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The aim of this final lecture is fo e xplam how o obotain “finike—dimensional
models of marix fuctovisation cafegoner, in the lanquage df Aw—algebias.
As an example, and an alfempt fo #re fogether some of the themes oF
the wovksholb, T will propose an infevpretution in thisselfing ot
the cocyclic object F " of Tohy's lectures in tevms of semiunivenal
deformations o An—él‘ngu)aviﬁw_

Hewisﬁcallg we want a map

[ W o C uith selakd | ——1 Ar-algebran |
Sintjmla\/\ﬁ@)
W — ﬁwb -{“ol.vedvmpaa
with hijbev oPemﬁons

such that  mod (JGV\/) = l’\VVHa(W); fov some notion dflmoclulﬂoj ancl

{u%u‘”‘ﬂ W(xt): C'xCF— C‘:} % sheof o Ax -algeloron
012 an iﬁolajred $ng. W=W(z0) on CM

The sheaf £ > Aw(ze) is oo vidive, but o symall modifrcation
worlks. Then we can wnsider in e 9 e semiunivewna) o[e{m/maﬁom
of e Hé—esinaula?/lﬂ , & Pa{’lf\ T=T(£) 1n @N) and. a &W&éwﬁ

h Aoo-cajrefjom‘% on QClt]
z(ut)<C whiclhis A over O

|- - j\ = and a mix of Lﬁ/}c)\jg/qa

Ovenr &3@MV}‘C Poin{». hom

p (e} W‘QOE}U[/’\ an Jﬂ/l):ﬁ/)}
/ / bimodule B(7).
"




) Am—a\gebms Let k. be o ommutative @-dlgebore,, ® = @

DefN An Analgebra overkis o Z-qraded {.3. pojactive kR-module
/4 = @nez Ah

wiTh ogem?’fam m ., ﬂ i /4 nzl, h—/mear/ deym 2 -n.

m: A— A dag + |

A@"\
VML:/}@/}——}\A deg ®) o u@f ot
M - A®— A cteg — | ATeA"en
. (6 mMs®
. av et
such that fov nz ) Ao Ao A
L Myl +€
rtst 7
® 7 ) M (1%8me1° ) =0 A

Cr+sit=n

Deft A mouohiom f-A—B i £ AT B s ) mifi=fmy, -

_/E—Exam ]e W = O) V\7/3) @ SOlHS (A/VVH/ th) SC(’HJ%[(’A
e olb=m, (a®b)
& wmi-o

(=2 mi(ab) =m ()b + (- ) am,(b)
@ m, 7s associative.

(/[J/ mM,ms) is o DG-algebra
T dhackunit s eeﬁo) m (e)=0, & a unit fov M5 and.

Wy vownishes for £ > 2 a1 500n 00 any evhy s @.
homalogical unit s a anit for YA, we say A s h-vmﬁulJ



Def A isminimal it m=0. ©,

d)
Example for d>2, l2l=1, HC= R[E]fc> = ke@kE

Mn=0 for néf2,d]
M, = mulplication A “ 5 o ZL-gded /\lo(;a(gebm
mi(ed- @) = (~l)d/|. 1

Where do Ace—algebron wme fom”

J - Piongulated categony vfinferent, e g.
THO H)\D(wkx>, hnmf (W), -
P D& enhancement of g, e.9- by IK—I'nJedv‘m reo.
w
? +“kf“3ﬁ;dﬁmma| Ceneator (allobjeda “LV\"Hﬁ/Dmn E)
Ewc\P(E) D G-algebrae  (wmally OO-dim/CE )
!
( H*va\p(E)) MY 25 Aoo-dlgeba 7u0v»‘—};o47: Endo(EY . (f.dim /(E)

Knows “E’V&Ajm‘ngﬂ o ooat T

U/[w Find minimdl Vmode['s?,

+ Toundentand depemc(emaz O}P cafegoyim on ynoduli.

. TOPD|03|'CO\I shing theowy  (bonnclawy se chov ")
e VWfVll'VV\a]) udclfc 57LV)‘CHLj unital Am—cai‘egow'@

( Hevbst—Lazawin—Lerche, Cosklls )
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/400 'VVIOC[uleS Aw /400 'Vmodu/e over cdn /—}m 'a/gebm (/9, ZFV”“}V;7/1>
Is Z—jmdw{ jng\/c\J) k-module M with opemﬁons (nz1)

®(1-1)
A ® M——

”fdeywz 2-n scﬁl%yv’hﬂ The s ome fden#ﬁ@ @ /} ng_h@
o Aes~moculen F: M—>N 15 a collection of
finear maps Ja - A% e M— N - dagree (= such thab

(m:r—rH’C) Z jo ﬂ ®m5®ﬂ@£) = 2 + Vv\w (J_ jos)

vistt=n rts=n
this is an e The. (orc[{nqw) (affgo[,}j of /"}m~mocﬁu(w and These moqphixmj )
oF maps is denched ModA (nle H*M is & H*A-module ),
A@(V\"‘.)@M_QN says j’]m\ m ¥, anide 3), commukes withh

Yl nChion od A WP)W"\)S\"(X” ) e ..

The devived caieggvj A a h-unital Aoo—algebra.

* There is an /~]00 «cakgoy o4 (h—un?hl) Ao -modules MOCLU (9)
Such H’ij ModA = ZO( Modeo (} ) /Q his i3 oLJMO(n ul&kd/‘\’w‘(ﬂi'
(Lez Seidel [S]>
Mom wncmk’ly, lnomq( M) N) 's ‘HM JPa(,L u‘# {f“}nm W/‘/’h each

—tn'- A@(n—‘)® H —> N (zq.o o!lgV‘Qﬂ- Q‘ﬂ‘l’\)

and omlg M, M, are nonzew in Medeo (&) (e Hhists o Da—co&egow)_

‘ TheperecF dem’uedcafegobj /oev[ﬂr) isthe smallest v‘w\amgulc«fec{
smbcafeﬂovj f H°(Modwp ) = ModA )~ oonfn/“w}nj A.
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Exame(e ﬁ’;ﬁ()ﬁﬂmaéow, d>2 (e m,=0 ”‘d’{%d})-
Ciiven ZSCKG[*Z) p<d-u we define con Aoo—moclule over A

) é’j

(S
My = AR3) = ko kE Z:graded

with opemﬁOV)S An=0 unless nE {2/ ) d""”}
Ao AP My — M)

O(L(,J_):id/
di(5e,,5-) = ¢ 25 ) = (10)
Ao (5., 5,=) = 2 Fac) = (22)
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The minimal model theorem. ( A
Let (A, 9 ”V‘) be a Da“&(,ge\om (suopemdwh[wwmmk PVBOU/LCJQ)
153 (A {amY) sak. (B

A shick (/lDVV)OILDlpy vebaction o A is a Z~jmohd f.9: projective e-medule

B and lintay mops

P >
HQA&' B

sichthal
(i) P, ¢ are c(ejwze/uo w1ovp hirmg u:;p_cpxs
(where B s given zewo diffeveitial )

(i) pol = le

(i) Ip—iop=HotaH (e iop=la)

= B= H (4,2 5/ w[ﬁ/\a\pav—}fcu'av choie of how o prolect
elemant n A onfo cocycles (7 Cp@) = LAp(a) =0 ).

{ o nented and conneded planaw ez, with n+l leaves }

U:L —_—
( 2 3 ( 2 3
L-L. TB = e voof
| )\
/ Tatemal edg&_

infemal vestex
(va\ema )
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Def™ Given Te Ju wedifine P71 7 B B by exgimple :

‘ﬁ =2, pr ¢ Bl — B}

TEI

Theovem (M’nimal Vnoc{e,\) (B/ {/”n }n7/1§ & an Am-algebra (with,
supendad forwavek pudielr ) ancl thawe s an Ago=quoni -isomoyphirm

(A, )= (B, {1 )

/

callec iy minimal modal
(recall B=H"A)
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D/e&: WE‘Q[K‘/"'/XH-] iSU‘E‘ZJIﬂﬁQl (oue\/ ]2) 7[ (wiH/\ 7[;‘: 9)(;]/1/)

(i) Fy. o fn s aqumi-wgularfoMem
(ﬁ) kfﬂ/({,j){}) 0s 0\'(‘3 PWJ'eC‘}ﬂ/@ IQ'W)DC!UIQ
(i) The Koszul wmplex of £, ., is exact exapt in cigree O.

Examg]e (1) k=C, al cohical p‘}'& iso |eded
(2)  Consider k= Clt], W(yt) = f+f— ’51‘23 +213 e klxy]

is The semi-univenal deformation of the cusp, veshicked to
the discriminant. Obrene IxW = 2x, oyW = 3}71— 31* so

Clfamam = S gy e

so W is apo)—enﬁal over R

(3) The wud theows of LG ymodels  (af lecut anything which can be
enoded info e ‘oicajfecoow‘e/) G, LG £ W'om\//’obw lechures )

wovks for There “velofive" po}ﬁwﬁq)f,

\miy\.mode\

Want Polential W ~> DG ca’regolg mf(w) D Am—cawlegovy /R

But woually this Aa ’calregou\\j is conshucted by taling o omology ) which
is feible o R isnet a field. Sowe c{osomeﬁ/lihﬂ diffevent.



L@+ \/\feh[x','-ﬂfﬂ beapol—en‘]‘ia\ qy\d ><€ VY\\C( k[’i])w>.TheVL

End (%) ‘-=(Hbmkm(><)x> » bigm () = dt () g dx >

isa Dleolgebra. Wik ¢+ R[z] — Hz]/(v%-uﬂ) for WmeJ‘ecHM\
(vecall i =% W, orin fudt any other requente with propestien ()-(ii)
4. each {; adsnull-homolopically on End(¥) ). we further yuwile

S=N\(k&o - ®kO.)  18=)

Theorem  ( Dyckedhoff-M 07, M'IS) Thoe s a shict homotopy rebact
of Z>- 3voded omplexes / R

H C Sex Enci(><>< (FEnd(X)

defined in tevme 0{ o R-linear cp%cﬁgqf-g- pud] k-modules
conngchion R [x] s IQB]@F\E] Jz)\h[ﬂ/h

Remarks = The minimal model theovem is useful preciJelv o te
(Lx’rCmL]‘/l’lUnLyDM have a 3ood l’IOVWO'}"DPﬂ. T gloove H ngoof(.

e Geta (posgilaly Inow—min) Am—a\gebm ( i*EV’CI(X) ) 7&””’%%1)
quoni-iso to S@®rEnd(X), togethevuith a Clifford achon
which pfck.@ oul aJMBalgebm 0(]‘5 fv End (X).

. IV] ynaylj conel, can PVOW]O{‘Q'H’HS‘}‘U A V}’linimal VV\Odel d"?

a JMb-DC\-co&egovy of Sermf(w).



(® Caleulations  We k=, 1] o poknbial. For Pe Sing(w),

RO = (Kp Al o-ek), ZLEPOK ¢ T, )

where we choote W = 2:__,(><z —P.) Wé, Sovne \/\JTL; € \’l’l; TnHu case
W hay lpcal quadioic teums theve 15 o simple modication o Hu following
for W{Dllowmg take P=0, and unke

A, = minimal model of End (R)

Def” The underlying elgebm of S i

\XfV\/ = /\(kfl®®#jon> \)OLI:|

To claﬁ'ne My yfvv@n — dw we inhoduce gn auxi(:’a»y spote

H = Awes N\ kO0-0k0, o R[x]

p= Pw\jed\'w\ (@,xr—%O) ke mﬁ,yme({u&m ,ae

‘ R
Standavd opemylmm o4 Q 5"5,)0;*, &, (9;*, T, e

L r L

Fevmion bosor, cveahion /
creation [ annihilafion annhilofon



Tlerachions W = 25¢ 2 W © W*© SZ w(7) x W (7)e k

“HW ) 1

(Forall i;j and Te {Nw‘>

T

,?,,w 0)6; 95(x) ;" 0: 3x e 0F
Q () @
7t ot Vadae

The Fegnman caleulws now descnben the shucbuve Lonstanb d}? e m ‘s
for T,.., 0y S € Aw  (produck P ¥'s ) by the formulo

mr(?f,@-~-®8’r)5 = Z Z amﬁﬁde(b}

b”‘“"‘ﬂ Fegnmom
B’;Mwmmj

§ OU\\"SO iv\j

T

vheve ‘/ﬁzamp“hdﬂ is an element of B defined bj
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Rov\gh c{efN A E@_fjnmah o{iagmm Dﬁrm tree T€Jn is an oviented gmp}\
'n the thickening of T with lines labelled by Jo, i 2 1€Cen
and nodes of Hype A)BC above, subject fo e Lonshaints

22 A nodes:. may occur af /npm)redgw and im’. eclge/)

@ Bnodles- precisely one ateach infevnal edge

@) C noc|eA= alely oCuv a} mkmal vem’icw

Finally, theve is a boundamj/ Londition guaph edges incident at e
bou nclaw o T (e input edges ov the voot ) Moy only be |abelled Ji, 1€ 1<n.

% The ampliﬂde 5“3 a Fa]nmah chaﬂmm D s

]r'(D)’ﬂ e ;
amp\ilmé\e(D) = (1) T; ‘ﬂ'( F;’_fw (7)> ¢ k
/ Anoden  ———
fljmvv\aﬁyﬁcjmr 7,47 dupend ontix node
(e®)



E)(anP\e In the Spe_c(a[ cowe W = x = x. 12) fo WI: x*

A = AKY) =kokY o= AP o A(kO)® k [¥]

, @

®

~Ox¥"
VY\(:f-x® 9*)
O 9x

w(t*6 6%)

A

r m=1, j0) ¥ , out = 1
o ampitude = ~ |
olancker tha i map Aw Dot dlefined by

Fm(:f*é? @k)(i(—)t& O%m(Te (9*)( () @ (—(D:c?*)E(—)B >
foFof —> —|

In fact ¥his is the only pontivial Feynman digrom, so = A(RY) hos
m, = wonal FWd’V‘d"/ W3 (Tefef) =~ othewnire 2200, mp=0 n g {Z/g}.
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(4)

Lemma For 0\>2) gx"‘ = A o[a%‘ned eavlier (re. my=0 n¢ {2/d§>

minimal models forr MFs -

®/ Wwhat is the Aco-rmodule comeapordiing Jo X & hmf(w)?
HAssume ﬁyrsimln/l\cf{vj Mat G’x(X) S m*X, then mundev[tjinﬂ V-spae is

X = X®r] k [n]

@(w-l)
X (ﬁ\/\/ ® X — X

is computed by Feynman vules on dragrams Oﬁopemnlum on H & (17 X, eg.

J‘f\/\/ &‘IW ﬁw ﬁ

" bullk”

nman wmy
(o before )
7D

Bomnc{a"‘j Fg"jﬂman vulen ["”add"ﬁm% @, ®/ ©> @/@ velhes allgwed
on ou/\y QA%R

@ (\ /)ff \ @ O ¥,

< Qe At = 00 I,(dx) G Hex

! ﬁh‘uodr\ class" ~ Nokethat Thu Ak yoh dasees wvmpbddg
determing Yo Aw -modinle shuuchuve.



Exawmple Consider Wzlc{; d23 and JAW = (/\(H)> ey M"()

X=(AR3), 25+ 2%F) |3
and asume 2<C<d-2 Then
X = (k@ k)] ad deldx) = 2T+ (d-0x4'F

Hene e “J”rﬁ‘yah“ ineachion s actually fuo interactions

& A T~ @t
K v
& iyt \

® ©D

Sine K is an Asw—module over de: /\ULT) we want 4o know how JD
(‘GLC-‘—;//OH ? Mom(g I.V]J'Cmc’h\(jlf)s e m oale)) mad'\al_ed on a d? .

i
A{/ c—1
6 Voo X
N
/!
)
'~ < (d-i)2d~!
¥ 0 .
NS '
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Lemma The Aw -module X 14« X = (xd—f o ) is H(;) ﬂbm eavliev:

c+ * d-ch
Pt (11:1) gives vise Fo e opevation PE I — 3, () % j’@ — 3 0

@ Fom 1C|ow5 bo /ﬂroo"OjWIOdMleS

AS an qup]icaﬁ'On (/12 7%@ abow/ we phopose an imp/ernem}aﬁon Of the
following iclea o Brunner- Roggenkamp “Defects and bulk. pevtuvbations
o LG models’” 'O

_—
X ~N

X r
@ 1-moyphisms W —V are defect condifions [ v wo
\ /

- 4L -

(@ A deformation of W should be 'lmphzvmmjr@\ by o defect Dt

(W (bW > ( we W

~ | ~ _ | 7

— _ T
P | >~ deform 1t W P f)f ~

\‘_/

EJ(O\VWE]Q The jemium\fe(na’ MV)’]Q)’C\W@O‘P fha /]3—singulq1/|—%j is (kz C[%L»cj>

W(q,ﬂ)a,\a,c)z 3c‘*+32+a12+l91 +c e k[=,9]

whidh is o Pokm%‘al [ R. Lonsider

Sing(w) € Spec( k(%3] )

AN

S)’Jec"z



Im(TT) is Md\scwmmam\, with eqbtah‘on
Q= 256 - 270 + 4G abc - 1282 - Lfotgbl +\bate

whichis Yiu swallowtail surfac .

Choore apar&tW}&N&ed paiv 0£Po7'ﬂ}j A, Qt in T ) with P an As and
Qt an A, —sz’ngufavﬂy. Taking Y {iber product with Clt] we may Juke

k(P ™ RQL)™ e mf (Clowt], We )

ound look at the Dl-calegony consishing of Fhese uo objects and Yheir
fwo mappihﬂ CDVVIPLQX%. Call ‘)/l/)is Zf TFov Jr: 0, Plgs@k 1) an Ag‘imgm(ol/]@.

The above allows w +o wompute a minimal Ao~ category shuckure on
fra {-9- projective C[{]-module  (ve * CLoa,t) — €O me 2gwe) )

(e = (™ 2 i)™

re. a veckor bundle of Aeo-algebian and bimodulron A= SP@f(df]). Over
apoinf t=AeC, ifk(R )s‘)‘ab/{_:)\ 1S guani-ise To /\@n% H*End( ’Q(P,\)Sbb)



v t40, Peo QF & Hom( &R, ik @)™) s pnhackible, and
if(?-modu(ﬂmmjwfapairf? ffla(/’f)ml’/ {f)e[@)fy%a]imoc{u[m This fugﬁm%
A Auncor §t which is “Iift and plq]ed "

hiod (VY = per( R(PY™ ).
T t—o /} liffing o modulefoa z%m//y

Per( ie G ) e

| teo
per(iER(RY™) = hf (V)

To /mpleVWenf 7%6 Bvanner - JQOggew)’(ClmP )’Cfea/ c[oﬂn's wim
Aw € hmf( V& (i) =V y) )
or\\j deforming The left hand wopy of \/(# )) 1o oblain o s, ~Ap,~ bimodule

im puyy)en#n g fhe deformation. T is nadual 4 expeck These ave the awows /n
the Dyckevhoff- Kapranov coaydlic object i 50&%)



A QEemd/'x

Example W :j?— x> Ow= Al kY @ kY. ), wing foruzdh SMP@\AM
Pwd,ud} P ﬁwm(&n% GDW[‘Y, ovly -P¢jf2//q)j06 ave NoNewo,
and for Ay -y Ng € bw

/4( j"ljolqgm & Y 702_) = -%j (om(jmmw,wa[ue)

/3 (/—L| ® AL@AQ = i‘( T;L(Al) E,*(A,L.) \f:[/\,33
— FUAAITHAS) )

PICTEZDERS N (R BANERAGO DS O

R

iv}wlme‘w Ffuctor % an infernal edgpe

o) = 20 D [Tl — > _m=)

J X j€Tly) =

(’jiV\\-eCkf( Ovjﬂ()lAB) (2’—1'”4-\/‘@\/#(2/] )

AOEE T CALACIY
CMyte) = 4t 2 — | S

ngt‘c A D«cyc({c J?LWCﬁAVE on /qoo-carL is < ?qlo" Hom(a,b)@' HOW\(L;G) - C[’D]

<(-/(,@-\/>: (—l)(u“v,<v@u> and < Xo® r('xl ® - '61h)> = i<Il @ V(:(L@.- ®X,

(e (L763) &) 7.
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[C] K. Coslello Topological conformal field theovien and
Calabi-Yan (mjregow‘wﬂ, Advanwsr 2007.

[K] B.Keller ©A bref inbocuction o A - algebra "

[Li\ C. Lazawin ”Qenemﬁ‘nj Fhu prev/oofemﬁaf ona D—brane
cal‘egouﬂ“

(D] T Dycﬁevho% " Compack 7enemfvm i cajregom'w o’{
mamx factonsations” Duke, 20]1.

() D Pufet ”C(/thymlems ond mabix factonsations L ”
avKiv e 1402 .45k

[S] P Seidel " Fukaya cateqoiies and Picard - Lefschetz Hﬂemﬁ”
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chlzguoumc{

Let wn compule the Hochschild cohomvlogy of RLE)[C? for a commutative
I/J'Vlg /2/ fo/lowi'ng @M Baroomp)ex i (R= ]2[5]/22, A= Ja)

B. = R°er (R/}z)@m R/h = ke (®-or)
= Rre®d -0k B® R

with c(rHew,mﬁa/ a\'- B. — Bn- Ofu/'l'nec( LL/’

gﬂ(r[m)...’aw]v’) = .fq,[%,__ ,thy,

p S el acackd s fan]r !

F (-0~ rlay) - |on-t] anr

Now in thiscare B = R® as R-bimoduley and a;ac+ =0 i ar=§€ o ag= €

/

so the tomplex B is JiW)p\ﬂ

ah( r[s/‘-- /g]r’) = rg[g,._,li]rl

PO el e e

‘Bv\; RC — RQS \Ev\— |

rev/ —> reev’ + \)resr’

Now, i+ follows that Hom,ee( [, R> s simply He R-lincar map

HO‘VV\K&(\BMR) < HOYV\RQ( ‘BV\“) R)

ML "2

R e ——i R



Thatis, Homge (B,R) s

e n—1 2 \ )
- < R < R < R &— R ¢ R
(+-)") € © 2¢e O
ke
Assuming 1R, this allows un Yo compule Hhat
R n= 0
|~\HW(R3= Hn HOW\RQ (Bj R) = ke N> odd
R n>0 ewven

for n>0 ﬂlegememﬁ)ro{ HHV\(R) s the UOCUC,Q (hg)@’\__) R 3TV@V\

bﬂ ¢ —s ¢ dn \\oo\d/ and. EB" +—> 1 if n even.



