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Computation is the process of fransforming information from an

implicit form o an explicit form (ﬁrma/’y o cut-elimination in ;ec,uem‘ calculuy ).

- Aim  compule the D& —cm"egoly of mahix fuctovisatons of g/ocfenﬁa/ Ww.
References
+ T.Dychevoff, D.M., Fushing forward matix factonsations " Duke.J. 2013
+ D.M., “The cut opevation on mabix fuctorisatkions” TPAA 2018,

- D.M., ( &msfvuch'ng Aoo—cmfegom'e,r o mahix Foctovisakons " v Xiv s |903.07211
(see also H/lerisingrea.ova for wo/k/'n? /707@]).



Pre\l'mivmvies

Rtentials Let R be oo commutohive @—algebmJ then WeR = R[xy.--, ¥n ]

is called o po’remﬁal if

(i) ax1V\/)---,3)<V\W s O(ucmi’V’egMaV‘
(ii) R/('ax,\/\l,---,axh\/l/) is o {9. free R-module

(iit) 4he Koszul oom/\plexd‘,/ O W, dx. W 15 exact outsicle deg. O.

Def* The DCo-categowy A= mf(R, W) has
— objectr {.rank mohix factonsations of W, e. X 2 d}=W-1x.
— mowohisms A(xy) = ( HomR(X,V) , A Ol\/o(—(-')ldé(dx )

This is o Zz-gmcled DG -categony over R.



ﬁre\imivmm'@s

_DQ—’FA A small Z, - 3mc|ecl Aoo’qufeg()ly ﬁ over R has a set ob(]}) c/;f olcy‘ec/f:)
and Zz—cjmded k-modules /3('2,[0) for all abe bb(ﬁ) ec{w'/opecl

with mopewded fovw avd oompo;iﬁom which ave odd inear maps

Voo ) O }3((10/0(.))__!] ® --- @ﬁ(ﬂn-l)&n)[q —ﬁ/}(aojqn)[;j

J
v

n

Sod‘]sﬁjimﬂ the Aao—wns%minﬁ (w}f’lnouf’ exp/fcf?L :fgn:)

r, , o ; . _
Z “°/"'ja£/a(qj} =) An ( Lc[aoa, ® 2 r—a('/’_ ja‘*:/ & & CC(qn-n,an O

i,7/O/J 2!

< Cﬂ’ér\.

EL(IVVIP]_Q An\j ZL"jmded DCL-—CC{fQSWﬂ 5 =0 "Fo( n=2 3.



Finite Ao -model

Let T:h—R beamorp%ﬁrmﬁﬂ ommutative ngs, A a DCt—cafegij over R

Restiction of scalavs 7/'ve:a functor
A -cat (R ) A
| Fx [ - /maj have v, +0
Aoo -cat(R) fe (A ) /B

G

Def™ A finite Aoo -model A A sver kis an Ae ‘fafegog/B over k. with all Hom-spaces
f.5. projective /R, Aw-functors 5 & and Aoo~hormshopior [ =1, C-F=1.



Minimal Awx-model

Let T:R—R beamorplf;iﬂ/naﬁ Lommntative fl'ngs, \/A o Da-cafegow over RC

Restction of scalavs j/'ve.ra functor

/—}w-cat(R) A

[ I

/-}po—caf(/z) Je (A ) 7 (H*(f”, { r”}mvzz)
G

Def"™ A minimal Ac-model of A over R is an Ao —shucture {3 on

H(A) with ¥, =0, v, induced by womposition, ond Aw -functors
F Ce and Aw—homofopies FoC= 1, CoF=1.

( .. Remark 113 seidel's book on Fukaya cafeaov{e/s.



Tdempotent fivite Aw-models @

Let T:R—R be o movphism ot commututive nngs, A a D&—cai‘egij over RC

Restiction of scalavs j/'vesa functor

/—}oo—caﬁ(R) A

E | S
Am—caf(k) fr(A) //E Q E

moy have r; #0..

ml

Def™ An fdempofenf—ﬁm'}e Am—modd d’fA over R is an Ao -(afegoty }3
with all Hom-spaces £-9- /Jvojecﬁ'ue//{, Ao ~functors 5 &, E an above
and Aoo ’homo/'opiefj fo &;E, C»°/:;1. (E=1 3{1/9: 74’/11# VV)ocfelJ)



quy Enite models 4

]a\evvxpofemlr finile model £inite model minimal model
(}3/ E‘}EZ/"'/ r'/ rZ/G/"'> (ﬁ/ r'1 r)'/'r3)"‘> (H*((\A))GJFB}..)
12 pp-cat(B) 12 12

(AL, %) (A, %) (A0

¢ Shing field theowy (Aw) VS #POIoﬁfta' Field theory [ Ned )
(H(A), % 13, (H*(A), 1)

e The information in h(ﬁher/pwdacﬁr is impovtant (e.g. for ;/w(gmy modu(&),
The cruesﬁon s = which kind of finife model best packages this ‘nfovmation”

rPh\jSl‘cs refs. Lozovoiw (THEP ZOO\)) Lazavwiu-Roiban (THEP 2002))
Lazawin (2006 Carqueville -Dowdy -Recknagel (THEPZz012),
Co«vcimev]”e—l(o\j (cMP 2012) ) Bawmaar}l —Bvunner— Gaberdre|
(THEP 2007)) Bau\maow#\—\/\looc\ (THEP 2009), ‘Q\\O\H-Ome\f
(THEP 2006 ) . (
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]o\evaofem’r Finite model minimal nmodel

(B, EuEe, i, 1, 02,%5,..) (H4(A), 00, )
12 12
(All)r\/rlj (,_A}fl/!/23




]o\evaofemlr Finite model
(}3/ Ey E’-/"'/ "), 2,75, "')
)
(AL, )

h o feld

minimal model

(HEA), %8, )
I

(LA ] f,/ Vz)

Choose R-linear homotopy ecluivalemcm

."_
A (qu”) PR H*.A (“;'0)

9% =\— [dw K] 2 f9=1

and ~ansfer Aw-shuchue +o HY(A)

- useful for special oloJ"ecJﬂ (e.j_ kﬂab)
(Seidel, chclle”/\o#/ Efimov, Shevdan )

- dependson [N |oe|'|n9 a feld.



R €1£€V‘€V1CQ,5

4\ - P Seidel, “Hownoloaical mivror S‘j"”meh'j fov the gewuw‘hm curve '
oarXiv:0&I12.017!.

* T Dyckevhoff ((Compaci'ﬂelnem“'ovs n cai'egow\eso'ﬁmaiw‘x
factonsations!  Duke Math. T. 2011.

|- A Eﬁmov) « f’[OW)o(Dtjfca[ mirnvor rjmme%y For cavven o h/‘glf)e»"
jenu«s” Adv. Mafh. 2012

« N. Shevdan, : Homo(t)jfcal mirror safmmd-nj for Calabi-Vaw
hypevsurfacen in pwjective space” Tnvewtiones 201 3.

D. Slnh\javov) " Calabi-Yaw shuchures on categones o moatix
factorisations " T st Geomehy and Plf\ysr‘cs 2017

T . Tu, “ Cafeaow‘(al Saito -H7€OVH T comp avison result"
ar Xiv: [902. 045 96.

— Rove T = T/ b\ﬂ 'F\'nckfnfj c\ienem‘}nm G,a/ and Boo—iso  [End (C) = EV’d(C’).



]o\evw!:o'rem’r Finite model

(}3/ E‘/ EZ/"’/ f,/ (Z/G/"'>
12
(AL, )

- Exisk for all f A=wf(w)

- Constuctive when Gvbhbver ynethods

ave available (eg. R o field or Po\j_\rflnf;)_

* Downside : not minimal. Howevev, we
rRuow TFT formulan (HRR, KaPuan—Lé)
can be denvecl c\fredrlﬂ fom ﬁ/ £,

For specy‘al o [ojecﬁ con sp)/# =

. l(_ej_p_gﬁ/‘ : %’rsfewlaf?e \A /

minimal nodel

(HE(A), 56, )
12
(‘A ) (‘/ Va)

Choose R-linear homotopy ecluivalemejj

1
Alab) _ > HA L)

and tansfer Aw-shuchure +o FIY(A)

. 1o
- useful for special oloJed'r (es- k™)
(Seidel, Dtjche"/\oﬂ‘, Efimov S\AeviC(O(V\)T\A\)

- dependson [N beim9 a feld.



- WeR=R[X, .-, xn] o potential

]o\evaofemlr Finite model

(}3/ E‘}EZ/..-/ rl, rz/{;/.--> . \A - VY‘—F(R’W)
12 - L= (é'/"’){:"‘); -éi = aKgW-
(A/ j-) r\, f?—) ° C\(Wh MFS x/\/ \[_rngJ/k

B(%Y) = R/ ®= Home(X,Y)



. WeR= k[x,/...,xvf] a Pofel/l’Hal

]o\evaofemlr Finite model

_ - A=wmf(R,w).
(}3, E‘}L—z}.../ f,/ lef}"__>
12 - L= (é'/"’/{:"‘); -éi = aKgW-
(A/l) r\, f?—) ° Ct(Wh MFS x/\/ \[_rngJ/k

B(%Y) = R/1 @ Home(X,7)
Theovem (M) Theve exists an iclempotent finite Aco-model of A
o above, with v,,v, on ﬁ induced fom A and
S S A A
with Ui = At; = [du, 56, ] and, for homotopies [Ac,da]=tc- ()

|
7&*= - = 2,2 h‘zm/ [ [2q,2: Ak, A,

m>2 | 71)./(1”1,




Cor\mecjriows and Residues rqfollowmg L,'PMWU

Let R be a commutative @ -algebra, R a k-algebrm, and Ly tn o guasi-reqular
sequence in R suchthat R/T is ;F-g. FVOJ'&CHV& over /%J T =(%y..., L, )

Lemma  (formal+fubular vueigln‘oowhoed) /]nﬂ k-linear section 8 of R — R/ T induces
an jsomovphism A k[ Lty b ] - moclules

g* R/I @h‘iﬂ b, b, ’] N ’% e L-adic

no‘l'a'f\_?}o cr£ a(gtzlomo
unless R/L is smoofh.



Conneclions and Residues

Let R be a commutative @ -algebra, R a k-algebrm, and Ly tn o guasi-reqular
sequence in R suchthat R/T is ;,C.j, [)VOJ&CHI/C over R, T = (t,..., ¢t )

Lemma  (formal+fubular vueigln‘oowhoed) A”j k-linear section 8 of R — R/ T induces
an jsomovphism A k[ Lty b ] - moclules

g% R/T @uklt, b il —> R
cle%‘ned by
*\7! _ ™
(&*) (r) ZMENnrl\’l@t

where the M GR/I are unz’quesucln that in EH: we have

-= > gla)t"

MecN"



Connections and Residues

Let R be a commutative @ -algebra, R a k-algebrm, and Ly tn o guasi-reqular
sequence in R suchthat R/T is ;,C-g. FVOJ'&CHV& over /=»J T =(%y..., L, )

Lemma  (formal+fubular vueigln\oowhoed) /]nﬂ k-linear section 8 of R — R/ T induces

an isomovohism of Rl by,..., b 1] =modules g\
] vp # / ] A\ K = wheve does tm
é* : R/I Ok ‘?H f'/--'/éh’] — R (ome from?
c[e{lff)ed by
*\7! _ - M
(&*) (r) ZMEN“ M8t
wheve the M €R/T are unigue such Hhat i R we have
Y canwe qcha\\ﬂ = E é(rM ) tM_ ['e_j_ R= \Q[x.,.,,xh]/
compu\k Hneje7. McIN" W o Pokmh‘q\ ond

t_ = (aXrW/ ] —QXV\W)——)



Conneclions and Residues

Let R be a commutative @ -algebra, R a k-algebrm, and Ly tn o guasi-reqular
sequence in R suchthat R/T is ;,C.j, lgro\jecﬁw; over R, T = (t,..., ¢t )

6* ; R/I Ok "{H f'/---/éh’j _i é\.

IC Rois a‘F)e\dJ R = h[x:,‘..,X.\] Bmchbevgev’s a\gom’ﬂ’)m ondwe/) o Qrsbwnev banis

a=(j\j~—)jc) for L and expvessions gc- - Z, hfj tJ [£c<cC.
u’—‘l

Theorem (Generalisec] Euclidean division) Civen re R we have
~— FG_ —— remainder tpon divirion bj (.
«fofa unfque Pafr‘ //1/ Fa with he I and no ferm (7;€ & clivisible

by the leacli'ng fevm #any 9<, lsc<cC.



Conneclions and Residues

Let R be a commutative @ -algebra, R a k-algebrm, and Ly tn o guasi-reqular
sequence in R suchthat R/T is ;,C.j, [)VOJ&CHI/C over R, T = (t,..., ¢t )

g* R/ @rklity b i] —> R

If Risafiedd, R= h[Xz)‘._/Xv\]j Givsbnev banis a=(j\/.--)3c) for T
9= ZJ'/HJ' {:J)mmainders denoted FG.

Lemma & :R/T—R, &(") =75 i o R-Iinear sechon U£ R— R/T



Conneclions and Residues

Let R be o commutative @ -algebra, R a k-algebra, and ty- tn o quosi-reqular-
sequence in R suchthat R/T is ;,C.j, lgro\jecﬁw; over R, T =(ty..., L, )
g% R/T @uklit, b il — R

FRisafield R=k[x,...,x] Grsbner baois a:(jvwﬂc) for T

9: = Z’j hiy {:J')mmaino\ers devoted FG.
Lemma & :R/T—R, &(") =75 i o R-Iinear sechon U£ R— R/T

=75+ h =7+ 2, biq:
= %+ Z'j:n(zé——l \,_)Ll,v»){u.

= < < TG < c ——UG
- T Z\’l:’@:‘:'b’ihu )JB * Z.J-)hz, (22 wilim)h e + -
ro VZO/"'}')'"/O) r(oi") I, ,7) Ll "/D) .
J J



Conneclions and Residues

Let R be a commutative @ -algebra, R a k-algebrm, and Ly tn o guasi-reqular
sequence in R suchthat R/T is ;,C.j, lgro\jecﬁw; over R, T = (t,..., ¢t )

Upshot T Risafield, R=k[x ], 2% mag be computeel by Gvsbner methods .
Tn qeneral,
g*: R/T @uklity bl —> R (k[ET-linear)
SC et =

MeEN®

A - 1
Theve is & R-lineav conmection N = R —— R®h[ﬂﬂhiﬂlkp and

U b0 b (19,7 (9,73

t‘/'-—}EV\.



Conneclions and Residues

g% R/T @ klity-rbl] —> R
5 3 1
Vo R R®p1 L wiak

Resk/h{ rdv--- dr‘«} = +rR/‘_r_< r[v)r:[.., [V}f‘,:]>

't‘/---}{?V\.

SPec(h)



Reﬁnma the Frobeniws shuchuve on Jacy

& R/T @ klity— 6] —> R

b®% A~ vl ~ (é*)/‘
RItorRlT «—> ReR R ——— R/T @ kit talf

Clnoosing o k-banis R/T = IQZ\ O--ok Z this mop oompu&e/)

M g
3(z:)3(2)) = N _llﬂa 8(2@{:5

R=18eN"

The tensor 1 ' is one ot the Iow'lch'nﬁ blocks cr/.o the ic/empo}em)— Finik Aoo~model

Escample W € R:h[*vm/ijaPofenHal/ t,= dx, W) R/I = Jacw.

The fensor T\}:)O is the shucturnl Tensor of Jocw o o Frobeniw algelom.



An idempolent finike Aw-model of mf

A = m}(a,w) R=k[x %] 4 =00, L2k

& Ay /\Fenmf(RW)er K Fo-ko0--ekl.

- R R,W
]3 /I ®K W\JC( / ) Aw—homvbm QLZ\ANQ\QVMQ /k
TBD { (o EZ21

A%/‘\&xﬁg/‘\@——_ﬂ_ﬁ

( (] -

homohp\jequiv\ = e FeC

e(0)=0

Theorem (ﬁ, E> is an :'olemporlen/'%'n/ﬁe A oo —odel of A @Ré\ i



Prool sketdn
A = m}(ﬁj\/\/) R=k[x.., %] Choore lnoyv\u—{-DP]@ (/\L such 'H/LO\}-

Ag = /\Fo & mF(RW) 0= K
B=Ffr ®r mf(R,W) [C\af, )‘f—l = JC;.

A’_’A@kﬁ ;%/'\@——9/3
C

There is a shict homotopy rehacton crf complexen over kR

(AO(X’\/S/ C'v*> = (AFOG%HOW‘R(X;Y)@R@ ) O|,4—>
e’ T le-& S=22.2.06:;
(/\F@@kHomR(x,\/)@R fi) dg + Zite@f‘)

L\‘j \noWlbloai(a\ f—;_el\/‘]'w/\%;tq’;mr\ﬁ éao I\ J TC «— cav\orlfca\ on\jed_'\bn
wing conne e 10N

(P, dy) = (RIT @xHomg (1Y), dut )



A = }’Wf(R,\/\/) R=k[Xy. %n]
A@ = /\Fs @ mf(R,W) @r R
B = RrewmilRw)

Aé/-\é%@ %Aeh_ﬁ
o8

(A@ (X/\/B, C‘ﬁ>

h.e.
68 &po e

(PxY), dy)

T-3'=1, ¥ 8=1-[da H]

Proof sketdn

The Ao - hansfer [m:'m'ma/ mode/) fhe ovem
(Kac\esh\/i(i/ Mevkulov, Kontsevich -Soibelman
and for ow purpores Nat//a/) conshuch /}oo‘f;wdqd;

o B and Aw~homofopy equivalenesr £ G

A ———p

F=%,C =37 G:F=21

Gﬁ) ‘QJS induced from f‘,J’ QLA.

/

[l



A = mf(rR,w) R=k[x.x]
A @ —
A(ﬁ _ /\FB ®) mf(R,W) @r R (Aa(xl\/}, C,J}> T) (JS(X/\D) C]‘AB

B = frecmiRw)

Hramsfer A oo~ shucture

F

\AAA&JA{ ‘ﬁ/‘\a(__/B
C

N

A, 007) = N\ Ty ok Home (X, ) @ R

= 0 v g ,% choare banen for X,V
A\ Fo ®r Hom (X, ) & ( N~ LenR )
= /\ F@ ®r HOVV\)&(SZ/?) Gk R'/L Bk ‘Qﬂ t‘/"yﬂh [l

= /\\:@ Gk )B(X,y>®lz ‘Qﬂ£‘)'--/éw U >, E(X,Y)

U U | weoxef.

V=505 S(wewef) = |l 1]



A (Ao, e} == (p0x), 45
A(9= /\FB ®x mf(R,W) @ R dg, m,
B = R/T ®n mf(RW) Ja, v, s, traansfer oo~ smchure
\/4 — AeR —— AB e )3 /Z\Q(X,\/) = NFp ok )B(X/\/)@k Rty ba ] D /3()(,\/)
U 2 q ) | JC
v‘Z;Q‘a—t[ § wexef) = mw@:d@ )
FH:A = [V, d}\]
(A’H\jo\\/\ closs d:ﬁ A) JB } /3

o

o= 2 (0 (GAEL)G - B— A,

m> o

o = D, (N(CARYTY - Ag —As

m7,o

J = Z),)L@:kgAﬁ—eLA&

m770

At/\ s 5 rewritfen uv\inj Jremw—r‘



EQU"’W‘“"L dnagmms

Suppose X = /\’__% o R, Y=A\F ®rR are Koszul-type MFs.
AlFse R o B Jer Rz orklitl] > N(R'e R )er /T

T SR
../4(9 (Xf/), inteviov of teen /3[)(/\/)) exlevior
© Aparl fiom S all operaton 7 g 2: : .

involved /n oompuh’n /}oo—pwc[ucﬁ
con be wvillen a/)}w[7 nomials
in creation ancl avnihilation

oPeVm‘z)n.

* Feynman cl/‘agmms organixe reduction
ot such trees o novmal form.

Example  One conhibubion for W = 7V 4o
G2 BOOLe B NITeB(%Y)[]— B(x]

(3T ® x1T ® x37*)




6*" R/I @khﬂt'/"'/éhqi é\—
A - 1
N ¢ R— R®pre1 5l wiak

Resk/k[ rdv--- O\ﬁ\] = +rp/1< r[V,ﬂ”j--» [V,""J)

by, bu

/\F0®.A@Rﬁ
NFoe B @ RILT]

R

-

(B,E)

5Pec(f0

P = B [Tdal, P, P2 )



Summary
+ Wontto “compute” A =mFf(R W) Jia an idempotent Finile model.
* The idempolent finife Ao —mode] (B, E) is a kind o “renidue” of A
() Choose o Grsbrer banisa T= (ty-tn)  (e9. citxal locuo)
@ Usethisto compule R = Rt e R/T.
@ To wompute rw: B[] __>,B[j = F G
— choore o free
— expand Ata, e’ terms using @.
— recluce 1o novmall form (genevv&% many new

TeWVU, indexed \D\\j FEW’IW\C{VL OUQE‘YGYVU/ n KOSZMl COIEI)

* Hope supefpoffmﬁa’s dirvectly fiom (B,E).



