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I, From djhamical gjsfems to Am—pmduch

IS Comsjwc%‘mﬂ Aoo—cafegom'es via ic/empofemfr



ngamz'cal S\Ljsfet/ns

A jenem/ non-Imeav dywam;zm(Jkam is g lven by a JLjJ#em ot DE:

A = F(xy .., xn)

5, = (=, x) z = F (=)
F:R"— R”

i = B (o)

An impovtant ¢ |uss of dynamical systems ave those which ave wnsewoative,
inthe renre Hiol theve is a scalow potential f: U — IR with U<sR",

== Yf
{ %'Xec( poinho'f J\ljd-]—PVY\} == { cvhcal Porm']'?ﬂg ][ }
V£ () =0



Example  (onsidev the jgsfem

x‘ = ’I’ i —= l O X
Z, —xz o -

Solution MJ&C%W@A look ke z(xL) = (z‘iet BQ_Z_) for a Y A BelR
g v any A, .

fixed
// K \Pg;”t The scalav Pof‘emﬁal govevning Fhis sysiem Is
\]
/ %,

I

= ( O
Phose Povl'mit © |



Qymam[cal Sgsfel/nS

To understune #ne dynamies near anisolated cvitical point ot f we neecto
amaly}fe the Heussion 0‘19 apj )-® .

?°F
Hjc - (37<5'3¥J‘>)55,J‘£m/

i eigewwchw and eijemvalue/). Armaug the vight wowy +o think of. #his
daton is as o sUmmeJmc bilinear fovim on the ﬁzngemhpace U ak
a cvitical poiw fe U) -e.

3 2 9°f
(E*U) </>> wheve <'a7<; /—9—73 :97&'973 x =x*
(A/l“l/h u= ES E*/
(/_.L = H’C’x* w + titAaclch fevms in w invo(uing hlﬁhevclem‘mﬁmc)’lg f

—_— =
|ihear 5\jsl-em



Movse Lewma  IF H; L* (s inverHble (1-e.the com%pomdfng bilinear fovm

s V\ondeaememi‘e > +ov an Tsoloted cvitical Pf. ¥ 4men there is a

wovclinate meiﬂhbomood avound x¥ where

2

f: I'2+'—'+1F2—DCP-}2—)_-——_D(V,
sothat in those coordinaten

—_—

5*

He

~_—

P T
Def™ A cnbical point 2™ s nondegenerate if Hp [ s is nvertible.
e P 9 x

‘oca\\j w = Hp’*b‘v w=zx-x"



uadvatic spacen

MVL The CC{I‘QﬂOVj ) d£7uadmht spaces over K hon
—o_L;J@ owe f-d. vec'/‘ompace/) ec(ufpped with o nondey enerate 5jmme)w‘c bilineav fovm .

—mophisms Q (M, W) = { T-V—=W lmear | < Tu, WD =<ov> Wayv |

E)(ampk . XP)‘I - ( R o RGB‘L) (%? _CI)L] \> is o repvwemlmﬁve sefod o(oJ‘edj
(SﬁVQﬂEV‘SIQMdeinewHa)

(4) ]
© Ko = (R0) = (ReR, (4.5)) = Ky, 1 is a wnorphism.

2 2 2 f
v (T U, &) Gy oy )= TR

at ccnondeq. citical pf. x .

x=x*

Lemma & is a symme%w‘c monoidal (afeyo'/y uncley direct sum o}ov.sFouej),



C|iffod a\gebms

Associated o ecch 7u.ac’ ratic space /i an algebra. C(V) the Clifford agebm

which is univenal armong lR-alye/lom/) C (associadive and unital ) equipped
with o linear mop L V— C 5ah‘:1[7)'n3
L(v) L(w) + Uw)L(v) = 2LV, W) - 1c
(5o e-9 (/(")2 = vy Ao B
Thisthing exTsts, is naburally Z,-gvaded, V < c(v) s injective and
C(v) is Zd'w‘(\/) ch'mensional .

Examples C(XO,O);IRn C(Xojlsf—;@) C(Xo,2 )= H



Lemma. C() isa shong monoidal functor Q — A)ﬂ,zi , l-e. There
are natural isomovphisms C(O> =R snd

(Ve W )= C(V)@pClw)

—

vt'a\\j dived jum ,
cm")‘ﬁallbofﬂf 5 of ]5 —~——> C(uadmﬁc spuce (7;«(]} H;/ﬁ,‘)
~—> Cliffod algelm (T, He [xx )

~~—> Abelian cotegony Mod % C (T U, Hel, *)
Finile l(iymnﬂ‘onaj Z—amdet( moclules



Def”™ /\Joncfegenerafe isolated critical pomﬁr form a bf‘cqfegofy (\frzé;{'j

— objects 7mac[m1'7‘c spacer \/
— |=movphisms N — W are Z, -graded Ffinike-chimensional

c(w) -=C (V) —bimodules.

— 2-movphisms are bimodule homomovphisms.

Froposition Grit gb js o symmefne monoidal bicafegony in which

evew objecf is ﬁA/ly clualisable.  (duals for objects and |-movphisms )
Example  + Gitni(0, V) = Mod™C(v).  (0=Keo=1)

- Xet =L (Boff peviedicily)
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Phose Po#{’mit
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__L
—z(

mur\d@geweml{
cm caL[Jomf
\

).

O/

N\

Phose Po#{’mit
= $x0— 3 x5 Around an isolafed (degenevale) cuitical Poinf <X
de eml‘t °
\,\i cm‘(jﬁmcak : u = H]C’x w + ({‘(Aaclmhc fevms in u
— involvin ‘maher devivotives
//+ lineav system 0‘,8 the POJ-QV\HCJ ;

X
— 52 wheve L =2 -X The c\vlnamfcs 2'9 de/)chd on
=

7Ez =% the V\ijlnerdevivaﬁm of §.



| 2 “
f = 2 X ’_ZLXI,

no nd@geweml{
cibical Fo'mf
N /
\
C\L \\

4 /

N\

Phase Po#{’mit

{= —‘3—9([3_ < xy (,_L = H’C’x* w + 7Madm{‘fc fevms in w
deﬁememl‘t —_——— jnvolw'na ‘ni\rjher devivotves

‘\\ >QWHCO}\F*. \'lheC(V A‘j_d.eyy\_ d‘,ﬁ We POJ‘QV\‘H\Ql ; .

//

N
77

%// Question Whaf a(gebm'/’d associake fo ()C/ J,C*) 0
| » reducfo C( T+ U, H/lli*) in the nondey . case

L= —7, + form a symmehic monoiclal bicategow



Ly2_ Ly
= x > X,

2
no nol@gew era‘f_
\cwjﬂ cal point
N
\

).

O/

NG

Phose Pov{’mit
f=3x’- 32
dejeMemFt
\/\iﬂmw\
/+// Question Wha algebra 1o associale fo (£ x*) °
7( _,- 7(1 e V’@C{MCL',—O C(—{; U // )/nMWOV\C{Qj case
L=

X, = =T « form a svmme’m‘c monoidal bz‘caﬁego»:n/



Ly2_ Ly
= x > X,

2
mur\d@gewerak
\cwjﬂ cal point
N
\

).

O/

NG

Phase Pov{’mit
f=3x’- 72
d?. VIGWH
‘\\iﬂjﬁcc«k
/+// Question Wha algebra 1o associale fo (£ x*) °
2 = x} » reduce to C( T U, /’)P )mﬂumomdgj case

x, = — X « form a svmme’m‘c monoidal lol‘caﬁego»:n/



Mobix factorisations

Let X bea Z;_—zjmdecl fd. module pver the Clifford algebra

C(XP)%) t geveraled loy Ty Tprg Sulgjecf’b

7= = V=1
2 B z _
Ton = = Vg =1



Moabix factorisations

Let X bea Z,_—tjmdecl fd. module pver the Clifford algebra

C(XP)%) . generafed by Ty Tprq subject 4o

,D,lzz - F2= i
'D/PNZZ ——'D}; =-1 Dirac's idea
/D/"DT/ 7"/332/&' =0 /+J
Seb A=R[2y..,Xprg | and N
y P9 4, D =Z“’J :(n(J,’O}’BJ'
XerA "D 9 =201 -2, 20
L=
4 O R et
P P P74

Ql—camo\e,c\«Fvu A- moolmle
euefing on KB r A



Fotentials Let R be o commutndive R-algebva, then € R = R[x,.-, %n]
is callecl o potential if
(i) A=) 3t s oluani'vegular
(i) R/(F, - nf ) isa £g. free h-module

(i) thne Koszul coymplexd‘f Onf, ) dxaf isexack outsicle deg. O

EJ(QW]EI& fGC[il/‘../Tn] J(ACI’\ ‘WO\{' 0[,'{}/]0: CII‘/ J/ 9)(’ ’aKh ) < 00.
( isolabed cntical {aomh)

Def The D&—cai‘egovj A = VVl—F(P\, JC ) hoo
——Q\_oj‘eiz £ ranR makix factorisations of f/ e, X 2 dx=F 1x.
— mowohisms A(xy) = ( HomR(X,V)) o > Ol\/o(—(-')ldé(dx).

This is o Zz-gmcled DG ~categony over R.



Remarks  « hmf(R, ) = H'mf(R £) is Mangulafed ( Calabi - Yau).

. &fw,nmqmacfmﬁ‘c space \/ with associghed c]uac(mﬁ‘c fé‘—g\ym(\/*)
Nodf}C(V) = hmf( sym(v¥), £)°7

( Buchweitz —Eisenbud-H evzog)



Remarks  « hmf(R, ) = H'mf(R £) is %‘angulafed ( Calabi - Yau).

. &wno\qmadrav‘fc space \/ with associghed c]uac(mﬁ‘c fGJ\ym(\/*)
Hodf_}_C(\/) = hmf( sym(v¥), £)°

( Buchweitz —Eisenbud-H evzog)

From o Pofer\ﬁotl .7C to an Aoo—algebm /‘)f

Assume R is a field ancl Sina( f)= {O} Then there s q standaovel 3@wem+or‘
fick () = hmf(r, £
PerF EﬂdR(C\> = L\VY\F(R,J;)W (K!L\\ev—Le(:eum)

A —trunsler (
(winimal moclel perfa H'Enda(6) 2 € (R, F)

Yheovem ) —_——
/Aroo-a[‘jelo"“ AJC , IS C[.’ﬁﬂorc\ a\ge‘om ﬁw 7mo\dm{‘fc f .

Ao —Pwdu\cﬁ package h?ghetfdehuaﬁ/\% o £ .



Let En'(:R be the bicafegovg a{ Aw—a|3elom/) A(f’;-{) associafed o isolatecl
cnfical poinks and their Aw-bimodules (3 he 'oico&egovj LEr ) .

Theorem (Cuvqueville—ﬂomﬁja /IX’> Critr is a j\ymme}w"c
mowoiclal b('cafegovg m whid evew olaJ'ec/- is fully
dualisable, and thevefore detevmines an extenced
2D famed TET

£ ,
BOVCl 2,l,0 - zjnélR.

Mo reover \CV\ER C Untr.

AL esremh‘a\v due to Buchweitz — Eisenbud-H erzog .



no nol@gew era‘f_
cm caL [Jomf
\{ /
O N—

Phose Pov{’mit
= ‘Eot 5 x
degenevate
i cﬁ(mjfvcc«k
+ &uesn‘ion (A)hafagebm'/?? C{JIOC/\HI‘Q‘/'O ()c, J’C*) °
= * reduce to C(Y; U Ib )m‘”&(momdgg case e
v

= — Xy « form q sﬂmwlejm‘c monoiclal b[‘caﬁegot’/



E. Coms)rw\c%'mﬂ JA 'cafeaom‘es

Wmuﬂhom* Risa commutative @—alaebm and W € R=k[%, -, %] OLI.)DJFQWHQI

Question  What is the 3eome}v{c content of the Aw -onc\vxd-s on hmf(R,W) f
(nowwﬂrﬂne gewem\-o\r)

R e ‘F@ rences

. T-DtjcheVOH, D.M., « thinﬁ Forward matix factonsations " Duke. T 2013
e D.M., “The cu/fo/oemﬁon on mahix fuctorsatkions TPAA 2018,

- D.M., Cfmsfvuch'ng Aoo—cmfegom'ef(rf matix Fectovisations " v Xiv+ |903.0721].
(see also H/lerisingrea.ova for wo/k/'n? /707@]).



ﬁre\imivmm'@s

_DQ—’FA A small Z, - 3mc|ecl Aoo’qufeg()ly ﬁ over R has a set ob(]}) c/;f olcy‘ec/f:)
and Zz—cjmded k-modules /3('2,[0) for all abe bb(ﬁ) ec{w'/opecl

with mopewded fovw avd oompo;iﬁom which ave odd inear maps

Voo ) O }3((10/0(.))__!] ® --- @ﬁ(ﬂn-l)&n)[q —ﬁ/}(aojqn)[;j

J
v

n

Sod‘]sﬁjimﬂ the Aao—wns%minﬁ (w}f’lnouf’ exp/fcf?L :fgn:)

r, , o ; . _
Z “°/"'ja£/a(qj} =) An ( Lc[aoa, ® 2 r—a('/’_ ja‘*:/ & & CC(qn-n,an O

i,7/O/J 2!

< Cﬂ’ér\.

EL(IVVIP]_Q An\j ZL"jmded DCL-—CC{fQSWﬂ 5 =0 "Fo( n=2 3.



Finite Ao -model

Let T:h—R beamorp%ﬁrmﬁﬂ ommutative ngs, A a DCt—cafegij over R

Restiction of scalavs 7/'ve:a functor
A -cat (R ) A
| Fx [ - /maj have v, +0
Aoo -cat(R) fe (A ) /B

G

Def™ A finite Aoo -model A A sver kis an Ae ‘fafegog/B over k. with all Hom-spaces
f.5. projective /R, Aw-functors 5 & and Aoo~hormshopior [ =1, C-F=1.



Minimal Awx-model

Let T:R—R beamorplf;iﬂ/naﬁ Lommntative fl'ngs, \/A o Da-cafegow over RC

Restction of scalavs j/'ve.ra functor

/—}w-cat(R) A

[ I

/-}po—caf(/z) Je (A ) 7 (H*(f”, { r”}mvzz)
G

Def"™ A minimal Ac-model of A over R is an Ao —shucture {3 on

H(A) with ¥, =0, v, induced by womposition, ond Aw -functors
F Ce and Aw—homofopies FoC= 1, CoF=1.

( .. Remark 113 seidel's book on Fukaya cafeaov{e/s.



Tdempotent fivite Aw-models @

Let T:R—R be o movphism ot commututive nngs, A a D&—cai‘egij over RC

Restiction of scalavs j/'vesa functor

/—}oo—caﬁ(R) A

E | S
Am—caf(k) fr(A) //E Q E

moy have r; #0..

ml

Def™ An fdempofenf—ﬁm'}e Am—modd d’fA over R is an Ao -(afegoty }3
with all Hom-spaces £-9- /Jvojecﬁ'ue//{, Ao ~functors 5 &, E an above
and Aoo ’homo/'opiefj fo &;E, C»°/:;1. (E=1 3{1/9: 74’/11# VV)ocfelJ)



quy Enite models 4

]a\evvxpofemlr finile model £inite model minimal model
(}3/ E‘}EZ/"'/ r'/ rZ/G/"'> (ﬁ/ r'1 r)'/'r3)"‘> (H*((\A))GJFB}..)
12 pp-cat(B) 12 12

(AL, %) (A, %) (A0

¢ Shing field theowy (Aw) VS #POIoﬁfta' Field theory [ Ned )
(H(A), % 13, (H*(A), 1)

e The information in h(ﬁher/pwdacﬁr is impovtant (e.g. for ;/w(gmy modu(&),
The cruesﬁon s = which kind of finife model best packages this ‘nfovmation”

rPh\jSl‘cs refs. Lozovoiw (THEP ZOO\)) Lazavwiu-Roiban (THEP 2002))
Lazawin (2006 Carqueville -Dowdy -Recknagel (THEPZz012),
Co«vcimev]”e—l(o\j (cMP 2012) ) Bawmaar}l —Bvunner— Gaberdre|
(THEP 2007)) Bau\maow#\—\/\looc\ (THEP 2009), ‘Q\\O\H-Ome\f
(THEP 2006 ) . (

P MQHODDLVnQ



]o\evaofem’r Finite model minimal nmodel

(B, EuEe, i, 1, 02,%5,..) (H4(A), 00, )
12 12
(All)r\/rlj (,_A}fl/!/23




]o\evaofemlr Finite model
(}3/ Ey E’-/"'/ "), 2,75, "')
)
(AL, )

h o feld

minimal model

(HEA), %8, )
I

(LA ] f,/ Vz)

Choose R-linear homotopy ecluivalemcm

."_
A (qu”) PR H*.A (“;'0)

9% =\— [dw K] 2 f9=1

and ~ansfer Aw-shuchue +o HY(A)

- useful for special oloJ"ecJﬂ (e.j_ kﬂab)
(Seidel, chclle”/\o#/ Efimov, Shevdan )

- dependson [N |oe|'|n9 a feld.



]o\evw!:o'rem’r Finite model

(}3/ E‘/ EZ/"’/ f,/ (Z/G/"'>
12
(AL, )

- Exisk for all f A=wf(w)

- Constuctive when Gvbhbver ynethods

ave available (eg. R o field or Po\j_\rflnf;)_

* Downside : not minimal. Howevev, we
rRuow TFT formulan (HRR, KaPuan—Lé)
can be denvecl c\fredrlﬂ fom ﬁ/ £,

For specy‘al o [ojecﬁ con sp)/# =

. l(_ej_p_gﬁ/‘ : %’rsfewlaf?e \A /

minimal nodel

(HE(A), 56, )
12
(‘A ) (‘/ Va)

Choose R-linear homotopy ecluivalemejj

1
Alab) _ > HA L)

and tansfer Aw-shuchure +o FIY(A)

. 1o
- useful for special oloJed'r (es- k™)
(Seidel, Dtjche"/\oﬂ‘, Efimov S\AeviC(O(V\)T\A\)

- dependson [N beim9 a feld.



An idempolent finike Aw-model of mf

A = m}(a,w) R=k[x %] 4 =00, L2k

& Ay /\Fenmf(RW)er K Fo-ko0--ekl.

- R R,W
]3 /I ®K W\JC( / ) Aw—homvﬁm QLZ\ANQ\QVMQ /k
TBD f (o EZ21

F .
A wing perbuvbhation
A— Aok s Ag — 2 p T

( (] -

homobp\jeqv\i\k = e FeC

e(0)=0

Theorem (,B) E> s an folempmlem/’#fn/‘e /—}m"l/l/wdel d‘f /4 @Ré\ .



Conneclions and Residues

Let R be a commutative @ -algebra, R a k-algebrm, and Ly tn o guasi-reqular
sequence in R suchthat R/T is ;,C.j, [)VOJ&CHI/C over R, T = (t,..., ¢t )

Lemma  (formal+fubular vueigln‘oowhoed) A”j k-linear section 8 of R — R/ T induces
an jsomovphism A k[ Lty b ] - moclules

g% R/T @uklt, b il —> R
cle%‘ned by
*\7! _ ™
(&*) (r) ZMENnrl\’l@t

where the M GR/I are unz’quesucln that in EH: we have

-= > gla)t"

MecN"



Conneclions and Residues

Let R be a commutative @ -algebra, R a k-algebrm, and Ly tn o guasi-reqular
sequence in R suchthat R/T is ;,C.j, lgro\jecﬁw; over R, T = (t,..., ¢t )

Upshot T Risafield, R=k[x ], 2% mag be computeel by Gvsbner methods .
Tn qeneral,
g*: R/T @uklity bl —> R (k[ET-linear)
SC et =

MeEN®

A - 1
Theve is & R-lineav conmection N = R —— R®h[ﬂﬂhiﬂlkp and

U b0 b (19,7 (9,73

t‘/'-—}EV\.



Conneclions and Residues

g% R/T @ klity-rbl] —> R
5 3 1
Vo R R®p1 L wiak

Resk/h{ rdv--- dr‘«} = +rR/‘_r_< r[v)r:[.., [V}f‘,:]>

't‘/---}{?V\.

SPec(h)



A=) Rebtoed e (Ao, dus) === (ptx,1), )
A(9= /\FB ®x mf(R,W) @ R dg, m,
B = Free mf(RW) Ta, s, s, transfer Ao~ huchire
A — Aok —— Ap e )3 /Z\Q(X,\/) = \NFon )B(X/\/)@k Rty ba ] D B(x,Y)
U 2 q ) | JC
V‘Z;Q‘a—t[ § wexef) = mw@:d@ )
/qJCA = [V, d}\]
(A’H\jo\\/\ closs d?? A) JB } /3

o

o= 2 (0 (GAEL)G - B— A,

m> o

o = D, (N(CARYTY - Ag —As

m7,o

J = Z’%‘@;‘(:Ae_ﬁf\@

m770

At/\ )8 rewritfen wxilnj 8*



6*" R/I @khﬂt'/"'/éhqi é\—
A - 1
N ¢ R— R®pre1 5l wiak

Resk/k[ rdv--- O\ﬁ\] = +rp/1< r[V,ﬂ”j--» [V,""J)

by, bu

/\F0®.A@Rﬁ
NFoe B @ RILT]

R

-

(B,E)

5Pec(f0

P = B [Tdal, P, P2 )



R €1£€V‘€V1CQ,5

4\ - P Seidel, “Hownoloaical mivror S‘j"”meh'j fov the gewuw‘hm curve '
oarXiv:0&I12.017!.

* T Dyckevhoff ((Compaci'ﬂelnem“'ovs n cai'egow\eso'ﬁmaiw‘x
factonsations!  Duke Math. T. 2011.

|- A Eﬁmov) « f’[OW)o(Dtjfca[ mirnvor rjmme%y For cavven o h/‘glf)e»"
jenu«s” Adv. Mafh. 2012

« N. Shevdan, : Homo(t)jfcal mirror safmmd-nj for Calabi-Vaw
hypevsurfacen in pwjective space” Tnvewtiones 201 3.

D. Slnh\javov) " Calabi-Yaw shuchures on categones o moatix
factorisations " T st Geomehy and Plf\ysr‘cs 2017

T . Tu, “ Cafeaow‘(al Saito -H7€OVH T comp avison result"
ar Xiv: [902. 045 96.

— Rove T = T/ b\ﬂ 'F\'nckfnfj c\ienem‘}nm G,a/ and Boo—iso  [End (C) = EV’d(C’).



gome olafdomat <lides




Prool sketdn
A = m}(ﬁj\/\/) R=k[x.., %] Choore lnoyv\u—{-DP]@ (/\L such 'H/LO\}-

Ag = /\Fo & mF(RW) 0= K
B=Ffr ®r mf(R,W) [C\af, )‘f—l = JC;.

A’_’A@kﬁ ;%/'\@——9/3
C

There is a shict homotopy rehacton crf complexen over kR

(AO(X’\/S/ C'v*> = (AFOG%HOW‘R(X;Y)@R@ ) O|,4—>
e’ T le-& S=22.2.06:;
(/\F@@kHomR(x,\/)@R fi) dg + Zite@f‘)

L\‘j \noWlbloai(a\ f—;_el\/‘]'w/\%;tq’;mr\ﬁ éao I\ J TC «— cav\orlfca\ on\jed_'\bn
wing conne e 10N

(P, dy) = (RIT @xHomg (1Y), dut )



A = }’Wf(R,\/\/) R=k[Xy. %n]
A@ = /\Fs @ mf(R,W) @r R
B = RrewmilRw)

Aé/-\é%@ %Aeh_ﬁ
o8

(A@ (X/\/B, C‘ﬁ>

h.e.
68 &po e

(PxY), dy)

T-3'=1, ¥ 8=1-[da H]

Proof sketdn

The Ao - hansfer [m:'m'ma/ mode/) fhe ovem
(Kac\esh\/i(i/ Mevkulov, Kontsevich -Soibelman
and for ow purpores Nat//a/) conshuch /}oo‘f;wdqd;

o B and Aw~homofopy equivalenesr £ G

A ———p

F=%,C =37 G:F=21

Gﬁ) ‘QJS induced from f‘,J’ QLA.

/

[l



A = mf(rR,w) R=k[x.x]
A @ —
A(ﬁ _ /\FB ®) mf(R,W) @r R (Aa(xl\/}, C,J}> T) (JS(X/\D) C]‘AB
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