Tudoduchion 4o the LG[CFT comespondence 5t

The aim of this lecture is fo shetch fhe Landau-Ginzhuvg (LG)/
Confoymal Field Theow (CFT) coweppondence., which hon ifs ovigin

in mathematical physics but which han inspired infereating pure
mathematics. e wowespondence is far fiom fully undewtood, mathematially
ov plngsfca/(y_ On the LG side the main mathematical fngvec/)'emf /s The

theow of matix fadoiisations, and we begin with a (slightly nom&fundard/
inhodiction Fo his 7heowy, which we hope is helpful inhwing fo undevatund
fhe velation o vevlex algebran via Drinfeld-Jokslov reduction.
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(1) Mabix fuchorisations & LG models

One way to undentand the theowy of mabix fackovisations is an o
genernlisation (in a senre hatcan be macle precire) of the theowy of Clithord
algebm@ so leFun beg/'n with a veminder on e lafler. Let R be a 74“810() dhar k= 0.

De™ Giiven o f.d-vechor space 'V and symmebic bilintav foem B> V¥V —k,
the Clifford a\qe\om o (V)B) is Hue Z, -9raded algelam

T(V)
C((V/B) = /(\/@w+w®\/_28(v)w))v,w

(f—6 7m¢m#ed hy o boois €y,...,e, of V subject fo €€ +e€/€c =2B(e1 %) )

Example  C1(V,0) = AV 4, Z-giaded algebras

Lemma  Thewe is a[gms an iso of Z,;gmo?ﬁ& vecior spaw)

AV = (v, B)

— C'(V/BB \Sadcﬁ)z/maﬁon (on amalgelom) gf /\\/.

& Ave theve other deformations of /\V ar a Zi-gradsd a(gebm?

The 7(/1@7]7‘071 /s bwfphmﬂed i» fesms of the Hochschild cwlromology HHZ(/\V)
(inh 2, -graded foim ) of /) V  or whal is the same, 1he defovmations

A AV within i Jpac of ZZ—ﬁMd?G\ Ao~ alge biovs (= vector space)

/3 equipped with opeations M- A% — A fo i),

{Zb—gmdlm\‘ a\ge\om} < { 4, gradd Da-ﬂ’yebm} < Z/ZZ—gmziecK /).oa—qlgs}
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Al Ve .Say v=C" f\/evj polynomial W € Cl2y -+ 2w ] with an solated
cingulavhy oF O (re. W2)=D and dimc Y (.. 22, W) < OO)
givesseto an Aealgebm

A= (AC, mayma, o, )
whose undevlying vector spac is NC (exiskenu due Dgc\eewnuaaﬁ) |

Example W\ = 2?:. 20 s Hu c[v\ad\ru‘\ﬁ‘c form o B VXY= C, Blere)= C;D-
and. Aw = AR ar An-dgebran

Example  n=), so N = €l L b W= 2" e CLZ] Hue is
a Hochechild OOCUC\Q. (N>/3)

ce H\f\N(/\GZ) c- (A@)®N——> NC
C( E@-“®£)= \ (zu,o ain oy IOCVNJQUT)

Mwwponqu Acfovmation of A\C is the /%ralgelom

®™
A= (A€ me 0,02 o, )

(W’Ma[ PWCULC+ on /\(D .
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The above raiisea the question : what are Hhe categonen of Ace=imodules
over Fhese deﬁ)yma%bms? And how ave the my devived fiom W

Pevm(ﬂw)": ? My = ?

( /&Ma\/\q wated cat - of perfect A —modulen
genevaly e undedying V-spas- o Hrase mocliles ave 6goin foce paws

The fint qmw%’or\ is best—addverred wing mohix fuctovications (fHaally), but
fhe second is beyond e scope of this falk  (and only vecently wovked out )

Def' Lot We C[2v-2n | A mabix fechrsation X of W s
descvibed cqwim’enﬂg oo either
() o paic A,B€M(CIZ]) such that AB=BA =W Tk
(i) a £.9.free Z,-9raded. €(2)-module X = X @ X' with
odd dy: X—> X (the diffevential ) s . dx=W-1x.

M A moyohiom }5'- (X, dx) —> (Y)d\/) is Clegvﬁz 2000, C(2)-linecw—
map 75 X =Y with dy}£= 7!CZ[>< We say ;15"“7001//6 hD}’)’)Dﬁ)El‘c
Ffheve is h: X—Yodd aith p-+F=dyh+ hdy.

Dof” hnf(W) = | mokix fuchisations with homotopy
efufm(amca C{qjm(}?_p W’DW}'/VVN }



Theovem (Eisenbud, Buchweitz—0vov, Ausfandet/) hmf (W) is a Calabi-Yauw
’Mmﬂu\c&\fd calreg}ouy and.

hmf(W) = D Z(%) J/Perﬁz(vv)

shoe Z(W)={ae | w(s)=o]

n

Theorem (Dg(}zeuhdﬂ) Thove exist |ineav mops Iy : (/\Q:M)Q#Q4 AC
such that (ALY, Ity ) 7 on Aoa”ﬁt\gelow\ and.

per(dw) = hmf (W)

Example Fov W‘Z} 522) Pe%(ﬂw) = fd.w;memfuﬁbnro;” Cllv, 8)7
w S = ClV,8)  (vecoven old remul- of Bz/lcbw/\rev'fz-f:—ﬂf?V\LMO\*Hem?).

Example \/\/=ZN) CIX$<O /-]) =(O 2L> («(sN.

B O .Z)Q‘L O

e Pl (A )= hmf(z")  Trlatedb Ay

Uiver, st
(wth mk an wed above ). U
d’% 4 ) \Dlo(f\'iPA)u—' )

nt
v 2N+xl+ &
hmt N L



Landau- Ginzbug models

L&w s an N =2 .ru/pev;ymme}w‘c NFT whoe Laﬁmngian fnvolves
fhe polynomial We C[2y -, 2], The fopologrcal B-wist of LGy

is described in vauiow)cw/aecﬁ by LGOLDUS mathemarts -

PHYsICS MATH
N _ C(=zy-2v]
. Bulk obsevvables - - Tw A 92w, 20
e DBounclow vond [fions - - - - Madvix %acf‘om“xa%‘om of W
S
(, LOw f\%y/‘ (similow 4o e vole of vechor bundle,
< /// g in nounlineay SIgmon W)odelf)
' Boumc\ouy obewables - - - -+ bpsonic HOVVI(X/V 5 }“w\ hmHW)
fevmionic Hom ( X, Y[1]
o Defect condifions ------- Mahix fuchvisation s of
- / / s /
w ﬂ[ R V(') — w(z)
\/ / / s 7
L clmabw.

(ma@ be compored = & -shutture )



dlg<F>
Move Pmcffe[y ©

(Opeh—clmed 2D TFT <— Calabi-Yauw hianguloted cu\—egay]
L&l/\/ """" [’WVHC(W)

}:Q_D defact TFT < (wmledﬁmm> Pruotal loicafegovg il

{ l—ClW’}W B &ﬂ_g
Lazamiu-Md\lamez) CQYC(\AQ\Ii”e—RMV\hel)
Carqueville- M

@ Simple singulavtien_andl minimal (=T

Civen We CL20-2n] Hopologire Ci2} such hat €2} —> ClEN
is confinwoun for il k=7 1. Then provided.

)C = gevmoW € M cCfz}

debing an isolaled singulaity thove is an open m@/nbovhooo{ feU<sm
in which evew) pt. is eifher smooth or dlso an iroloded sinqulavity. (e
Say jC < ¢ Simple J)\V)O]IA,OIM@ i 3() oonfaﬁnmg Mlg ﬂ‘m’;‘ely many
“Cishndt Smgulavﬁieﬁ (—: orbihs of Aut C{2A1 )

Theorem (Awnold '72) The (imple J)‘ngulaw’ﬁw howe an ADE  clositreatio , -

A 24+ 2,2 R |
De -z (2t 2872 )t 3+ 41,2 hzl
Eo: %' +2,% + squares

E; v x (224 2,) # Jquares

Eg o 22+ Xlrﬂquam
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* 20 wnfoumal field Theoves ave QF Ts which are covaviamt w. v b. local
confovmal Hansformations. Tnfin Hesimally 1hese Pansfovmationr are
;‘jemm}ed by tuo copies of e Vivasow algebra (called fhe left-and vight
chivalalgebvan ). The cenbal chawe of the CFT is the c appeaving in
these Voo algebm. /‘}y/'z/en CFT may have av exfended chival
algebm A contarning Vivasom, suchan affine Kac-/Toody algebras or
1he Juper(,om%yma) algebycw.

= An N=2 syperconformal freld f%eoyy 50 (FT whote chival algelbra
containe a pmxﬁ‘cu/ﬂr Lie fuperalgelom callecl the “N/=2 Jupenonﬂwmot/

algebre The minimal M=2 superCFTs have an ADE clascification,
fee [/}DE]} with e.g.

[Ah'ﬁd/)e N=2 minimal CF/, c¢= 3 ’,f?]

(by tosef conshuchion su(2)y_, < a0, B
d=R+\

a(t) o d

‘/ASI'C\Q —_

k
Girven IN€ q:[i‘/"'/z”'] amo(adecompvﬂ'ﬁon W =,_Z,O‘EL>L‘) we haye

P Koszul factovisahion o8 W -

X = </\(@\°|®"'®<C“fk>% C[2] ) ;ai“ﬁ* +2;5L")L;>

These are The moct oofiymmly encountered MEs iy pmcﬁ‘w (e-9. in Rinof
homelogy, LG/CFT comespondenc, ) and e undedying vector fpac
of the coprerp. Aoo SBw -modula is again an extesior algelra




@ T LG[CFT cowerpondente (basedon [ ) ©
Basedon - vl length scale —
UV m R
(
N ";W%P;Q m;ﬂ(f%\/ N=2 SCFT c= 32 (I- 9(1))
(e, 2 32428 (e-3- Ar minimal model

Fresenction of fopological quantihes under RG Flow implies
| LG sio\ei | CFT side'

Bulk obrewablen Jw ~  Chival primawy felds
Mok nec ’97, \IQFq,WO(mav 'd’q/ LeVLLLL,VOt‘Fa(WC(MQV /CF?

1)

N
Wr\flf\ﬁowulcou

(B-type) Boundawcondifions - Boundaw vondifions
¥ /! U
A Kaguhin-Li '02,'03 > A
(MEA WD e Hesbah Lache (veps. of chirod algebra, s uo )
/9}:\ Seheunev '02 N=2 minimal svoA for A
Defect conditions WD‘WNWC&M Deledt conditions
U ! U

ﬁ = S /B /
B anmm«Qoggznlemmp'07 Ly bival al
(MF o W, -Ws ) Corquaille Rkt 0710 ( brmodulen ovev chiva agelom)

Daniydov, Ros Camacho, Runhal,, 1l

(EX‘ nodurol geOW\@Mc defeds befureen A-type singulavitie)
(/OW?/’POHdﬁ? deFﬁ@L! /JC/OWS between minimal C FTs )



@
Theorem ( Davydov-Ros Camacho - Runkel ' /4) Lef R be even. Thuwe is
an equivalina of %a/uoyca%egoz/iw
R - C(v=z,kr)ys  (50)
N N
{gmdﬁd MFs of jhﬂrjckﬂ } { imd-hfgha%migmvepj.q@
(u.e, defecks behween fus copien 5& /}h-%j};e minimal SVOA }
the Artype [ model )
ar A
v 117 _ L _T[L'
Exam;ﬂe ])ZH S gememkd b_lq fzﬂ = i [llk(\j K 1) ”Z=QZ&+\
wing jw—xw =T (y —‘z) NLJ (3‘7 %) O

(€& Lt

So fur all rigovoun checks of the LG|CFT comespondene are “espoke”™
(e-3- (1) is proved by o divect compavison of. both sides )

OPEN QUESTION *  Wwhat is a conceptual mathematcal explanation/praf
of the LG) CFT wwpvndemc@? of the krnd

¢
{ 360VV)€’)‘M u-—(») dv\fju\alf % SR {supev VOIOI}

ny pevsuvfou W =0

Summa\g A :imp/eﬂ)vgu(am'@ W(%), %2, %3 ) 9ives vise fo

LG/CFT
repoo(/\(@/ M., Mz, . )’:"hm{?(w) <—---? Rep(ﬂ\/)

: /
Am—algcbm CU%O _ )
f O‘ﬁ exlevior ;tlg‘ N=2 SMPev \/?ﬁ M//ﬁ\
A modul moclulav invavionte of
fhe ADE hype of W



Some obsewafions

. Fol\owmg [cao]  weconhy o onchuck vepresentations of the
N=2 Jupen,omﬂwm al algelra wing Hochschild cocyclen of
e x¥evior algfe\omo. Recall the loop algelra of a Lie alqebm ﬂ
s 90@c C™(S*) whwe CZ(S*) ave smooth vomiplex-valued
Sunchons . If we pass > fouriev wefficrents and 1gNOre ONVelgene
(@ : dver #is change He cyclie co/oofrm/ogy 2) This is

3@@ C [H, t”\ﬂ.

The fupev-loop-algebra s (Gn= ATt exderior o«lcjelom)

g@c Cl[4t"]]&c tn. ()

Kac-Huody (vtrp supev Kac-Moody ) Lie algelyo) have mmden//yfnj

vector spa (9 &c¢ CI(¢, t"]]) ® CR with R ental and tHe

new bvacket cletevimined ]/)j a Lie algebra 2-cocycle on JRc C([+,t7']] )
calk it w, by

[(5,), (0] = ([5. 727, wte) )

(‘Fm( mmpev wne, we nad o Z,—gmd.w\ C;DC\(jC\e on (’[‘3) ; 7%2 I(APE‘/’(OVJQ

is richer, 17 theve ave move relevant-cocycles fo fuwist by -

{cgc\fc Hochschild 1 -cocycles 010 &N} —_— { tydic [fe 1—c,occdcle/)

7 £ ClhtT)ectn |

Icur%e!
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Left Cbea Lie su/)erafgebm/ ancl

Dev(C) = {DZ"-C—! C ) &is Cineay, homog. and. forald X, Y& C
2l [7])= [xex,v] ¢ () [ 2] )

This is e Lie supevalgebya with Hu bracket fom Endc (). (graded). Given
a Z,-graded 2-cocycle on C, we can form e cenbok exdension COCR
wf*ﬂ\ﬁ(l,s bvacleot [-)= ] fiom Hue ocyde w, and given X & Doy(C)
ak if X COCR— Co® CR difind by & |c =X, "(R)=0 is

a gracﬂﬂi devivadion £ov new bracket . This amoanh 4o

w(x2%Y )+ ()" wlxxy) -0 WX &)

Def” Dev (C) is the Lie Suloalqelomcf Dev(C) given by all L
fa](\t({\jinj ().

" The wary (€3] dufine Hochsehild cohomology )sﬁfotem%’@ n-cocycles of A

an C- h’r\zqvﬁwws ﬁgwia C, }owalo@ an Follows = wre would oy n/wcyclm

are C-lingar ﬁwq A, e Ao n®"— C , and it A s seM-dual, #his 7s

fhe somuan AT qu

/ of in
Theorem for N=1 fhewe exists a cyclic Hyeechylel cocycle o with ascocioded

Lie algebm 2—wc8c|e_ wof C=Cl[tt")]®a CGn, suchFHhal
Der, (C) s Y N= | supenomfmma/ afgelom.

Theoem For N=2 Hure is o v with De\w(c) COM‘]U1Wfﬂ3 a wpy
of the N=2 swpevaon{wma] alqelom./\

Q| role for Imqlqer Ho chschild pocyden ) reloded by [Cas{Hva
o the Girsgmanin alg. Gin, ougemewﬁe LG medel .
NIEN Lm—mkge\oms? (j—w\:) (em’rm\cl/\avtazt-l}
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