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ngamz'cal S\Ljsfet/ns

A jenem/ non-Iimecv dywam;zm(Jkam is g lven by a JLjJ#em of DE:

72! = Fl(x‘/"‘/x”)

7, = R(=,-- o, x) z = F (=)
F:R"— R”

= B(e, )

An impovtant ¢ |uss of dynamical systems ave those which ave wnsewoa tive,
inthe rense Hhol theve is a scalow potential f: U — IR with U<sR",
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Vf = (x, X’-)
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Qymam[cal Sgsfel/nS

To understune #ne dynamics near anisolated cvitical point ot f we neec to
amaly}fe the Heussion 0‘19 apj )-® .

?°F
Hjc - (37<5'3¥J‘>)55,J‘£m/

i eigewwchw and eijemvalue/.). Ath,ta“tj the vight woiy +o think of. #his
daton is as a sUmmeJmc bilinear fovim on the ﬁzngemhpace U at
a cvitical poiw fe U) -e.

9*f
(E*UJ </>> where <%¢ /—%)> :97%’379

X
x=x

with w = ?E—E*,

(/_.L — HFL(* Ww + titAaclch fevms in w invo(uing hlﬁhevclem‘mﬁmc)’lg f
H/_;_J
\ihear ‘s\jsl-em



Movse Lemma I HF L* (s invertble (1e.the com%pomdfng bilinear fovm

s V\ondeaememi“e > +ov an Tsoloted cvitical Pf. ¥ 4men there is a

wovclinate meijhbomood avound x¥ where

2

f: I'2+'—'+1F2—DCP-}2—)_-——_D(P,
sothat in those coordinaten

—_—

5*

2

P

P T
Def™ A cnbical point 2™ s nondegenerate if Hp [ « is nvertible.
==L P 9 x

‘oca\\j w = Hp’*b‘v w=zx-x"



uadvatic spacen

Mm The CC{I‘QﬂOVj ) d£7uadmht spaces over K hon
—o_L;J@ owe f-dl.. vec'/‘ompace/) ec(ufpped with o nondey enerate Sjw;me}w‘c bilineav fovm .

—mophisms Q (M, W) = { V=W lear | < Tu, WD =< Wy v |

E)(ampk . XF»% - ( R o R%) (%? _%} \> is o repvwemlmﬁve sefod o(oJ‘edy
(SﬁvQﬂtw‘slam16£inewHa)

() ]
© Ko = (R0) = (ReR, (45)) = Ky, 1 is a wmorphism.

22 °f
v (T U, &) Gy ag ) = TR

at ccnondeg. citical pl. x*.

x =x*

Lemma & is a symme%w‘c monoidal (afeyo'/y uncley direct sum o}ov.sFouej),



(|iffod a\gebmg

Associated o ecch 7u.ac’ ratic space W 5 e algebra. C(V) the Clifford agebm

which is univenal armong lR-alye/lom/) C (associative and unital ) equipped
with o linear mop L V— C 5ah‘:1[7)'n3
L(v) t(w) + Uw)L(v) = 2LV, W) - 1c
(5o e-9 (/(")2 = v A B
This thing exTsts, is nabually Z,-gvaded, V < c(v) s injective and
C(v) is Zd'w‘(\/) ch'mensional .

Examples C(XO,O);an C(Xojlygﬁ) C(Xo,2 )= H



Lemma. C(G) isa shong monoidal functor Q — A)ﬂ,zi , l-e. There
are natural isomovphisms C(O> =R snd

(Ve W )= C(V)@pClw)

—

vt'a\\j dived jum ,
cm")‘ﬁallbofﬂf S ]5 —~——> C/uadmﬁc spuce (7'5«(]/ H;/ﬁ,‘)
~—> Cliffod algelm (T U, He [xx )

~~—> Abelian categony Mod % C (Te+ U, He /. *)
Finile l{iymnﬂ‘onal Z,{—amdet( moclules



Def” /\Joncfegenerafe isolated cvitical pomﬁr form a bf‘cqfegofy Krzégj

— objects 7mac[m1'7‘c spacen \/
— |=movphisms N — W are Z, -gruded Finike-chimensional

C (w) = C (V) —bimodules .

— 2-movphisms are bimodule homomovphisms.

Froposition Grit ;59 is o symmefne monoidal bicafegony in which

evew objecf is ﬁA/ly clualisable.  (duals for objects and |-movphisms )
Example  + Gitpi(0, V) = Mod™C(v).  (0=Xeo=1)

- XSt = (Boff peviedicily)



Def™ A bfcafegO_vy /3 comis/?d%

= aclaﬁufoj\edr 0,bc,. ..
—7%}/ eachlpaﬂf a,b aﬂo@ecﬁaca/'egouy /3/01/ 10), oé/‘ec/-: g-ﬁ

which ave called [=movhiom s and cle noted X a — b, and
wowphisms of which ave called 2 —wiovphisms

—a oompo;iﬁon functor for objech a, b ¢
ﬁ(é)c) xﬁ(a/b) ——%/E/q/c)_
(Yyb—c, Xea—=b) —> (Y X a—eC>
— unif l-moz/,oh)&mf Ll oo —> A 7%./ each olci/'ecf(l
= fo'somov{:\lrmms “umibrs”/ “associators”

Saﬁsfwna some coherence wmd[ﬁbm (mme an for monoidal (afegow‘@/))



Def* Let B, G be bicategories. A 2 ~funchor F: p—> Gis
— a funcfion on objecks a F— ()
— Sunchors B(a,b) — C(Fa, Fb)
— natwal Isomovphiims
F(y)-F(x)= F(Y-X)
Te, = F(1.)

ma(ifmj some. coherence d/‘agmmfwmmuk.

Example f /3 5 o bl‘cafegovg) ﬁ(%-) : F —> Cal ;4 2~ﬁmc7Lor/
where Caf denotes small categovies, functors cndl natuval

hansformations.



Def” Lef B, G be b/‘cafegonw, Fa f— G 2-functos. A /o;emc/ona%um/

Hansformation  FF —Co s

— a 'fnwu'l% of I=moviohisims ifa CFa — C"L}qeob[}?)

— ‘ﬁ)r each X a—b i )5 a Z—BOVV)DVph/}IVVl
FX

> Fb

Fa

I~
Y S R RS RS $5

mloje& +o whevence condifons.

Def* (notedion an above Y Giiven PJ@(AC{OVIOI'/UW‘ hansfovmations f Y- — (e
aomodification g f — ¥ is aAfumily of 2-movphisms { qa: Fo — Yo},
Saﬁsqcymg a condifion (ormﬁed).




Lemma Let B G be bicalegovien, with J small. Then theve is a b/‘cafeyoy

objecs 2 ~functors

Bicat(B.C) |=movphisms  pyeudopatural hansfovmations

M: W)odf"ﬁcaﬁon}

Monoidal bicategow (rough venion ) Is & bicategowy b with

— Tensor for o[cy‘ed'r (a,b) > a3 b
— fensor for |- and 2 - moyphisims, via a functov
Blayaz)x p(brba) — B(ay3by, 9. b2 )

— assocu‘ah)rs/ Umih)n/ coherence .



Def" A mono dal b[cafeggy isa &)icafegwg /3 equ/’pped with

—a 2—functor D‘/BX]B >/B
— aw acfjomf equivalente ol in Bicat( (Bxp) 7‘)3,]3) befween
fhe fuo legs of the ‘Folfowing diagvam (fhe associator )

(Bxﬁ)*ﬁ celovachef /)3><(/3><}3)
ax«1 J OC/7 llxD

R B <P
Np/a

e ol is a preadonafural hansformotion.



— an invertible modiFcafion T, the !Dewfagonm'm

(AnB)a(caD)

~ «
((AaB)oc)aD

“ | fx AolBa(cad))

(Ap(Bnc))oD /

Ao((Rac)oD)

4+ uniks, uniforr and lots of co hevence |



Def™ A symmetnc movoidlal bz'cafeﬂo_y is a monoidal bicategow B with

— an adjoinf equialence £ in Braat (B » B, B) between the legs of

N fﬁ/ﬁ
BT

— an invevt ble modlfication called i‘gj‘_lgaﬁ

j—an
a.ljb —>an

o L

bQa

— inverhble modifications veloting 3 cnd the associafor + wherence



Examples (1) (ég_/ ><> categorten, functons, natuval transformativons,
Cardesian f)vuclucf

©), (ﬁ’ﬁk, @h) algebran, loimoclulen, bimoclule mops, tenoc
.y nd
® CCJ’I'IL,’P\‘? EB> ciuadlfaﬁ\( spacen, Clifford lbymodules and mapi_

divect Jum-.

References (not a histoncal suvveg/ )

o Chvis Schommer -Fries’ PL.D theois

e Nick Guvshkc {(Loop spacer, and cohevence for nonoidal and bvaidecl
movoidal bicafegovies ”

- P Fshfaﬁowsfzi Con dualizable obju/z in monoidal b;‘cafegovieﬂ/ Aamecl
surfaces and fhe Coborcliom Hypothesis " PRD Thesls.



Duals in 5\ijmérvic monoidal lofcajregov’)e/a

L@Lﬁ be o monoidal bfcafegmy. ﬁg‘ﬁhfc/u al o an olaj‘ecf ais a

and J-MOVPh/JW €Vq - ana* — i) coevg - L — atgao

and curp isomovphisng in )B(q)a)

1 0 cwoeNa evaal

o~

o —>anl— am(a*ma)z (ano™)n a— 100 — o

J /

C\
113€eVa

&0 (ana®) ——> a*nl — ¥

J 7.

Lemma In a savww\ejrvic monoical cafegovxj evew vight dual is alio aleH dual.




Duals in s\ajmmérvic monoidal b)‘cafegovie/a

Def™ Lef )3 be a JHVVWH@?[W‘C monoidal /ofcafego:y. An obJ‘eoL o
s fully dualisable # it has adual object such fhat both
eVa and weVa have both leff and m\ghmc\{/omlx

+ Evew objed in Catd is ully cluclisable (V,B)":= (V,=8).

Theovem (PsfmgowSﬁi) [ 2D wobavdism hU,DOﬂlwh] There is an ec(mi(fa/eme

B{‘catdjm_mm (Bordf: p)= K(}BM)
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Phose Po#{’mit
= 32— 3 x5 Around an isolafed (degenevale) cuitical Poinf <X
de eml‘t °
\,\i cm‘(jﬁmcak : uw = H]C’x w + ({‘(Aaclmhc fevms in u
—_— involuin ‘maher devivotives
//+ linear syshem of the PoJ-enHal £

X
— 52 wheve L =2 -X The c\vlnamfcs 2'9 de/)chd on
= X

762 = % the V\ijlnerdevivaﬁm of f.



| 2 “
JC = 2 X ’_ZLXI,

no nd@geweml{
cibical Fo'mf
N /
\
C\L \\

4 /
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Phase Po#{’mit

{= —‘3—9([3_ = xy (,_L = H’C’x* w + 7Madm{‘fc fevms in u
deﬁememl‘t —_——— jnvolw'na ‘ni\rjher devivotves

‘\\ >QWHCO}\F*. \'lheC(V 6‘;}5“?”‘1_ d‘,ﬁ We POJ‘QV\‘H\Ql ; .

//

N
77

+// Question Whaf a(gebm'/’d associake fo ()C/ J,C*) g
| » reduc fo C( T+ U, H/lli*) in the nondey . case

4= -7 + form a symmehic monoiclal bicategow



Ly2_ Ly
= X > X,

2
no nol@gew era‘f_
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Phose Pov{’mit
f=3x’- 322
dejeMemFt
\/\iﬂmw\
//+// Question Wha algebra 1o associale fo (£ x*) °
7( _,- 7(1 e V’@C{MCL',—O C(—{; U // )/nMWOV\C{Qj case
L=

X, =~ « form o svmme’m‘c monoidal bz‘caﬁego»:n/



Ly2_ Ly
= X > X,

2
no nol@gew era‘f_
\cwjﬂ cal point
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Phose Pov{’mit
f=3x’- 322
dejeMemFt
\/\iﬂmw\
//+// Question Wha algebra 1o associale fo (£ x*) °
7( _,- 7(1 e V’@C{MCL',—O C(—{; U // )/nMWOV\C{Qj case
L=
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Mobix factorisations

Let X bea Z?_—cjmdecl fd. module pver the Clifford algebra

C(XP)%) . geverated loy Ty Tprg Sulgjecf’b

7= = Y= 1
Tor = =By =<1



Moabix factorisations

Let X bea Zz—tjmdecl fd. module pver the Clifford algebra

C(XP)%) . geverated loy Ty Tprg Sulgjecf—b

,D,lzz — F2= 1
'D/PNZZ ——'D}; =]l Dirac's idea
/a/"a\// 7"/332/&' =0 /+J
Seb A=R[2,..,Xprg | and N
Y P74, /a =th ;(C.;(J,’O":’a"\j
XerA "D =201 A S I
L=
r ST e P
' PP P79

Ql—camo\e,c\«Fvu A- mooclmle
cuefing on KB r A



Fotentials Let R be o commutndive R-algebva, then € R = R[x,--, %n]
is calledl o potential if
(i) dxf ). 3t s oluani'vegular
(i) R/(3F, - 3nf ) isa £g. free h-module

(i) thne Koszul coymplexd‘f 0xf, ) dxnf isexack outsicle deg. O

EP(QW]E'@ fGC[il/‘../Tn] J(ACI’\ ‘WO\{' 0[,'{}/]0: 0:[1‘/ J/ ax’ ’aKh ) < 00.
( isolabed cntical {aomh)

Def~ The D&—cai‘egovj A = VVl—F(R, JC ) hoo
——Q\_oj‘eiz { ranR makix factorisations of f/ e, X 2 dx=F 1x.
— mowohisms A(xy) = ( HomR(X,V)) A > Ol\/o(—(-')ldé(dx).

This is o Zz-gmcled DG -categorny over R.



Remarks  « hmf(R,#) = H'mf(R £) is Mangu\afed ( Calabi - Yau).

. &l'mnmqmadm%‘c space \/ with associghed c]uac(mﬁ‘c fé{‘jm(\/*)
Node.C(\U = hmf(sym(v¥), £)°7

( Buchweitz —Eisenbud-H evzog)



Remarks  « hmf(R,#) = H'mf(R £) is %‘angulafed ( Calabi - Yau).

. &mnmqmadrav‘fc space \/ with associghed c]uac(mﬁ‘c feJym(\/*)
Hodf_}_C(\/} = hmf( sym(v¥), £)°

( Buchweitz —Eisenbud-H evzog)

From o Pofer\ﬁotl JC to an Aoo—al(jebm /‘)f

Assume R is a field ancl Sina( f)= {O} Then there s q standaovel rj@wemeor-
fick () = hmf(r, £
PerF Eﬂdg(ct> = L\VY\F(R,J;)W (K!L\\ev—Le(:eum)

A —trunsler (
(winimal moclel perfe H*Ende (G) = hmf (R, £)”

Yheovem ) ——
/Aroo‘alae[om AJC , IS C[.’ﬁﬂorc\ a\ge‘om ﬁw 7mo\dm{‘fc f .

A oo -pvoc{m‘-s package h?gheroleviuaﬁ/\% i £



Pseudo-def™ Chfr is The b/‘cafeﬁovy of A -a/g@brm A[f/ »*) agocialec

o isolafed cutical points, Aes —bimoclules cncl Ae-bimodu e
VV]O[PX.

Theorem (Cavqueville—ﬂowiro‘ja /l?) Zi.f,‘k,R s a ;ymme}w'c
mowoi clal b[caﬁe\cjov% m whiclh evewy o'@'ecﬁ is fu//y
dualisable, and thevefore detevmines an extencled
2D Famed TET

Bovdh, — Crilw.

_, ndg .
Mo reover énl:(,{ C Cntgr.

/Q egremh\a\l:j due o Buchweitz — Eisenbud-H ebzog .



Skekhof LG (e Critm )
R any commutafive iing

( bicateqony of Landau- Ginzbugmodels )

. , (2,V(2Y) waVv=wtV
) _/“. = (‘i) O)
y e W =-W
. =
(z,wk))
\—2 o (2_) U(z\
a@‘K[ﬂ E )

Relevence N‘Carque\/i”{) DM ‘%cyo/'nfmmc/o/e[ecz‘v n Lamdam~&/wzfouv7muclz/x !



Buef shefch of BOrdf (&/[mej Schommer -FPaen, Fs’rmﬂowshi)

D_@f“ Lef Xh be a manold, pomb(j with comers. T k< 2 o 2=halo
over X is a sequence of inclunions ofPW-mam/'fo/dr

IS A

X<Xex

such that X € X P >Zd hawe fhe shucfure of ooviented halations
of dim 1, 2 mPecHVflj.

° c > —————— c 5 -
S 7 !
X X\ N\ <
ujermzrf lfmanifi)’d" =

CGerm of 2 -manipld"



Theovem (Sc\/\ommev~Pn'eA> Thewe is a Sjmme)vfc monoi ol bfcakgbvy Eovdf

/////,\ /////,,\

Obl'eds fmmed Z—lf\aloecl O“Vv\anf{'oldS T\'"; \ T—n .
pt” ftf

|
\‘/

|~ wmovphisms fravied 2-haloed |~bordisms

a(,t) = fa;,\w u goud'w

raw\'_:’ w LV
Do = sz £ sz

Vi = DU dem 3030

09m



Shucture of LEk under conhol = one can Olch,{a“tj bOt/l/lpuH’,ﬁ/mr TAFT

Bl\caijmmm(BOVdf:z@/J = K(Iﬁli‘i>

/}eg)/‘caﬁon The “TOFT with cormers” Lonshucied loy Khovanov

and Rozam}ay can be devved / comected waing the
whordism hypoﬁ;w;‘; o exdended T FTs

P- 81 Monhuals
Pt+ — e XIR Yol J
Provmgﬂ/\'ls WSen exPlic?Jr‘FO/mulcw j('or e\, oev n fﬁk
4 g il=d
N « 7T >
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