T ntroduchion o mahax factovisahons Fat T

() What is as)ngu)aW@? apo/nf Pot o came £(x39)=0 is won,rmﬁuiar
£ VF(P)#0, so that IDCOL”j near £ Z =1 (xy) [ f(x9)=0}
is a submanifold . Othevwire Pis a n_ngmva@ oF Z

Floy) = 9 —x>(xt1)

Z

/ sfngm\avi}‘j F: Q

(aw A, —sinﬂalavijl})

ov node )

* Jssociated fo e gevm (Z,P) is the Jocal coordinate ving

Cﬂ)(/fjg/jc(%/j>; [\u)\/\]/(u\/) = R

* |ef V\/IOC[(Q\ denote ’Finl%\j 8enem+€d R -ymoclules. We
can study the smgu\avﬂy (2, P) by undewtanding

moc[(R) = Db(modﬁ>

/(‘momhum: are Ext clogens

E’)LQW\E\Q P/\/L = 6[)\/'], R/\/ = Q[“’Lq



. /—}c%maﬂxj the “/’hfen%ﬁ‘nj ! /r)oymologi(a/ nformadion about R-modules
is concentrated inthe infinile tail of puojective resolutions.

Example ™M = R/(u)v) £ € hay (minimal) free resolution F

v o (u O> v 0
(0 (A,) 0 v (O 1,1,5 ((/LV)
@2 ®L
—

o "R ———> R ——— R——M— 0

= > 0

To clheck his wote that ijL+3V =0 nR= Q[lm,\/(]/(w) v plien
furgv e () in €huv T so fev), J€ (). Porexachnms af the
ofher posifions we need fve (uv) = felu) and gue(w) = ge(v).

+ The syzygiesin the infinile Peviod(c Pavjr are R/\/ @ R/l/t - These
are maximal Cohen—Macaulay R-modulen (MCM) which means
depfh(fvl) = dim(R). Recall over & Noethevian local nng (R, m)

depth (M) = common length of maximal regulor sequence fn M
= infl{ 7 | Exti(Rlm, M)+ 0}

< olim(M) < dim(R)

We can (/ompt/llﬂ in ourexamp}e (re.M= O:, R= Tl U/M\/)

Exéi(’z/m;m) = HLHOMR(EM) - ;.\‘(Q; e >



Hence deP}/h(M):O = dim (M) < dim (R) =1 s M s QO_IL MCM. Howeuver

Ext'(R/m, Rw) = H" Home (F, Rlu)
) IR o) S €22 B
= R (Bl — (BL) — (Fl) — (R)"5

(%) G3) 4, (6F

= HL(CBV\I — Q[lv\]@z——a @[l\/]’] — = -

CE[J\/I]/(V)

( = © c = |

|
@)

wrelevant

Hence olepﬂ\,{(k/m) = 1 :C\im(R\ Jo R/UL \s HCH/ OW\dJ)'mflOwly P/\/
Theve is a 3ewemi Phenomenon o wovk heve -

LE’,VV\I/V\OL IP R = @{l D(U---/IV\U/}C s o ht’] PQYSMV—FQ('&V\\ng) and N
VS CA ](3 R—modu\e L/ufH'\ jCNJL reno lubon

—

> — F— FE—5 N—0

ﬁ)enj%fJZ a‘im(R)"' y Hie module ‘5) X MCM

E@i Since R is Cohemzl‘{acam(my alepﬁxl(!l\ =dim(RY so

Ext<"® (g, R) =0



The depths of The -S inaeone | sine for ¢+ 1< dim (R)

ExtS(RIm,S; ) — Ext"(Rlm, Sjr) — Ext " (Rim, Ty
<R
is exad, so clepW(SJ')=|°\< dim(R) = Ext (R’m,%>=0
= Ex+$h(glm,%+\) =0
———5 C\QP‘”\ (.8.;4) 7 R

Hence on lona an o‘ep”\(gj/l) < dim (R)

clepﬂ\(f\l) < depth(So) <de]oﬂ\(f)) < dePYh(SJ‘)

cnel $o cleou/lj _5 s MCM 74«}7/ dim(R)-1.0Q

Remarly,  This meows that we heire cn exach requeine o—ﬁ (,omP|exe/J (J 2 dim (R)-l)

0— Fejp —> F— F— 0

S
7 4
[ ( (
ﬂmo\m’ “1somow hic QULW)""”O boundad N
o 5 ()] i i of free vmoduleo

hewice &Jrvfang)e %{J—J — N — F@' = n (Db(mbdﬁ)
ancl hente it Perf-(R) = { bd .cpxsof -9 puoj. R—modulm}

~ 77 - DlmodR)
N SJ[J‘J th /Pevf(R)




W\E\e R = Cli luvl]/

C=s01= RulloRMIT 3 PO, p)

But we can do beﬁer) o bsewe that

g R(oa) #=(57)
R

BN R@l , R

|

s aﬂlﬂ{:\nl\—e O\QUC\IC (zevow\nonbgy) (zOVVlP@( with ok 5y2 jﬂ\% R/M@R/V\
Hewnce by e same avguvnem} o above  (Rlu @ R/V) YOl = Riud Ry i
the \/erclielrciwo‘{’iew\‘, hena

o
C = Rpo Rl O™/ )
Noke these R-vodules are nof isomouphic in mod (R) /

Exevelre Rlw = N [T in \DB(mUd\QVPe/oL(R).

[D‘D(W\OCIR)/

L
M (Budnweik/ OrlOV) The Siﬂgu\avhly (Q’rego_vy oL R s /DS3 (R) 2= F&'L{R),

Def™ The stuble ca\\eag\/_nj A MM R-modulea MCM(R) has MM R-modules
a okjec% ancl movphisims clepoted

\'komR(M/NB = "lOW\R(m)N)
{EF«Fudovinga/) M—éP——)N}
with P onjech“we



Theovem ( Buchweitz, O-lov) Evew oloJ'e cl'cn? ID; (R), fora L)y)gewuﬁ[a(e
S[njulal/ﬁy R = Clix q/{: , s isomo:/plnic o an MM modu\a
and the cavonical functor

MM () = mocl(R) <—s Y (modR) —> Dsg (R)

factons via an ecimmlence of fangulaled cafegovies

~

MCM(R) —— Dy (R).

R= CIW\'\”]/(UL\/) we hauve (/Ompmxred B (C) = Rln@ R)v.

/-}cirmaﬂj we howe an eclu{m|em(e

Example

7, —
Veck e = MCM(R) = D4 (R)

C Riw Rlw Exewise: w\/\Uis

C[‘] Q/\/ R/\/ i aujvvxvv\ew‘\fj

between VN nok

Cocl] Rlu® Ry C o pvoble m?

Theovem (Eisenbud ) Ouwahypermvg&(e ing R = C[Izq/ac the miimal
fvee rerolution of evewy £.9. R-mocdule NJ i euevﬁrua”j 2 —peviodic

fhot i, of the form
A A— B A
R —— R 5 R — - S N>
;ﬂ _
relaeah

whewe A Be My (ClxT]) ave polynomial maMws satisfying
AB = £ I, BA :jﬁ'Iot We call //4/8) o moahix factorisation d7~ﬂ O[’




(i) A-:[M), B’(V) (cw%ﬂﬁs X)
(i) A=(v), A=[x) (catt this V)
i) A=(23) B=(52)  (cattthis 2)

Example £ =uv

Deq™  The homotopy COULQSOVj ol mabix fachovisedions hmf(Cl= ,£) ha

. olcﬂ\ech ave MFs (A, B) (SC{IAGWE mahaws cBAhe same tize )

(5%)
‘ W‘OVPM”VM (A/B) — (A; B') are commutodive o\l‘aammg
(whﬁ'ng S = C[lll]} alk mexps §—linear )

Sc—pck A $@ok B , S@CL

b l l Y l r

S@A 5 8@'(1 S@—d
A/ B/

modulo the. homotopy relation (5¥) ~ (o, 2) 7 theve exist g, h
suchfhat A'g + hB = ¥—f, B'h+gA =F=«

. Jm\awjula}ed shuchure with shitt (AR 01] = (‘B) ’/'\53 o [2]=Td.
and (4B @ (A B') = (Ae A/ BeR’)

ED(OIVY)EI(’- In V\VVIF( G:U V‘/\/']) L'LV>) V= X[l] anck 2 = Xe X[l]



Theovem Eyromj l/)ypemurface m‘mg theve ave equivalevices of ﬁn\amgulajred cafego viea

A ¢
hf(Clz ], £) —— MCMR) ——s D, (R)
wheve A (A B) = cokerA

Prook chelch Obsene that /- S®“— S han cokerme) N, and given xeN
wth L=Y  ye s

§1=E=M:O

Hene N s an R=C12T/p “module Tose N e MM we
prove that the infinite complex

B A B e
N R@i R@d X R@d% .

S

Is acyclic, with 54249y N. Su/)/aom A= O, and x=9. Then
Zd—: O that is, /J,j = (ﬂ\‘F/-.»)aw]C)TJOVVL@ a; € S But then
WV{HV\?) a = (Q‘/“'/C(V\)

(/lisira‘ecﬁvf,ao
/—}j’; fo = /}g=/JBOL JC"SM—}S@CX is
= Yy=Ba and f-=BA)

= x = Ba.

By %eear/[erdepﬁqwﬁumeﬂh we moy wnclude N x MCH. Hd(y»ﬁzﬂ%fﬂﬂ@f

mqmmabi#mw@ “Ext work". []



Alternative defN A maNXﬁCﬁWJ’aﬁOn A Fe Cl '] ir a Zz'fjmdecl
F-9. fre S=Clix ] -moclule X = Xo @ X) ith an odd
S=lineav wap dy - X— X uch that dse = f1x.

o A
Otx: <% O> ‘"XO@Xl_% Xo@X\\

0 BA
Tin wncluaion, Hor ouv ovia‘mak example R =

ClluVv U/( )

Vecks™ = nf(Cluni] wv) = MCH(R) = D (R)

C (?, LS) Rlw Rlw
Cl[) ° ) Rl Rfv
CocCl] (Z oo ) RlueR/v C

Theorem ( Knprrer Perioc(i"cify) For any ][6 Clixy - x Jw/ﬂl an
isolated singw!aw'/y

hwf(Cx, )= hmf(Clix,uvi], ftuv)
Exavnple hinf (Tl u,v ']) uvy = hnf(C, o) = \ICCJVZL.
Def” lUksay fE€ Clxy—2:1] has an isolated singulavity if

dime (G[/ZU/(QX”[/“_/ I f) ) < o0



Theovem Let £€ CIX 1] have an isolafed singulavity. Then with T = hmf(Cl121] #)
7

o T hon finite - dimensional Hom-spa ces

o S s ideVW/JUfewfcomp/e}e
- Tis Knull -Remak - Schwidf, 1
— evew oéjech‘:a dived sjum afinc/ewmpomb/w

—if BN = P, HJ' with /\/c‘ij all incle co mposalo/e
thew m=n and affer renumbeving Ny = M¢ for all ¢

hnf(Cllx,av 1], 2" av )

I

Example him F(C[' Y2 Q, lnHJrjl* ZL)
hmf(ClxT, x* )

I

N

MM (E8= o )

Bub R = C["']/xv’ﬂ hon dim (R) =0, so evew [ 9. R- module ™M

is MCM. @Lj he jCMVlC{OIWIGV\J'ﬂl theovem ‘For modules over a PID
we have jn mod(R)
Ba, @ Qi
M =R (RL) '@ o (Rian)
n & ac
Hence in MCM (R) = @,-:, (R/x> , S0 The Indewnmiposables
ave Rt for | <n. Obsewe that we have anexacffeqmeme over R

ntl—c . i '
X x ¢ InH c oL ¢
e R— R —

\/\/

ng/\-/'l A




: R :
Hence ah‘amg\e Q/)Cnﬂ—t — R— Q/xt' — o L] in IDL (W‘bdR)) hena

Q/lr: = R/xnrl—t ["l (N [D\osg(g>

We can now womplefe the earlier fable for £ = IH/' R = Cli~ I7/Dc“’”

e
(l
s~
Q
=
-

@)

N —
N
i~
L2
I

n
N
S

Example Let un vompule Homs inthe diffevent ca\regov}e/), S=Clixl]

X< Ir\fl~c'
SN — S— S ——> S
oot (1) I A [ e
iQ\J > ;cJ. 5 —W >
- [pecian | X g eIy fiy
JF =Y

- {%’,Ye@l"@ | f = x9=¢y 3 /ey

whew (9, 079 )~ (5, 578" ) ] theve exist 9, h€ S such that
2C(§-91) = g hx"T, PP = g3 2V A Noa
)< 0 sofhab j-¢ < ntl=¢ anc there wondifions ave equivalent fo
Y=Y =g+ hx""'J some 9, h Henado

jo"j)/é (XL"/XV)H—JI) _ (lmm(‘;)n-H—J))

HOVV[(\/L(/ YJ) = d:[l x ']/<1mff\ (¢yntl—) ) )



[ IVLJWOC{(/LC%/‘OVL 7L0 W)&ULV/X #acfowm%/'om Pcm[ I ]
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Jrlnev?sinﬂsea.ova

— Mechanics of this falR

* P)ease mmkjour mn‘cvoplnome X hold gPacebav% SJaea){
* [eel free to cnnctate the saten curing a cluwﬁov\ (\iew Ophions > Amvamfe)

» T will wnte on Pa\/#a“g Lownplete sliden  (Paul calls his a “Lllinthe blowks” WLU\Ui)/
but-womplete notes ave available on my webpage, L recommend having them
open in avother window-

¢+ Zoon talks & span ( blackboard fal, s|ide fm”1> Help[




@ boday

* Whatis a si'ngmlam'%j?

* Maximal (ohen-Macauloy modules & MM (R)

* Singulavify categony Dsy(R) = [Db/mocm)/%%/[g)

« Eisenbud's modix factorisations & hmf(Cliz 1, £ )

« Theovem hwf(Cliz) ) = MCM(R) = LD;?(/Q)

Kz e Joeviodr‘ciiy
Classibeaton of mabix factovsations J,’Z A m‘ngwlam’ﬁ\w
Craded and equivanont matix Loctovisation s

Mc K&Lj QOW/)OV)C/GMCE (clam’ﬂca#‘om ﬁav ADE f/‘/'yl/i/al/f]é‘w)



What is a singu)aw'@? aloomf Pol acuve £(x9)=0 is v;ommaular
F V£(PY#0, 50 that ocally near B Z =1 (x9) [ f9) =0}
is a submanifold . Otherwise P is a Ji_ngu‘a\vi"y F Z

/ _s{ngvt\avi}\j Y= o)
f(x,tj) __ 32_12(x1-1> (om A,—S?ﬂj(/\lam"f}}

o node )

* Jssociated fo fe gevm (Z,P)is the Jocal coovdinate 1ing

C |\ x, = U, \ = AV
fB ﬁl]/jc(x;‘j) @B ) q/(u\v) @B I q/(%L;\IL)

— U



*l/veviS‘mj;eQ,o»g

his means “ L am Hom o previows page.” -
fo P P29 > Semynar

/ J{ngm\a\/i}\j Y= ®)
Jc(va) = jz _xz(x T ’) (am A,—S?ﬂjo\lavﬁy

ov node )

* Associaled fo e gevm (Z, P) is the Jocal wordinate ing K = Cllu) /(M\/)

f—\

° Lejr VVIOC[(R\ o‘emojfe ‘ﬁ\nﬁexﬂ 3enem+€d R —umodule/m We can
S%MOW T J/hyu/aw'{’y V(G ‘ /
o
mod (R) < D (mod R)
movphisms ave Exfs

Example R/wg@ﬂ\/ﬂ) ’Z/Vgcﬂmq \



* Jssocialed fo the gevm (Z,P) is the Jocal coordinate ing R = Cliu, 1] /(u\/)

Examole P/\/L = @JVI] R/\/ =%

/ \ D’ (modR )

* Actually the “interesting” homolog/(a/ information aboul R-modules is concentrated inthe
infinile tail of /pup/ecﬁwe resolutions.

Examg'e M= /(u)v) C ha (vm'mimon) free reaolution =

S I G B 0 B
> R7P—— R SRY S5 R— M— 0
NN S \aT/

Rlu @™y R/LA@ Q/\/

ﬁgﬁ The Jylj‘ji% in this veanlution ave J2/\/ & K/M |



* Associated o fhre gevm (z,P) is the Jocal wordinate ing R = CliwT] /(u\/)

Exampe NMw = €IV, Ry = Cliw

\

M:R/(m,\/)gd:
R O ot /

R” > R s M — O

= —I o f\_ ><uv

Recedl TF (R,m) is a Noethean local ving , M £g. R -module

depﬂ/\ [I‘O = (ommon lengih ff maximal requlor 129, jn M
= wnfi i | Ext'(Rlm, M) + O}
¢ dim(M) < dim(R)

KW[((d)M of Rl han (M)



— (E[luw]/ vy, M= R/(m,v) = C Riw = Clivi) Rfy=Ciui i

(0 w) (o v - (0 u,> =T (V)

= R —— ™ »RTT— R > R > M — O

{:‘ =1
* Afg. R-vaodule M is MCM if depth (M) =i (R)

depth (M) = inf{ i | Exti(Rjm, M)+ 0O}

@7\ (&)

Ext(Rlm, ) = H* Home (F,M) = H(C = €°—>C
deP{/[/l(IVl) =0 =dim (M) < dim (R) =1

%& Afg R -module is moximal Oﬂhemzf'lacaulcy (NCM) it dujgﬂ/\ (l\/l) = chim ()Z)

Hism_i MCH BM/L /D\/M/ﬁ/\/ e /"{CM



© A{.q. R-module M is MCM if depth (MY =dim(R)  depth (M) = inf{ & | Exti(Rjm, M)+ O]

Lemimeor T R = Cll D(L""’IV‘H/]C s a ‘”3 persu\r—f:a(e.vfng) and N s a 7(% R-module with j[yu reno luHon

— L — fF— F— N—O0

N AN,

5,
then fD/ % dim(R) — |, the module {) 5 MCM.

< dim(R)
()\rooﬁe Since Rois Gohen ~Hacow\(a/\4 m‘V\j OQaPﬂ/\ (Q) = cim (R> =S (R ( Q/m, R) = 0O

Claim Wdepﬂ«sd‘fﬂ/)e Sj (ncrease Sihce + 1 < OWY»(R) we howe
on exact sequence  (hom O —> Sj*‘ —= FJ* — S )Q)

Ea‘ﬂ%wuSJ)’%EIW“(RMLEAOffeEkf”%“}%ﬂ§ﬂ>

deepﬁ\(i) R< dim(R) = Ext (Mm P = O
= Extt(Rlm, 3 ) = depth(§)=clim (R)

= a\e{ﬂ/\/\ J+)>? o8 . Aor J57O Sj N HCHD



‘ 47(3 R-module M s McM if c\epm (Nj:d\'m(R) depﬂ\(M) = nf{ 7 | Exti(Rim, M)+ O}

Lemma. IF R = Cl )U"”’IV‘U/]C is o hy persuvTfaceving | and N s a 7(%' R-mocule with free rerolubon

S — R > f—s R—>N—0
NN N T
| o

)3

ﬁ”en’]LDr’JZ dim(R) — | y e module 6) 5 MCM.

Remark. Tov 17 dim (R) =) we have an exdck sequena of complaxes

O — {:SJ_H ) F 2 F7/ = O
ﬂ ol pnctin) N\ ko undid
pusjechive e of S quoniseto N Complix of Hrog waoclules

ﬁua/)i/{'wmvo:qahk fo 5\)' [J]
s vabige §GT—N— Fyy o ID(ndt)
=2 (D%MUOQR)/PW}(R) we howe N = &:) [J]



— Cliy, w]/ (), M= R/(VUV) = Riw = Clvi] Rfy = Cliu]]

(VO z> ((; i)/> 57 (VO z; = (n V)

”ﬁR@l%Rm >R —> R > R > M — O
NSNS
Sy So
\L
N @R/\/
Exaw\E\e R= @ﬂu)v U/(uv) !
" ((mod R
C=5[1-Rullofhll = Ry ® R/v. i DOy )
Bud we can do \oeJr[-Uf) ovrene hat w\oc{ )C (D (mud( P\)
é E:(\Olut> /B_:(O\/J /3\_ E)Q R/(A_R/\/ l]

= R@l

>) R@z

Y (modR)
A Y (m /Q% =

ivan infinike atgelic complax, with wzw)e/) Sl ® 7V, Hene by I savne
OWCjU\YYlGV\JF (RM@Q/\/)ZGQ’ R(U\@ ’2/\/ n D <m®d“>\>/P I/OL[R>



© b D (modlR)
Def (Bmc{nwehla/ Orlov) The Singu\alﬂy (q)rego_yy o R s /DA.3 (@) S /FEL

—

F(R).

Pef(R) = i\oocmchc& QPMUQ Lj-?wjecﬁwe R‘WGMW}
D fmodR) —— > D (R fp sy Sends Rt (R)do 2t (wniverally )

= T g 0
N £
X Y

Def™ The Ghb\ecﬁeamj A MM R-modulea MCM(R) has MM R-modules
an objech ancl movphisims clepotred

Howm R(M) N> = \"\DW\R(M)N>/{\£

M= N which fachor
™ is PV@&OﬁN}



Theorem ( Buchweilz , Ovlov) Evewy object of Dag (R, for ahyperausfuce

smgmlav'\%j R = CMO/\C s isomovohie 7o an TTCM modmle cnd

oand e candpical fum dbf belop fad@lﬂ NI an ec(\/dva\e\f\&

MM (R) = wedt (R) e D (imoelR)—> D (madR) fp 4oy

\
MCM(R) %

E?(C(VY\E\Q R = Cl \A’VD/(M\/) @pl(@> ¥ Rl @ R/\/ (4(9@)

—~

VedtZ2 =, McM(R) =5 Do (R) CM@RM)“M
C R’U\ 12(0\ _—
q:zq |1/\/ R/\/
Co Cl] Rin @R/ C




b D’ (moclR)
M (Buchuueijfz/ Orlov ) The sincju\avﬁg (Q*ego_vj oL R s /DJ-3 (R) 2= /Feb'L(R)_

Def™ The stable ca%eao_vg & MM R-—modules MCM(RB has MM R-msdules CLAO\OJQC‘]‘I

Theovem (Buxclnuueifz/Ov/(ov) MCM(R) ——Z—> DESQ(RB

Example R= Cl M’Vq/(uw) we have oom;w&e& 15:'(@) =Rlne Ry



b
modl R
M (B(ACL)WQHZ/ Or[OV) The singu\al/iw_m_}ego_vy oL R s ibjfj (@) e D’ (modl )/FeL’L{R)

D%L'\ T]f)e, Gh\o\e ca\‘esg\/_\j o‘ﬁ MCM Q—modb{\% MCM(R§ hon NCM Q—VVIBC[U{@) a/)o‘oje(:'h

Theovrem (@uchweifz/Ofon> MCM(R) % \—\)559(93

Theovem (Eisenbud ) Ouerahypersurqca(e ing R = C[IZI]/]C the minimal free resolution of evew
£.9. R-module NJ i eueerua“j Z-pevicd\e | that iy, of the form

A B
R R* LR L N—DO
- =

V‘ef:eah

wheve /4,8 € MﬂL (@[/5 /]) ave lpowf’f/jemwmaf\ﬂ'@/) {Qﬁi@/ﬂj AB = f'Io{_) BA =7F'Io(
We call (A4,BY a matix facforisation i L

Example £ =uv () A '—'(U‘)/ B:(\/) (CWWU X) — QX@\/
(N A=(v), B=(n) [ call $his V) o =[]

EIA= (20 B=Gw)  Ceanthn 2)



TF A BeMy (@[/.)é/]) are pD/ynomz\aL mati s Jaﬁ‘xfymj AB=f 14, BA =17
we call (4,BY) a_ matix fadfonsation &L

Ded”™  The homotopy ca’regovji ol mabix factorisedions hmf(Clx ’],JC) hon

. olﬂ\ecjﬁ awe MFs (A R) (squave matian of-fhe same dize )

(7,¥)
= movphisms (4,B) > (A B)) ave commu'todive Alagroams
(S=Cliz1 ) -
A [
SGBJL N S@OQ 5 669&

W\OdZMlO‘H/LQhDVWﬂDPﬂ relcdion (jo,\‘!p )V(O(u@> s ere exisF 9)}L
such That A/ﬂ HhB =¥ -fF, B h+gha ==t

- HMiangulated CaFegij ath st (A,B)(1]=(-B,-A) =(8.A) [2]=1d.
(A/B)e (A.r)=(AeA, EeB')



() A=(nw), B=(v)  (callths X)
(i) A=(v), A=(v)  (cal this V)
i) A=(573) B=(2)  (cattthis 2)

Example £ =uv

Example  In hwf( Cll M/\/q) “V>>



b D (moclR)
M (Bmcfnweijrzj OrlOV) The Siﬂgu\alﬂy (Q)fego_vj oL R s /DJra (R) 2= /P&'L(R)_

Def™ The stalole co&eao_v_ﬂ o MCM R-modules MCM(RY har MM R-mosdules a/)olojech

Theovem (Buchweitz, O-fov) MCM(R) —% \DBSQ(R)

Theovem  For a

ny hypersurface nng theve ave equivalevies of Prcngulated cafegovien R = Chiz 1) /]C
- > = Chzl
hnf( €021, £) —— MCH(R) —— Dy (R) S =zl

wheve /\—(A)B) = UO}aerA A

Fool Obsewe that A S@Ld ’ S@OL has cokernel N, given oce I\)) s x:’j
A
yei

fx =%y = ARy =0
= N an R-moedule.



Theovem  For any hypersurface ning theve ave equivalerices of Pricngulated categovies Theorem 4+ X is

A S ] anoetheian semi-fep
(’\W)JC(@["U], JQ) — I\L_CM[R> T@ u\/\em [,u\/\Ic\/\ s v*zgv\‘c{f

\—\/—/ Thom [Dbsg(x>:/o-
wheve /A (A B) = coker A

zew it R is fefjm\av local vimj v GBS

Poot vont Toseo N = kev (A) (s MCM

_ R@ck A ) R@& 2 Qo d A
\¥rg‘//ﬁ A:S@%—aS@J
19 O\C&jdic Wi J'jl‘j‘j‘j /\j SLAPPOJQ /TQC — O/ X:E}_\W
/Ty:O ot is Ay = fa_ for ae SOt {:SMHS@&
| Ay = La = Ay = ARa i;‘)wjeﬁ\/&
Ry tha eavlier dapth J - J / f=BA

avunY\eV)h Wemw . _ i o '
concludy N N M(M > j Bi_—ct SN /4 ’SIVyQCJ’TU‘Q

= x = Ba

qp



Alternative defN A mabixfactonsation 4 fe Clix '] ir a Zz'amdec{
F-9. fre S =Cllx ]-module X =Xo@ X| ith an edd

S=linear wap dy * X— X such that d% = f 1x.

o A
dy = <B o> LXK ® X — Ko ® X

_ u, Vv |
Iin onclwion, for ouv ovig‘mak example R = Cl u,V ]/( uv)

IR

\/ed? = \nvmﬁ(G:[lm,\/\]lu\/)

) 2
3 Tody =

Rin = @[)w]) Riy = C|

/

MCM(R) = Do (R)



Theovem  For any hypersurfece ring theve ave equivalences of trangulated categovien

A $
hinf(Chx 1, £) —— MCM(R) —— Dy (R)
Def™ Uesay fECI*y 1] hay an isolated singulavify if dime (C[/ZU/(;)M[__ ) JC)) < 0.

Theoem Let £€ Cl12 1] have an isolafed Ji'nyulam'iy Then with T = hmf(C[1x1] ]4))
o T hon finite - dimensional Hom-spa ces
o S s /‘dem/wfenfwmp/e}e

- Tis Knull -Remak - Schwidf, 1«
— evew oky'ecf/‘sa dived sum 07£/ﬂc/€ wmpo_rab/cw

- iﬁ @F\:/NL = @3; HJ with /\/d/Mj' d” /V\CIQ(,OVV\PDJC{E/&

thew m=n and affer renumbevng Ny = ¢ for all ¢



Theovem For any hy persuvface nng theve ave equivalevices of Priangulated cafegovien

A
hnf(Clix 1, £) —=— MCH(R) —=— Dy, (R)

Theovem ( Knpirer Pen‘odl‘ci?‘y) For any fé Clixy -, xn JW//% an isolated Si'ﬂgmfam/y
hf(CIxT, £) = hmf(Clix,uvi], f+uv)

Exaumple P (€l wy 1], uv) = hf(C,0) = Veet %

Example i F(Clixyz ], 2 vy427) = lunf ( QL) 2 )

= MCM< @[[zﬂ/lnﬂ ) R
b Clwv 1 av) b ( €0y v 1, 2™+ 22 ) = MM ( @(\1\7/1L>

\IL
KE -



+ R= el

-

HCM (R) = Deg (R)

(X) W) ) r@la’hve Simaula\/ﬂ’lj (Q\_nglﬁ

Z - z(vv) < j
(D;g (2) MF(X,\/\/> ~
pOJ'vj[Sf\Shi/ia"—fmb\/.
pof( Choal, =)y =TT (y=7%) 5=
S=iy 0] A=-T(4-3%) g- 77(9-3%)  pevmutation

PS::<S - > S ¢§>§> WOL}



Theovem  For any loypenufface nng theve ave equivalevices of Mmgulafed ccuLego nea

A
(€1, £) —=> HMOM(R) —— D, (R)

b f(Clixmz ], 2 4y 2m) = McM(CE 3o )



Theovem  For any hypenurface nng theve ave equivalevices of fm‘amgulmted (cuLego ven

A $
hinf(€lix1], £) ——— MCI(R) —5— Dy (R)

L\W\F(@[' Y2 ‘—_l/ lnH‘Fjl-{ ZL> = \V\CM(C[UL \]/lﬂ-r\ S

—



i (1T ™) = MCM(R) = Do (R)

YL’ - (o 1t > R/)(¢ R lcsn
7(_r\-Hﬁ 0
Example Let un vormpute Homs inthe diffevent CQRSDWeA, S=Clixl]
e [ 5s 2
Hompwe ( Ve, 1) = Se== 3 —==
. I L £ [ e
S — 5 —> S

| Q\j |
X
xJ



Conclusion

b D (moclR)
Def" (Buc{nwei{z/ Orlov) The Siﬂgu\alﬂy cq}ego_vy oL R s /DS3 (@) = /F&,L(R)_

Def™ The stalle CQ\\eaO_\/_L:] £ MCM R-module MCM(RY har MM R-mosdules a/)olojech

Det”  The homotopy cot’reﬁo)/joﬁma%x fuddorisations WVUC(@ﬁZ’IJC) han o OIOJ‘eC{? fﬂ"m (A B)
A polynomial mabics saticfying AB = f Ti, BA=S Il

Theovem  For any hy persurface nng theve ave equivalenies of Paingulated cafegovien

A ES L
hmf(Clz 1, £) —— MCI(R) —— Dy, (R)

( A\/sm%u\o«vi%j R = Q[’“/V']/W { AV\»sn"ngmlava R = C[l = 1] /1”“
Vecky = MCH(R) = D (R) wnf (Tl 27" ) = MCH(R) 2 Do (R)
C Rl Rl y = [0 1 > 2/ R/
Cl] R R/y (1”*"‘ 0
Cocl) Rlp@R]y C lcsn
| Net ADE !



