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�1� Introduction

Webeginlifecanng about additive function between abelian categories

Homlt
,

. )
Shk ) - AI

,

andthatlifeisgood .

However atsomepointweaneejectedfomtheedenof
abelian categories intotheharshworldofinjectiveresolutionsandspectral

sequences ,
ameliorated only by the language of triangulated function between

triangulated categories

IRHOM #-)

D( shlx ) ) - DIAI ) .
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However the memory of Eden haunts as
,

and we try to return

IRHOMIF ,
- )

D( shlx ) ) - DIAI )
-7 Udef

triangulated
11

F
"

J - S
universal homological → H H

tractor

amhelianai.at?Ytah#tIi.i-

⇐±
.I:.If¥?¥

objects inc

Freya ,
Verdier ) Addf Top,Ab_) Add ( SM

,
Ats )

+
abelian

-

The abelianisationhs respects all structure on J
,

in the sense that it sends

• triangles to long exact sequences
• wpwductstowpwducts .

However
,

this Ast ) is not Eden
,

but rather a
" terrible " haunted garden :

theorem 1 Neenan ) JGZ ) has apwperdassofsubobjectsin
ACT )

,
F- DIAI )

Good Rescue the dream by finding a good
"

closed subset
"

of Ast )
,

i.e.

• a locally small abelian category ET
,

with

•

a quotient map AIJ )

"→>
8T ( identifying Gas AHH

,
13 serve and

closed under

products

,
s.t.TL has a fully faithful left adjoint .

Thin DUETDzlxj )
• the composite

J - AH ) - EJ maps nonzew

objects to nonzero object

,
and preserve wpwducts
,

and

• THE , is functional .
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This goal is achieved bythetheoryofweltgenemled triangulated categories . Let

me sketch how
,

before explaining definitions .

.

If Tis

weh.ge#dthen

• J= Uxregulavjd,

Tt x - localising ( kiang .subcatdoedundercdwpwducb )

Objects of Jdarecalledxtompact ( Tm - J
' )

.

. Anatolian category satisfies [ ABS
" ] if  it  is lAB4] lwpwdnctsofmonosaremouo )

and d- fillevedwlimitsaveexact .

• For

Xregulartheveisaunivebalwpwduct. preserving homological functor

Ha : J - AXCJ )

into an abelian category A at ) which is IABST ( Numan , Appendix B )
.

T ( ref : Krause '  ' localization theory
H

A (g)

/
(

¥ ,

oftiangulakdcalegones " )

*
Add&( CAME )

theft . leftadjointis '¥¥Iy ; I -

→

ha ( x ) - Jf ,X)4&
closure of

T.tn/3XEJ2f*Aa(J

) ( locally small
, hapres . wpwduck,

underallwlimits
abelian with [ ABSJ )

|UpshotI
,

fs=AxlT)±Addx( IHTBAI ) iswhatweare looking for
( insufficiently large .

For J= BIZ )
,

D= No will do ) .

this is the .

4 reasonable abelianisation
"

of J
.
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From now on J is a triangulated category with arbitrary wpw ducts
,

small Horn sets
,

and

x is a regular cardinal .

Dey XEJ is asmaH_ if every movphism into a w product

× - IIEIYI

factors through a subwpwduct

X - dies Yi - Hit Xi

with IJI < x
.

Let  To '
- { XEJIX is d- small }

.

Detn A class TEJ is an × - perfect class if it contains 0
,

and

li ) Any morph ism t  → Hit IYIwith EET
,

Yi EJ
,

IIKX factors as

t  → Ii ⇐
tilt kie±Yi

for some tie T
.

Iii ) Given morphisms { fiiti  → Yi }ieI with tie TYIEJ
,

ltkx if

a composite of the form

Hifi
t  -7 Ii ← Iti - Iieili

9i
vanishes then there is a factorisation ti  → Si  → Yi of each fi such

that t  → Hietti  
¥

> If i already vanishes
.
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Definition A triangulated subcategory SEJ is thing if  it is closed under

w products of < x of  its objects .

f
and essentially small

theorem ( Neenan ) Suppose SET is d- localising .

The homological functor

T - Adda (8°F AI )
t test , HIS

induces an exact function

f
has products and wpwducts ,

products as in qatlsop ,
Ats )

JL

AH ) - Add in ( 893 AI )

which preserves wpwducts if and only if

( i) every object of S is a - small
,

lii) S is a - perfect .

In this case FL is a ( w ) localisation ( it has a left adjoint
 Ixst .

1€Tttx )
.

DefYThm_ There is a unique maximal a perfect class JET " )
,

and it is x - localising .

the objects of J£ are called

x.com#.Nole_S=JdmakesAdda(SopiAb
) as big as possible .
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Def
"

J is d- wmpactty generated if

• His essentially small ( so Addx ( ITYOBAI ) is a category )

• < Jd ) =J ( so T → Adda ( AMP
,

AI ) sends nonzero

objects tononzew object )

If T is a - compactly generated for some &
,

it is well - generated .
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�2� Examples ( due to Neeman unless indicated otherwise )

(a) Compactly generated = No - compactly generated ,
Tk = J ?

(b) If A is Gwthendieck abelian Dl A) is well . generated

c- yen { D ( R ) , Raving

DCQWHX ) , X quasi - compact semi - separated

non - c- gen { D(Ab/M )
,

M smooth manifold
,

connected non - compact

compactly generated under finiteness

(c) K( Pwj - R )
, Kltnj - R ) are well - generated ( n YpnoethemesajJolrgenan , Iyengar

- Krause
,)

(d) DIRK = { XEDCR ) I FPIK - projective
,

rank (B)< xforalli ,
and × # P } .

a

D( Qwhx )£= { XEDCQWHX ) I X is locally in D ( TW , Ox ) ) }
.

( in )

(e) I Krause ) Suppose A is awthendieck abelian ,
At abelian and generates A

.

Then D (A) is d- compactly generated and DISK DIA ' )
.

( An = x - presentable object ,
i. e. AIXT preserved -

fztukmmpd )

Remarks L - compactness is local
.

this is best understood using AIT )

• Two Bonfield subcategories F.

IZLT
intersect properly if

I
,

* Iz = I * I
,

← { × IF triangle Is → X - ' I
,

→ EE }
A

A

Iz I
,

• A cooker of J ( think Dz
,
( H

, Dzdx ) c- DCX ) with 2. nZ=¢ i. e. 2,42k × )
is a pair I

, I of properly intersecting Bonfield subcategories with IAIEO .
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. Suppose Ttiisd . compactly generated foriell ,2} andtheimagesof

Pj
Ii - T - Tttj jti

are t.com/sacHygeneraledinT/Ij .

claim Tisa - compactly generated and
✓

cauthisskl

J£={

XEJIP;(×)E(MIj)×j=h2|

.

TJHL , HTI
,
)£

theideaofthepwofiswntainedinthe following picture isaverdierquotient

I

AH ) -

AOKKKJKDYAI

)
Alpil

- 911y hasf

.fm#tadjointtlP4
AMI

.lt/#sAdokHTtt.I9Ah1
9:

ACJII . )# Addalltttd ' ,A1 )

.verby Gabriel
localisations

earytoshowit generates
Roighy This and - pevknctdassofd- small object (

:
. Tisa . wmpacttygen

I and -J^=TK ' )

I pveseweswpwdncts ( Kevqnkerqzto )

I
Till presewewpwducts

IT

II. Fttzauedtompactty generated .
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�3� Analogy ( algebraic cases )

Abelian Triangulated

MODR
, Raring DIR )

, Raring
Basic example

Modfr
,

Pismallpreadditive D( 8)
,

8 small Da - category

Fancy example
MODR # A D( 8) - j

alkalisation
,

i. e. IT a localisation
,

' . e. there is localising
hasafully faithful right SEDIO )

,
S - < so >

,

So a set , with
adjoint ,A=ModRb3 .

j=Dl8]/S .

Gabriel - Popescu
|

Aawthendieck abelian
|

J Well - generated and algebraic

⇒ Aisfancy ⇒ Tis fancy ( Porta )

Aawthendieck ⇒ Jweltgenerakd
Filtrations

t= Vast ⇒ J=UxJ
'

I compact

F. A -43 F :J→S triangulated and 1- pros ,

Adjoins wlimpres . + Aawthendieck +  Juell . generated

⇒ Fhasanghtadjoint ⇒ Fhasavightadjoint .


