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Matrix factorisations and Quantum Error Correcting Codes ①

An important conceptual insight from modern logic is that there is a dynamical

process
"

lying behind
"

function composition .

This process iscalled computation . Taking
our cue from the logicians we should, as mathematicians, attempt to find some

subatomic structure inside the
"atomic " Operation (9, f)↳ 9°F. Today I 'll

explain one approach to doingjustthat in the context of hypersurface singularities .

1. Matrix factorisations

Let K be a commutative ring .
A polynomial WE k[E) = Kii, . . _in] is a potential if

Ii ) 2µW, . . . ,2xnW is a quasi - regular sequence

Iii ) H±
]/ (Zx ,W, . . _, Zxnw) is a f.g. free K -module

liii) Hilktdxiw , . . _

,
2mW ) ) = 0 i -1-0 (note liii)⇒ Ii) )

Example WEEK, . - -in] with dim ( ① 1×-7/ (2µW, . . ,2×nW) ) < 00,
e.g. any isolated hypersurface singularity.

Remarks If lH±7W), (HHV ) are potentials so are 1121×-7 , -W ), ( Kleist ,WtV ) .

DEI ( Eisenbud) A matrix tactorisation IMF) of WEKA] is a Iz-graded
free KK] -module (possibly infinite rank) ✗ = ✗

◦

⑦ X '
and a k[±]- linear

odd map dx :X→ ✗ such that DI - W - 1-×

✗
°

×
'

dx = ( 0 A) AB = BA = W - I

B O

Amorphism f :(×, dx )→ Hidy) is a KH-linear even maps . t.ch/f--fdx .



②

There are some triangulated categories associated to a potential

F- HMF / HI]
,
W ) Homotopy category of all MFS

i
J '=hmf( HE] , W )⊕ Full subcategory of directsummandsof Ythmf

i Sw Karroubi completion

f- hmflk /I] ,W) Homotopy category of f. rank MFS

1-studied by Lazawiu- McNamee,
Det Thebicategoy LLK has potentials as objects and Khorana -Rozansky]

L5k( (KHIN )
,
( KUTV ) ) := hmflkk.IT

,
V- W )⊕

Theorem the bicategory Lbk

• has adjoint for 1-morphisms ( Carqueville-Murfet ' 16 )
• is symmetric monoidal with duals ( carqueville - Montoya

'
18)

• is a pivotal superbicategory ( Godfrey -Murfet
'

18,122)

this means 28k determines a ZDTQFT ofa kind which can evaluated bordisms like :

✗mi
ki

"i

i.

÷ É!
ykjty.kz Zeit Zeiz



③

2.com/oositionWhathasthisgottodowith "subatomic " structure in composition? Like anybicategooy
LGK has composition (Y,X)1→Y◦X for /-morphisms - Given potentials WH) , V11).VE)

14¥ '
hmflklqz-T.vn/)xhmflklx-it7,V-W)-?-hmf(klx-,z=7,U-W )

1
"

"
-

=
,

I
hmflkkit-3.U-VP-xhmflkkis-7.lt - w )⊕ hmflkk.HU - w )⊕

"

29111,0 ) ¥91M )
"

291W,U )I 1
HMF( 121%2=7,0-11)×HMF(k[¥17,11-W ) > HMF( KHE] , U - W )

Y☒✗

✗V1

(Yi) (YqµX ,
dy 0-1+1 dx )

Weseelhat ( Y,X)1→Y◦X isnotsosimple.si/-wewantafini1e-rankanswer.Il- involves

1. Writedowny ✗

2. Invert the equivalence

②

hmf( HE,E] , V -W )
" ±

> hmf( KLEE] , U - W )
u v1

(2) e) Y☒X

3. Trytosplite infinite rank MFS

\ Fe

Gz
<

,
> Y ✗ GF=e

,
1=6--1

f- / Ig )
£

,

,

'

'

gf=e,fg=1 .

u

Yox ←
-

-

-

-

±

Whatisthis ?
hmf / HMF



④

3. Cut

A supercategory is a category Jand functor F : J→Jwith F# id satisfying some axioms.

Any hmf or HMFi a supercategory with FIX ) = ✗ [it .

For n≥ 0 let Cn denote the

Clifford algebra generated by K, . .
_

,
Tn
, Kt, .

. .

,

Kt of odd degrees . t
.

a- rjtrjk.

= 0
, titty.tt rjtrit = O, K- F.

+
+ rjtri = fij .

Example lil Sn : = NKQ ⊕ - - - ⊕ Kon ) is a left Cn -module
,
K- acts as Oi

*
I f)

,

✗it acts as 0in f) . Also Cn ± EndK ( Sn ) .

Iii) 5mn : = Sm ☒KSÉ is a Cm -Cn - bimodule

DeI LetJ be an idempotent complete supercategory .
The Clifford thickening d-

•

of J

has as objects tuples ( X, nip) consisting of ✗ c- ob (J) and a left Cn -module

structurep
: Cn ☒K X→ ✗

.

A morphism (X, nip)→ Him , T) is

a morphism of Cm -modules 5min ①Cn ✗ → Y
.

Lemma J J
•

,
✗ (X

,
O
,
id)

.

Proof Cn is Morita trivial
,
so if ( ✗ in ,f) c-J

•

there exists ☒ c-J with

✗ = Sn ☒KI as Cn -modules . Then ( X , nip ) = ( I, 0, id ) in J
•

as

( I, 0, id )→ (X
,
n

,p )

is Sn ☒KI→ ✗
. ☐

An object ✗ of J• specifies an object K ofJindirectly via {Ti, It},-5 .
You may

need to compile in order to actually extract Ñ .



⑤

DEI the superb
'

category E has the same objects as Lf and

E( (KHAW ), (HAV )) :=(hmf( Kleist, V - W )w)•
finite rank MF + structure

with an explicit composition

6144×8 /WH) > 81W, U ) I=( Try ,V, . . . ,ZymV)

( y
,
× )→ ( YIX :=

" ⑦"☒ ×
/ 1=(40-141)/1 )

/ { Oi , It}É , )
we call this

the# operation F. = [dytdx, Zzyix] = : Ati

Jit = - 2yi(dx)- { §2yq2y :(4) Atq .

theorem there are isomorphisms of Clifford modules ( M '
18 )

Y / ✗ ± NIKO , a- - -
- a- Kom )☒k(Y☒k[isX ) hmflltw )

Grint 00¥ Oi I 1

and an equivalence 25=8 .

hmfwlltw) hmf⊕( V- W)
≤ ↓ It

.

Elwin := hmfwly - w)•← .
- 251W,V )

e. = a .
- - onrnt.int ) Inside the composition isapicture of pumping

G Y / ✗ <
i

> y☒✗ energy out of a fermionic system :

oi.on-ion-i.at/↑
"

]
excited state

G Zn - I
Zn

j Zn-1
)

: :
i l

Yo ✗
"

%

HMF
:

I
Zo

hmf ground states



⑥

4. Quantum codes

To ascertain how seriously we should take the analogy to pumping energy outof a

physical system, we can consider the simplestpossible example : composition of

a chain of identity 1-cells on (61×7×2) ELSE

n
Az

xi < xi
_ , < - - - xi- xi

i C- hmf(Q[Xiii - it , XE-XE , )

i
= At% )qQ[±] = CHAI ⊕ EKITI

4,> i
= ( Xi -Xi - 1) 4.* + ( ✗it Xi- 1)Yi

1 %

= (
o ai - ✗it )

✗ it ✗ i- i 0

We have, since
① [×]/(2×1×4) = ¢

art
Dn \ Dn - i \ -

- - \ Dz = An ① [ ✗nil ☒① [ ✗ n - ,]
n - I ⑦ - - -

- - - ①
①[✗a)

€ ☒
Eia]

≥

= Elin, ✗ if ☒ ¢ ( Attn 6-
e
Nitin - i ① -

- - 6- AKYZ )
= Cllxn , ✗ i] 6- a ✗ ( Ktn ⊕ - - - a- Kk )

Foreach cutwe have Clifford operators 8,8? For the Dn / Dn - i cut

✗ = - El Yn -7 + Yn - it K - YY )

✗ + = - ≤ ( Yn-4 +% ,

- yn - ynxy } notice these are ± - free
/ (

meaning Yn -in f)

meaning Inti > G)



⑦

According to our earlier prescription the process of computing Ano - - - ◦ Dz is

8,8T G Dn / Dn - i l - - - l Dz = 2-
n

it
Im (Wt ) = Ker(8) = Im 18T) = 2m ,

It '")

: :

☐no
- - -

- ◦ Dz (=D again )

so what is Ker /8) ?

-28 = 4nF + Yn - it % - If G Attn ☒ AKYN- i

:
. -2811 + YnYn - 1) = (Yn - it%) (1) + 14¥ - Yn* ) (Yik - i )

= Yn - i + Yn + [- Yn - Yn- i ] = 0 (4)

-281 % + Yn- i ) = 1 + Yn -Hn + Yn Yn - i - 1 = 0

By dimension count dim Ker(T G Nitn 6- ✗Ktn - 1) =2 so this is it . But what isgoing on here?

And how do we continue this to compute Dno - - - ◦ Dz? Physicists recognise 1*1 as Bell states

or maximally entangled states . They write HEY
= £1 ⊕ ICY = ¢10> ⊕ Ill> = ¢2 and

1 1- Yn Yn- l as 100>+1117

Yn + Yn - i as 110> t 101>

computing Dn ◦ An -1 from An / An -1 consists in projecting onto these entangled states .



⑧

To cuta long story short, the procedure 17.1 ) rediscovers the error correction process for a particular
kind of quantum error connecting code on ✗

= ① 20 -
- - 6- (n - l copies) called a stabiliser code .

with ✗107=117,4117--107 and Xi -

_
= I ⊕ - - - • É ☒ - - - ☒ 1 the code is

S = { Xnxn - i , Xn - in - z
, .

. .

,
Xsxz } ≤ Aute (H)

and the codespaie C is the joint + teigen space of all operator in S . This code is sometimes

called a quantum wire for Majorana chain) and it is closely related to the Ising model.

Lemma the idempotent e computing In
◦ - - - ◦ A

, from An / - - - / D , is

rggt = It Xnxn-i
p = IT 1+×¥ a-

I = 2

the standard projector forthestabiliser code, hence

no
-
- - ◦D

,
= ①[xn, × ,] ☒¢ C

← codespace

where a E-basis for Cis given by the entangled states

It - - - t> ± 1 - - - -
-> 1+-3=1*(107+-117)

To return to our original theme : the cut operation (Y
,
X) ↳ Y / ✗ followed by

"eliminating " the Clifford action is our answer to the "subatomic
"
structure lying inside

the atomic operation ( Y
, X )↳ Yo ✗

.
In the simplest cane this elimination process is

identical with the process of error
- connection in a particular well - known stabiliser code,

which can be viewed as
"

pumping outentropy ".

We expect that following this recipe for equivariantMFS will be a new source of error

connecting codes .



Theorem suppose GG 1211] = KEY 's - - -19m] is a finite group
⑨

acting so V is a - invariant and g. Try it/ c- spank{ Try,-11}j= , .

Let Fo be the 22 - graded a-rep ( I=( Try ,V, _ . .,2ymV))

Fo ☒
KK ]/I = I/± - [ I]
+

I wnormal bundle Critw

Then for G-equivariant YX

( YIX )ʰ ± [ Afo ① ( Y ⑦He] X ) ]
"

K

U

(Y He] X )
"


