k-linear
l’lome’DPyeC{ui\m,en& (re.all induted 8()9\/)—)?3()4,7)@1113 ave h.o. )

M We G[Q/Hne,’nﬂe DG\'CCL%@QOV‘%

where A(®: k0:) and éam viewed @ Da-algelvas with zevo diffe rential.
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Next we skefch the pioof, highlighting Hhe wle of Atigah classes, before
ex,a(mimﬂ/\g how this moy be wee 1o give o minimal model f 5 = mf(w)

M As mentioned in Leeture 2, hoth Seidel and Efimov have cwed the
SDR from Lecturt 1 to compute minimal moclels of Endep( S}
Howewver this SDR cloen nof ap/)/y 7o all 07/ CO/ wcannot- be wiedl o
vormpule minimal models of e.q. Enclr (X).



Def " Set E(X,Y) = E(xY)@eR. Theveis o k-linear Flat comection

\VE 8(74,\/) — b;(X)‘/) @hmﬂi[ﬂ/h

and the velative Atiyah clous oA the pair X,V is he. yrovphism of R[E]-complexen
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Skekhof pwot Fix X, V€ C= W‘F(Q,W).Wevxwehave an SDR.
over kb hetween e fop ancl botom vows
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_ ﬂddl’ﬂﬁ d@my) ey e
E ErJ atw ‘ C(X/\/) ®P‘TQCW) dC(X’” &1 PevJ‘uubaﬁDy\feW

e-g. { Q*]’(J) Zw} ° {ﬁCXP(’J)} = /_L - [dﬁ(x,ﬂ ) H OU’],

The Clifford repm%em/mﬁon on GenJacw inclued by e O, o aa‘mg on
Uo wan woihked ou/‘ex/y//'ci}‘ly In [/‘77 in feums of /}ﬁyah claczes .
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Heve the viowhivial [,omponewh are (waghly specleing) bsth pelynomials in Aﬁyah claseen
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Feynmon vules ( Ende(k™) case, W has no r{ua&vaﬁcfervw:)

The minimal wodel is (/\(@L k), {m‘a}sz) where

obovev. A(RE)

)@K

mi: A\(ke 5 N(ke )

s Lompuled by o sum over copnected planar vvofed hreen with &"""/3”75
anclinfevnal vevhien of degree 5, with trees de covaited by Feynmandiagrams
built fonm 1he -Fo//oou)’Wﬂ local vevfiten, associaled to o choice d}Dfﬁ(dDVUCLﬁOJ\
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An example vf a Feynmam dingram wnshucted from these local inferachons is

< “A(ke) sl=]

N
Ake) o A (RO) @ R[]
le|=1

/ NTS

Scalorfuctors The opertor [V, do ] conbibubes scalar fuckonto all of. Hhose

d‘agmm% 0’#’)‘1’]6 form Ta :# c£ C‘\;;/WOl"FO{vﬁcleA
\ atocholenedoe )1e. z's QV\O\@[&J

res. (@rog) (@t 0 ta@) (@t et + o))

but ohile important, we will not desciibe Hhese facton in these lectures.
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Feynman nles (&ewem[ care Ende (X) )

For Simp/fci’y we will assume X is of Koseud fype
“180) - (Ao 0HR), ST+ T3,

Tue B,C-fype Feynman wles are as hefore. To descvibe Hle A-Type inderaictionr e
choore o R-bants Jacw = @( R-Z: . We need Hhe femsor T dliscusrecl in

Lechure 1, namely

T": (T{l{\; > - ’Iac\:i @h]—acvj\&/ ®hj_0\Cw @Bk IQE t [l (Fe Nn)
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Example Tor W= %" € k<], Rchar O field, and £=2",
W o= 1% = (/\(ﬁ), x> 4 é:&?)
J—ULCW = @-3:0 ij 2j=1§ (,F:xl/g :)(3)
TOLCW@/\([ZT)

o N\ (RO)eh[ET]
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his o\l‘afij\ conhibules Jo

m(TeTeox*T)=1+--

Again, The A” fype interaction is apiece of the Atiyah class of Enda(X).



Conclusion  (We have discussed], {orapofemﬁal W e ‘i[ﬁty--,dﬂ/ to define
connections, for R = k[ﬂ)

" B 1

VR > R@kmﬂhwk

which “diffeve nriate "in #he noymal divections £ 4o the cvifical locu.
USing These connechons we conshucked ﬁvony detovmation re back, andl
wed Them 1o plove vavipus 7ach about e DG feﬂoy 7 matix

factovicahons, Inc(mcffn9 a descriphion of the Feynman wiler in minimal

mode|f.

Pevha/as the main ooncepfuaf insight fo be 3amecl fom the conspuchion
of Ao -minimal moclels that we hcu/ep%@em%ed i thad it “proves” The

following empincal obse waton:

Slogan = Evew homologicql invaviant a;ﬂma/vix factonsations it a funchion
of /}75'\76{}\ clasres.

We wm\]m%‘ﬁﬁhira/) follows. Lef Z (=) be a_homological invariant -
qis ™

mf(w) = H VV\]C \/\)) {mk’)ﬂa»z)

\/

Then i+ should be invavant undev DG o/uam'—rwmoqoh,‘fm But 1hen
Z(x) = 2F(X) and the orly way that X entews the Aw-shucture
on F(X) s via ifs /‘Hﬁyah C[Wf/ which defermine +ha A- ﬁjpe /'/17[6//25{[74'014&
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