Matnx factorsations and Quantum Error Correcting Codes 5]7]22

An imPo/ﬁszconfe}Dﬁf al /‘/)s/yhl‘ﬁnm modem laglt is thal theve is a dymam/M/
process “Iya’nj behind" function composizipn. s process iscalled computation . Taking
our cue fom the logicfam we should, ar mafhemarticians, affempt +o find some

cubatomic shucture rside the “afornic” operation ( 9, £)r— go f Today Y
ex,olam one alzpmach-/v doij‘W%Maf inthe ontext of hyfeuury%ce J‘/n?(,{/aﬂ}éa_

| Matix fadorsations

Lef k. be awommutativering. A polynomial W€ RLX]=R[x, %] is apotential if
() %W, ., 9 W s a quani ~eqular sequence
() MY aw, a5 £ free -modlule
) H'( KW, ,2aW))=0 40

EXO‘VY\E]E WE d:):)('/"'/)("‘.] W)%\ dIM( @[E7/(9XJW/”‘/}XM W)) < OO)
eq. any iolafed })\L//Jerlfuﬁéﬂff g/‘ngu/an@\

Remack T (REETLWY, (R[9] V) are potentials 5o ave (k[x],=W), (k[29)W+V)

_Di“ (Ef;en/amc/) A makix fachorisation (MF) & W€ k[fj T fojmdec(
free R[x]-module (‘DDSIi/J)y infinile mW/a) X=X@X" and o RL¥]-linear
odd morp dy * X—=X such that dy =W 1y

X® x!
4X=(o A AB=BA=WT
R O

A pohism (X, dx ) — (), dY) s a RIX[-linear even map s dyf=Fdx.



Theve ave Jomewtvfangm!ahd calegon‘w associaled fo a Poknﬁ\af.

T=HMF( R[2], W) Homotopy cudeqony of all Mfs
. ®
T = hYV\H Hi]; W) full mbcal,egovg of directrummands d£ Y& hmf
J S” Kavoub wYV\plQJﬁDV\
e
$= hmf (k[x], W ) Homohpy w&egovt’ of. L rank MFs

%_v\ The bfcafegovj Z‘Sk has PDJEYH‘I\C{'S an obje@ér and

@
G ( (R W) (RIIV)) = hof( K[x 4] v-w)
Theovem  The bx"(afeﬁoM LIk
haw adjomﬁ for |-movphisms ( Carqueville-Muret “16)
o s s‘jmmeﬂc monoiclal with duals (Carc(meville—ﬁonhya 12)

o IS @ Pwo{-a[ suPerbica\‘eaowj (ﬁocﬁ%fj —Murﬁ:,f‘ //‘Y/ /ZZ)

This means K Gk deferminer o 2D TRFT ofa kind which cn evaluoked borelioms (ike -




2. lom Ewh%n

What has %/‘fﬂ#%p do with subatomic” shwcture in LDVM/DN/%ZV)? Like any bl"cafegozy
£ G han aoM/DoJ/'ﬁbn (Y, X) = 7/ X for |-mpyphisms. Given Pokm‘v‘ah w(x), v(), V(z)

hVV\‘F( h[i/i])kh\/) * \/\th( \1[7-‘,‘1], V—W) hmF( k[i,él U—\/U)
® @ T l
hnf(k[321,0-V) x hf{ k[x 3] v-W) hnf(k[x2], U -W)®
iﬁ(\/,//u) ] 50,V ] “ZG(W,0)
HHMF(RIYE]L, U=\)xHMF( Rlsy], v-w) > HMF( k[x2], U-W)

(Ue see +hot (‘/,)() =Y X s notso simple, Fuwe want a finile-vank answer Tt inyolues

1 Wdkedown Y& X

2 Tavert the equim\ewce

=

o &
hwf( kR[x,27) U-W) > hmf(k(x2],U-W)

3. TV‘dJrD spli} e in finle k. MFs
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C;Z & > YeX Gf =¢, Fa=1
ol ,
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W hat is this ?




3. Cuf

/}mgem/égoy s acategon T and funchor F* T —> T with F *=id satichying some axiomy.,
A/y hmf-or HMF A afq/)ercafejo-vy with H(X) = X[’] Pornz O lef C,\ denote Hie
Clifford a[gebm genenfed bj V..., 0, %f 7/ o odel dlegrec s.1.
frt, rty? o7
TI417, =0, T/ 577 =0, SRR
Example (i) S = AN kO @ - @ ROn ) isclef Go-module, ¥ ack an &3 (),
ﬂacﬁ wr 0.7 (=) Ao Co = Endie(Sn)

L

(i) Smyn = Sm Bk S sa Coy—Cn-bimodule

Det" Let T be an idempotent complete supercalegory . The Cliord thickening T~ of T

han an objects Fuples (X, ’l//) wnsisfing of X 605(7-) and a left Ca—module
SMULMVEﬁ‘ Ca®r X — X A moyohism (X,mﬁ)—) (XW’,T) is
mmozqohijm af Crn-modulen Sm,n ®Cr\_ X — \/

Lewma T — Toj X — (X o, LOL),

M Ca is Mot hivial, so iF (X,V\,f) €T there exish X €T with
X = Sn @ X as Cn—modules. Then (X,n,/)> = ()’Z/O/MB in T s

(X,0,5d) — (X,n, p)
s Sh@\w\SZ — X. |

An objet Xof T specifies an o(o/ecf X o T indirecH y v:a 77_: Jou may
neecl o com pu ute in ovder fo actuall fi exhact X _



Qe_}j The suPeréfca][eyoﬁ E hao 1he same 5b/"ec7§a4 X? ancl

E( (el w), (HIV)) = (hmf( ks 1 v-w)*)
with an explicit apm/oof/ﬁon

C(v, 0)x€(w,v) —> E(w, V)

Theorem There ae isomovphisms of Clifford yodulen (1"12)

YIX = AkOe- oklm) e (Y @egsy X) hnf{v-w)
e |
and an equivalenc L5 =G {"V”J[W(V'W) — hmf® (V- W)
= I

N = hmf (y-w) < LG (w,V)

o= T %ij 7,7L Tnside the wmpom%n /"Jap/‘c/w/@oﬂ pumping
- \/] X > Yo X enery ouf df o Fevmivnic sy&iem:
/r -
J,-—-Un—lﬁnt‘”b’.% < Zn
.
P Lo : .'l
/o X | )




Ly . Quantum woden

To ascerfain how seviously we should fake +he cma/()gg +o loump}"ng energy outdt a
physical system, we can conicler the simplesr possible example : composition oF
a chain of idem‘i:‘g 1-cells on (C [X],Xz) e XG¢

A n 2 AZ 2

2 X)

2
X e—— A —— - 2 <

N; € V\M‘F(@[XJ,\(;,J) D(L-Z—\(L-L_| )
A = N(CY g Clx]l = Clle ClIY.
d/l; = (XL—XHWL*‘r (XHrXLv\W’L’

_ O 1;—-7([_—/>
?(L-‘i')(l:’l o

e hawe, sine. (3, () = €

A\,\AV\'L \"‘ ‘ AL = AVL@@[N‘_"& d: @){[K l—l Ah-\ ® -

: C
® C [;(:) ®¢ [ 1\,_]

= Q[X“JX'] B¢ (/\h%\ ®c N —--@/\IQYZB
2 Clx, ] B¢ /\( h\h@---@fkkﬂs
Poreach cut e howe Clifforel operaiton Za/f orthe DNa ] Da- cuk

Y= (0T Y )
yh= -4l + . - % — )



ACCOV&IH}@ ‘}'D our earljer Fve&(;lfi/)ﬁo/\ he pvocs o;f apmpuﬁnﬁ Ane -0 A, is

O Doo | TA, =2,

I

Tn(77") = Kee(7) = Tm(7T) = 2,

Tk (7.1)

So u/haf ) Ker(a/)?
2% = 4o s Y -t G ARG B ARY.

(LA ) = (et (RE W) (k)
= Y\n—l +\f’n + L-’\fv\ - '\Fv\—l] =0 (9(‘)

or(f o)=L+ M+ Yt -1 =0

B‘j dimension wunt dim KM(T G N\kHa @/\h%‘") =2 5o Hthisisik But a//ﬁotfijo)'ng on here?

And how dp we wnfinue this 4o compule N,eo---o /.512 Phjsn‘c?df'; mcojyxffe (%) an Bell stalen
or maximally ewjrzmgled staten . They wie NC¥=Cle Ct—=Clove C\\W7=C" and

L+ Yoot an |00y + 1017
Yo+ Y- o '|O>1’-‘Dl>

COM/)M‘H/'g Ah °Avx~l 7[)70”'1 Ar\. /An—l COWS}\J# in )Dmylecﬁ/lg OVIILD Meje enbwg'ﬁd J])‘q/ﬁd



To cuta lomg ﬁv@ short, he procedure (7 ) rediscovess the emor comechion process for a /oa/ﬁa,tlar
Rincl of 7Mm%um enor wwcﬁnﬂ wde on X =C’® @(C (r-1 wP‘%) called a stabiliser code.
with X]oy =10, X|>=(0y and X == ]&- - 6X8- & the wode is

S:{XV\XV\-U Yn—:Xm—z/.. X3XLHSAL‘JL¢(%)

e

and the &90(65{3&[2 C is ﬁ”fjmmt 7L/_6’\76"”/[)5“6 /7{ all O/"me/’ n S This wode s someFmes
called a guavntmm wire (or Najbmma cham) ancl itis c/we/y velaled 1o ZJ/hj model.

Lemmo.  The idempolemL e wompufing Are-o D, foom Dn |-/ D, is

1+XL+,X
P- W

the standard ijechr forthe Habilirer wode, hence
JAVERENEVAIES &[MX'] &@c C
wheve o C—basisfor Cis given by he evﬂumgled staken

Ay R =Y £> =g (o2 17)

To refurn 4o our om‘gfnalﬂ/vet/ne - #he cuf opevation (Y, %) = Y[ X followed bj
Yeliminating” the Clitford action is our arswer fo the “subatomic” shucture lying inside

the atomic oPemﬁan (Y, x) = 7o X_ Tnthe simplesk cose this elimmation ploceay is
idenfical with the process o enwor—wwecton in a Pah’v‘m/m well - Puown stab/lyser wde)

which can be Viewed an “,Dump;’ng oufewmpy "

We expect ﬂ’)affol/owmg his VtC()ae foor e?uimw‘mwl— MFE will be o new source o enor

womecting wden -



Theovem Smppo;e GG R [‘4_1= )Z[V'r—-/Vm/J 5 o 7£;'.m’vL€ group
Gtcﬁng so V is G-inwavoant ancl 9 ?jg\/GSFC{m‘{_QyJ‘V}J‘:; :
et F@ be the Z}’amded C\‘V‘GP (I: ( Qy]\//--y’)ym V))

Fo @k‘{[ﬂ/z = T2 ]1]

Thea for G -equivtian? %X

G
(v X)) = [/\Fd @ H@famxﬂ
- G
(Y @es1X)



