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Jour of we((ﬂenemfec‘ ﬁdam\gu/aka( cqfegow‘@/J D

The theow of well- 9ememhfc[ J‘M‘amgu/a fed calegories is one of Meeman's mosf
influential contvbutions , and i /kaﬂ)ewy which continuen fo beome (/#
increasing relevanie fo ofher areay of mathematic asthe role of
“Wbounded" ‘}w‘angu’akd categones widens. Thisalk airso give a Tour
of theow, emphasising Neeman's orginal point of view.

Shortvenion D), A Guothendieck aloelian, i alwouy s
well~genem¥ed ut wo’ra\wu,&s compeicHy gewemuted.
" Brown re presentobility shil holds.

Long version (D Tnhoduction [ Def s
> Examples
@ Analogy +o Cuothenclreck ab. cots.

(D Tuhvodudion

(Ve begin life aving about addiive functon between abelian calegorie

Hom (’;_/—)
Sh(X) Ao

J

and that lile is good. However af some. pD/ﬂ} we ave ejected fom the Eclen ?
abelian tegoues info the harsh wovld of infechive reoolutions anaIJpeU‘m/
sequences, ameliovated only by the lanquage of Piangulated fiuncton betveen
%viamgulafeol c@f@gom‘%

(RHom(% )
D(Sh(X)) > D(4b)
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However The meimow) 03/ Eden haunt an, and we @710 refutn

) ] RHOW‘(;’/P)
Sh(x > D(4b
— b u( T (1) )
'f-v\“amau(ajred =
univenal homolocd\‘ca\ — Y j 7 S
functor / \\H
AlF E
abelianisation. — A(T) ———F —- - — — ':)— R ﬁ(5>
sm\oé%;’effi& b 5 Tonedc Moveda nc
(Freyd, Verdier) . Add(7°% 1) Add (8 4b )
aelian

The abelianisation g respech all shuchureon T, in the jenre that it sends

e Jﬂ/\b{lﬂaleﬁ o (ou/l(“j exachJeC(LAEVM/)
colovodl/tcjﬂ fo oopvoc(uch.

However, fhis A(T) is not Eden, but rather a “fewible” haunted qarclen -
Theevem (Neeman) T(=,7) han proper dmra%;uéo@‘ecﬁ in AT, T=p(A)
Goal  Rescue the dream, by fincling a good “clored subset” A A(T), 1.

» o locally small abelian afegory U7, with

* o quotient map AT —Zs €7 (identifyng G7an AlT)/B, B Sewe and

elosed under pwducts, 54T han afully fuifhhful left adjoinl. Thin ‘D(X)%DZ(XQ
* the Lomposife T

> A(7) — OT wmaps nonzew

ojaaér +v nonzew o(b/'e@lr, and presewe w]ovoc(uc%:, and
« Tr—Cr Ts‘ﬁ/\v\dwial.



This goal is achieved by the theow %4 we//—gewem#ec/ fw‘amgu/afec( cafegom'm. LeF
me skefch how, before exPlaiming clefinifions.

T T is w@ll—gewemkd then

J= Udﬂsuldv’ ZTd: T" d-locall‘smg (h{ang. subaf clored under £ dwpwc[utch)
OlaJ‘edno'ﬁ T are called x—ompact (TH=T).

- Anabelian cafegovtﬂ sahishe [ABS*) if i n [ABY] (wpwcwcjkcrfmomorawmom)

ancl - filleved co[imits ave e xacl.

- v X vegmlarﬂfle/ve s a univewal mec{ud-Pmeer\j bomo/vyz‘(al +functor

Ha J— Ao«(T>

infe an abelign cafegovy AalT) whichis [ABS*] (Neawon, Appendix B).

T h (Wé s Kvoue l(LOCC(\TZa'hOV\WQOIﬂ
H " cfa&*/fﬂwqw\a‘red wlegorien )
/ H\ ; To
AlD) C A7) )

el .
S A5 lebt adjoint is/z :\\\(‘. //// (/\d(x): 7(—/X)/7‘°{

dosure of T(- X), XeT® g 2 A«(T) (tocally swiall, ha pres- gopiocluc,
underall colimits
dbelian with [ABSd])

| UéJp,OJrl Co =AT)= /erc[d((T*JOPj AL ) is what e ave lookeing for
(0\ IM%\cieVlHy (OVQX Fov JT= ID(Z )/ ol ‘—;)\/o w”\do). Mis is the -

Ureanonabole abelianisodion” o 7.
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Fvom new on U_Is a‘lﬁomgmfa f@d cafegolinj w/'ﬂ/t at/bﬂmvy (/OPWC(MUL% SVM(” Hom (@7‘3, C{MC(

oCis aregular cardinal.
Defr XeJis ot=small if evew movphism info awpdeC+

X — —LLCGI \/l

Hacton mww\f]l/\ a Ju(ooopz/oclbld

X ? _’[(“GT\/L' —M—L{—LNGI ><<r

with [T]< ot Lt T@={XeT[ X s &-small}.

M A class T<€T s an K’P@Vﬁe(fc/au i it (/OVI?L&{/'VIS O} QV,&/

(:‘) /lmg Vwmob)l'ém f — J-Liel\/c' wiﬂl 567; X'é 7/ /I/<0< 750%10 s

Uefe
é — "LLZGI{L — ,—LIEGI\/(.

forsome{; €T

(V) Given ymonphisms Lfiote —Y, Trer with HeTYeeT |Tlax f
a cowuposfk of the fovm

U e
t ? M[GI{[

Y

el

9
vounlshes then Yiwve is a factovisation 4, — Se — Y- A each £ such
fhat 4 —> 1L o4, 2

d >LL§E alwac{y vawiShw.
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Definibion /vanﬁ%[dfed subeal 296w SCT s ogg(/:mg. L if is closed yncler

awdud'ld'f<"( f]g 15 Ob/»eCILJ
/ b essentid\y sl
Theorem (Neeman ) Suppoe §€ T is ol-localising . The %Omo(wﬂ{cal funchor
T Adda( S )
£ —s T(=t) IS
fVlC{(/((ﬂ/] an @X@Cf ﬁ“/l C%UV‘ \MMP\@G&; amé\ (DR’VOAK[:SM

/ \?Wc\uc N in o ($ <t

A7) ———> Add (5 L)
whidn presewes opwducts if and only if
(i) evew object-of § is at-small,
(i) §is o -perfed.
Lttiscare T (o)ocelisaton (#ho0 aelt o T . 1775 )

Def"/Thin Theve is a unique maximal o(—peofed- clacs 7°<§ T(d), and it is o(-loca(m('wg.
The objecfr: of To(ave called o -compact.

Noke d =T maker Adda(S7 ALY o lm'ﬁ asPDfr[[o(e.



Del” T is K —Lampadty Cjehem\rec( i
- T essentially smal (e /Arcuo(((f‘i)oefﬂnlkacafegovﬂ

cKTD=T (e iT—%/\clo{o(((Td)DP,/ﬂé\ sends nonzero
objedﬂv VIO Ze (0 olf'/ecl—r )

1{ T s Ok’meach 3%6;@1&(:[1(0)’ some o(/ 1 well—gewemfecf\




@ EXOWV\E\QS (due s Neeman unlest indicated oHAevwf;e>

(@) Cownpotojr(g gewemfec{ = M—wmpad@ zjenemled, TH - T°

) ¥ Cuwthencliecla abelion [D(d‘rﬁ s we”\g@}’)eVaIL@C[

aon a D (R), R aving
D(@uwhX ), X ﬂ(AQ/JI\'UDVVlPaCl' Semi—sepamfed

now%-‘j@v\{ DALMY, M smooth monifolel, wnneckd non-ompack
compactly 3enemL€c\ uncler —ﬁmlerm;
(c) I Proj-RY, K(T-R) ave well-generated ("‘VP"M Trgenson, Tyengar-Kraue

Neemom

(d) D(R)* = § XeD(R) | I P IK-pwjechive, ramh (B) <K forallc, and X 2P 3
D(RwhX)* = | XeD@whX) | Xis loalyin D(T10,06)) "} (n)

(e) (Kvaute) Suppore I is Grothendieck abelian, X’fo{abell'am ancl generaes A

Then D (o) is of - wmpad’ly cjenemjrec\ and D \74') = )

(JA" K — pmemjrqhu o\oJed'r e. A (%) presensy of- fbl(ﬁ(y/:g )

Removk. obwvvnPo\c]LVlws is iﬁc’al.’ﬂlfs is bept understood Mil/lg A(T}

« Two Bounfield sm(ota&egov‘lm I,1, Q'T nfevech PﬁP"«_V(y it

T *Iz = T, T, e {X'E)LMGW(J'Q IZ—AX—')%—, k’g/jl}

oy T,

« A cocover of T (Ihink Dz, (K), D2, () €DX) with 2:12:5¢ 1e. 2,502, = X)
iSoLPair T, T o‘f pvopeulj inYecoeCHm? Bowefkeld Jubcakgow’@w,}% INT.=0.
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© Suppose T/Ii Is &-wmpadlj 3ewemk<‘l for 7€11,2} audt W(ma%mde
) .
T > ] — ’T/IJ' I
qre d-wmlaadflﬂ 3@V\em¥ed In /IJ
Claim T s o(—oompacﬂj ﬁ@/wemkd ancl — aldhis /J\ldl
N
= Ixeq| 500e(r )" j=12)
. , X L (s i
The ideo of the Pwof (s contained i the following picture - aVerdterquationt
) . . Aou () &)

'P\/ / hmffﬂ@ﬂ\‘adjomsf
J/I > Addy ((U/I AL)

A(J/L) Add 4 (( 7/1})(% Ab )
—
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Abelian

Tm‘angu ,alLecl

Banic example

ModR, R o ving
Mod R, R small preadditie

TD(R)) R a ving
[D(E), G small DC(—ca}*@(\‘jmfj

Fa ney XA ple

NOdRL‘% A,

a |Dcalfmh‘o\n, l-e . JC
has a fully fuithful VTgWr
o«djomf) o = ModR | B.

D(6) —> T
o localisadton, 1-e . There is loca\l’:inj

TEDIB), S=<S%Y, So awt, with
T=DE))s.

Gaoviel- PoPescu

Jéf Gwthendliecl abelian

T well- 9 enerateol gnd a\ge\omfc

= Ais fancj = Tis funey (Po/ﬁ)
A Guothendiech = T well-genevrited
'F.HYMJFI ons A L
A= U, A& = J= UATU
o(—meatf
N FL}Q_AF F:JT— S ‘hﬂ‘qv\(‘julql{d and 11 - PV‘%)
A&UUIV]_‘_S colim pres. + A Guothendiech T U\;e[(—-?,ejv\em{\eg\

= hw O\vitahiLac&J“oiwl(

= F han am‘(‘jl/\Jr ac{]oiml.



