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Section 0 Preface

T4 like o start witha b/?Lo?g Per,fona/ /oaclzgwanc/. T did my PD here with
Amnon, s0 i3 a special pleasurefo be heve o help celelrate his bf/%day.

Before I came to Canberra L wan an undevgradualte af VR, and T wan

jjnxomgla MHMQVI(.QC' bg 1he mm%eMa#ca! }Dhyjl‘cf{l% 7’%8{/\?/ Faw’v‘culou/ly
Mavle Could and Tory Bracken. T leaed Quomtum Field Theowy from
Tfony with a fiend of mine, Mavk Dow/)'ngJ who went ono do o PhD witl

Hichael Nielsen in quantum information #’heomd) while T came here To
leaun algebrmic geomety From Amnon.

A few years ago Lyotied some of the work that Mavk did with Nielren, G{/OV)j
with G ond Doherty, getfing a lof A citations in 1he physics liferature

* Nielsen, Dowling, Gu, DoheV{;/ "Quantum OOI’VI}D(/{/Zt/?b/? as jeame/y " Seiena (2006 )

Their icleas are now }r)f/MewHal m comwedfon with HA&

° ACJS/CFT wwmpomdei’)[!z e.j. \IO(U\I/V\Q (AclS) VS, COW\P\BX”y (CFT)
(A procses creating tater )

Unfodumajrel_u] T do ot undevtand AdS|CFTat all. But Tfound the hint of connecthions
befurean logic and geomehy inbviguing. Now, while in general QF s have no vigorou
+ormulation, sorme _r/Dec[a) @gologica} QFT7s in low-dimensions  hawve well-undeyrtoool
descviptions in fevms oﬁcafegwfeo avising in algebraic geomery, and moveorer
This 1s anavea T hawe been wovlring in for years. So L beame inferested in the

fol lowing c]ue/ﬁion: ®



Question is Fhere a good nofion of [(Lomp/exh’y” for algorithws conshuctin 19

mwphmm/ objech | funcors

O—f Maw@ufakd (Of DG/AO“/“) CO[T@-\QOW‘M ? “These are (in C\/CC?J&J‘)
stefes [ boundaw wond / defects

OfaSJocl'od{d 2D TOFTs.

Some of the bonic idean necensau) for \s%uc{w”nj This question exish, sina the
border between logtc and cafegouy Theow hos been veaoamaloly well exploved.
Buk complexity is not os well-studied inthis conkexi, nov isthe lineanty prerent in the
alove 7u€/)41'on) 5o some founclafional work was V@qw’md.'mm falk 15 a VE’IDOI/IL

on some £ Hhatwovk .

Sechon L ( The logicin linear algebra, see [M] in mw@th@)

* What Is an a/goﬁmm.? Say, fovwmwcﬁwg movphioms in Vecth .

- ( Vecth @, —o, ﬂ) is clored ;mee%ﬁ‘c monojdal, V—o W := Home (v, W)J 2.
it comes with the s hucture U]g evaluation mops

eVyw Vo (V—eW)— W



Example UV, W € Vectk

Homi( W, W) < 1
l Hom ( eV, 1)
Homp( Vely = W) , w ) “wmetn-mathemahial
L (et 91, 1) dlgoitiw”
Howe( U &U—V)e (Vv—W), w )
l = adjunction

HOW‘VL((U‘"V)@ (V—Ww), U’OW) <~ Cuvw

This c[;‘ac]mm/oomsMcﬁan/a[gofﬁ%m pyoc[uw/) the intevnal oom/pw/%b” C.
This algon'z%m is formalired /'n//l)gaﬁggﬁ (e language o @, —, 0, ) with
type variables u,v, w standing fov unknown vecfor spaces and deduction mles
a’mmc\ing for availalle shuctuval opeva%'om/ o

((qtowmo\\ijec\
a\goflﬂ/\vn\'

w—oV,vV—oWkru-ow

* This JMCfuwe iscalfec(xp_wmﬁ (wf u—ov,v—ow#uww) ov algovithm ]

* Roofs modulo an equivalene velation give the free symmetrc monoical
clored cafogoug ona fefc)'/objeo‘r uy,w,... (Lambe[«&,fooﬂ'),



O,

Def" Pogramming is the encoding of metn-mathematical algovithws into algorithms 1n &
formal language (1. moyohisms in o free cafegozxy )

* Bawic quem'ion . what can be pwgmmmedf (QXMJJIVEV)M))

- ®,—,® Isﬂojvevv explr%fiu*e/ eg. Eﬂdk(V>-’-}EV)dR(V)) X = o=

cannot be programm edin il.

Section 2 (Coptdmﬁ and wa\aebm) [ k chav. 0, alg,cloncf]

* The veqon we cannof progran o A iy that we howe omfy q//oov?c/
linear conshuctions in our banic /anyMQge. b pogram nonlineav Functions

—_—

we needTo copy vecton.

+ Al coalgebms ave coassociative, counital, cocommutzttive.

Aforgel

L

cofres coal !(-)

Def” The cofree coalgebra gver V€ Vedy is o pair (IV.d) where )/
is a coalgebrm, d: IV — Vis linear and for any linear Fc—V

Coalga Vecte

with C a coalgelora, fheve Iy acunigue toalgebra mo%ohum $ mollfamﬁ
The following Lommute :

cC —- -

(\/
LCL
T\ \



'V is the univenal way 7o Lopy vedon in \/ (Juweedler)

Claim !

G thes . GOV)= eV [ 009 coc}

(42, — G(1V) = Homgeig, (R, 1V)

voeuum al u .
416, =a = Hom (R, V)
=\ A= 1878137,

H)>m+\/ :F lc‘)>u. + (¢>l/

. Rimitive elements - given ceG( )V) Pa(’\/> {367\/) (if)zy&CH@f].
ad P(V) =P R (V).
\/

F(/\/) /’/om@am( (Hx]/;( ) I\/)

| v, = HOMk( 1 @ o \/)
)

VE Ry (1V)

(4, v)

llz

\/x\/<

Reoposition 1V = space of finilely supposted dishibutions on V' (k

|$). < Dirme C\Nﬁ'ﬂ\nmﬁolﬂ D, af w
Nou < 2 Ve oy a:z Do

ol \/
Prop Sweed|ev?’\> |V = @ Hm <<St7m \/) ,_/2, Sym(*) [k ) = @M ngjV)

s counit 1V —k s =, Res...




" should be noked ¥l [ineov log[c ancl c[f‘ﬁﬁevevrh‘d lineav lOgl'c were dis covevec!
loy logicians in connection wifln fogfcal qumﬁom, wholly sepowale from e
codegonical and clgelovaic considevertions being wied +o'mohivate The defs here

De”  Lineav logic (Giravd 197) is he language of ®,—, ®, [ e we can ure

d
WV—>V Wk WS lye/V V-—:>5ly

( develiction) (wwhemﬂg) (60"'}"3157‘7'0”) j’\ li
T/ ’

log7cal Yerminology — ( pVDWlO‘}Y'on)

T, H/.ig lan@uaqe) sc{uavimg can be pwgmwn/vl?d‘

Example For &€ End (V)

A c
I Endi (V) —— Encle (V) @ |Endk (V) —— Enche(V) & Endie (V) — Bndi (V)

(+)

&L

(¢ = 167 ® ¢ ) @ ot — o~

This is the shadow of a p,@f in ineav logic

semontics JI =]

Loglc [ s yntax > | Algelbra |

% it ﬁv E(=\/'l/|/uam. ﬂv—evf)zfmdk(\/))
" [l =) 1] = [Endi (V)
((V—o\/) FVv—oV
—R
F | (v=ov) — (v—ov)

ﬂ% q = &) abhove .

e squaving algor/W\Wl“



In fud, the squaving (vesp cubing,--- ) algovithm is how infegew ave envodecl in lineay logic:
Do  dnk, = )= (v, bink = (vev) o 1fuov)— (v=ov) ).
Lewma Theve are funchions

N— [podhol int } 30,1Y — | pocsof bin
Example 101 1] € [ intv 7] = Homg ([ !Enda(v) @ lEnde(V), V)

[ on (1o ) = S+ Bt

So what can and cannot be ongmmmec/ in lineav logic (ancl thua vealised in vector
spaws wing &,72, ® ancl cofree walgebrcw) 7 Oe way 70 appvocich his 714%7[1\0/4
is to ty and enwodle Tunng machines, which is ouv next fopic .




Sechion 3 (Tun'nta machines , see [C—_t )

The stauke oo Tuving machine can be envoded an a P\/ocrﬂcr}” (v any ﬁwmm\QB

™
Tur, = I bint, ® !bint, ® /, bool, n‘ooov=\/@"‘—0\ﬂ
. : A
"OIO\|_C;J[9—DI\\O-.
-

f)

head, POK{HOh internal ftale

Theovem (CiFt =11, 17 based on &imlﬂf/%') Theve is an eV!(,Od/'/f)j of any Tuvimg machine
an a Jowaf i (intuitionistic, fint-order) /inear Jogic

“E‘,I"EEV
M\/@B = Tﬁ‘fv -

Thi3 on(ff simulales one fime 516;3, inthe sense thal if sends e
€(/wocf|‘ngu‘f Hie stale o€ M atfer t J7LE/DJ’+0 he enceding 07,”
the siate afler £+ sleps.

Remavk = Technical J'mpwwmé’l/lf on_encoding of lirawel in 2" ovdler LL (Glmm( /75)
as it s more "idiomatc " and has 1he advantage of being compatible
with diffevential lineci /vgx“c [&z‘rmd&emwding inot )

- The a\cﬂov‘\ﬂ/\m which ilevales slep cannotbe progrvmmed in (i -order) lineaw logic
w we have presented it, but-+his can be ongvammed by going Yo Jecond-onder
(whid/\ N vew) ex preive, thevefore ).



(oganD
(&)
So %!eq[fw} Suvprise heve s you can clo C(W'/C a lof (F’Q nonbivial Pwammmfng with
Juat cofree coalgeblfm [ (ontpsd &—=2,®) One ml‘ghhwj His s a cate of

logi cions suvpvising algebvaists |
<7 J

The second suvprise is thaf some of the ‘(yaomeﬁc" shuctuve of the cofree wa/ge/olfq
can be reHeclec! back intp logic, with infevesting reaults. This is @ cone of a}gelombh

Suvprising log?cic:ms) and I want o focun ontuo exampleo® clevivatives , amd nondeferminivm.

Example  (onsider the //'/)earmap [ 30 and ik Pwvmoﬁoh

21

| Ende (V) — Ende(V)

< TOL
5 -~

T - !Emdh(\/} §\¢>¢:W70(L

~

With k=R, view M= Ende(V) ay a smosth manifold. Then for &M,
E3

] Fo( 1Enda(v)) > Pa (! Endi(V))
Fv{mi%w{ﬂmd’\% - n B (2
Endi(v) Endie (V)
L T;((QLL) e
TOLM > —l_o("-H

commules, so in this cave the induad Map on prmitive elements matchen
he moyp /nduad onfongent vectons by 22 - M — 11




M Diffevential Linear Logl‘c (DLL, Ehvhavc/-Regwf'W ) is The.
]Givlgl/lage o LL (re ®,,®P, / a walg. + un)v.lowpevfy) P[__Uo

* the bialgebra shucfure on v

wWelV — !V, h—s 1V

J

(wcorbaction ) (coweakening )
10,187 = b0,  Lr—18),

¢ Jangent vectow [ primitive elements

Q?uh/.
Ve IV —— 1/ v —> 1V
(c|eviv(n9 Mmﬁ)t’“”) (wdel/eh'cﬁoh)

ve [$, — v,

Inthis language, all algowﬁwm can be differenticled / Imc{uding 7&14’1’19 machinen.
(see Clift's ﬁ)ﬁ?f\wminﬁ masler s theais for examples of #he latler ).

Using the bfa(gebm shucture allows for the }owgmmm/ng of nondeevminiom.

Theorem (Cl.’#— M > Theveis an emwclmﬂ crﬁ nondetevwinishic TH s a/)fmcﬂe:
in DLL of the sequent ! Turyes = ! Tuw,  (wing weontachon).

. , , nd
* There is an infinsic chavactevisation of the comp /ex/fy dass P within 2 —order
fmecw /oyfc) due o Cuvard . Wehope the abore il give & sioailav chavocledsafion
of NP in 2*_ ovder DLL .



@
Sechon & ( Algorithms wns%vmc#nj o&y‘eds)
C — k““neavcajfego,@ , 6—5"= Chﬁ((é’) e') — k-linear funclow
Def” G isthe cafegomj enviched over Coolgk with (1€)(a)=1E€(a)b)
Theve are canonical functow
d A w
e —-¢ le—I16e!6, l6—k
malaing 0 o qcoalaae\ovd) o\ojed‘in Cotr.
One can find oo shadow of lineav lmak in (Cote, ®x, —, ! ), e-y.
Example  The funclor
A i — =
(t—=8) — (E—=B)&r!(E~5) — (6~0)erl(B~E') — 58

sendo o -lineor funclor F:8—C % squave FeF
Theorem (M, /’7) There is @ fully faithfu| fancfor

GD NPT\i — fmi( .(\ngf;{/ &fk)
d7/O —— 7
shick FDleOW\\‘OL\ f-ol—VﬁCfo SPCl(,w
79AVIC+DV) oNn v_x‘i_C_fyL d‘f
clegree o .



Condlusion

© Question - howto dlefine algovithms conshucting moyohismr (ov o/OJ‘eUS/--.)
in biangulaked, DG, A, .- calegorien and Sﬁtdj their complexity ¢

* Today T cliscusred some inifial steps, inclucling Tuving machines for
(,on&fvmca‘mg new moyphisms fom old ones, in any closecl symmetnc
vmomofc[a(cafegocy with cofre walgekran, and in /Da%‘culay n Vecty .

* e theow of coalgebvay naturally leods ove fo stucly devivativey o
a(gom'ﬂ/\vms (inc. TMS) and nondeterminirm .

* (hat are cofree ooa/gebm/) in RMod, DG-RMod T

QQ‘F&ZV‘EVJLU\

N\
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