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Spectral sequences
for vertex algebras 2,1>116

The aim of this talk is to introduce the relevant material on

spectral sequences
for Ch

.

15 of Frenkel & Ben - Zvi 's book on

vertex algebras,

that D
, for the quantum Dnnfeld - Sokolov reduction

.

The situation is that there is a

b#kx
C = C ;D Do with

horizontal differential 2
,

= X ( from the Dnnfeld - Sokolov character )

and vertical differential

3
- dst ( semi - infinite cohomology of htkt ) ) )

,

which anti commute 2,22+222=0 .

That is to
say ,

( = +0 Cis
,

a
,

: cis - c

it ' 's

( , ,

, ,

ijet z : ( ij →
(

i 'j+
.

'

the aim is to put a vertex algebra structure on the cohomology

of thetelex( C
,

2
,

+22 )
.

This vertex algebra is the

W - algebra Wk( 9) .

To compute this cohomology we use the

standard

pfsequeneforbl.com

flexesHTHICC
,

a
, )

,
2 ) -→Hits( C

,
a ) (

i.page
two of the SS has paged of the JS

these entries +  differentials computes the filler

quotients of this

Note The 2- grading on the total complex is the obvious one

C
"

:=

¥jnC% n="total degree
"

C iij ) =

' '

bidegoee
"
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In this particular case there is an isomorphism of complexes

~

( C
,

a , ) ± ( v
,

o ) a ( E
,

2
, ) ( 2.1 )

( where V= Vla - )
,

E = Ek (9)
o

in the book ) and a filtration of

E by sub complexes {

type}p⇐o
,

with the property that

decreasing filtration

�1� H
.

( FPCTP
, ,+€ ) = {

€ inbideooe 197

p=
to

Not : FPE is spanned by monomials of length e -

p applied to 107
.

We use the
grading by total degree on

E
,

so H° ( FE ) means

elements of total deg 0 in the kernel
,

mod boundaries
.

the next step is to deduce :

~

�2� H° ( E
,

21 ) ± E using the spectral sequence
associated

to a filtered complex and �1�
.

N± Again ,

E E C°= Oi+j=o CD
'

and the generator of the

above cohomology lives in Co
.

It's important that CJ = 0

for is 0 and itjc 0
,

re .

the total degree is always 70
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A diagram ofthenonzuobidegreerof C is therefore

T '

if
: i

,
.

,

Fest ( }
,

.

)

•• • ↳2 ,=X

1.-

•
- •

...-
i

DC

lo⇒•÷totdde9
•

memo
,

te . (
°

.

.

,

Weave told that VEKEKQ ) and VEC
,

so while elements of V

may
have bidegreet C 0,07 they all have told zero

.

Next
,

since ( 2.1 ) is an isomorphism of complexes identifying
bidegreesonlheleftand
right ( this isdearfom the construction )

,

�3� H
.

( C
, 2)- V using

�2� and 12 .
' )

, meaning that

21 21

PFC
cnn.ci - a →

. . . ) .
v o o . .

.

equals ,not± ,
since the

/ +
total degree zero

.

( 3.2 )
means total deg

isois y -> Ker (2) - H°

�4� The spectral sequence
has the lefthand side as its Ez

page .

The

confusing thing is Hnat Hi there refers to the ( horizontal )i - grading only ,

( uesp
Hi )

, compared to the H• above in
�3� which is total degree .

In
any case

,
the calculation of ( 3.2 ) shows that

i 2 ,Hi
( C

,
2 , ) = 01

;H(
. . -City'

- →
cij L,
cijt '

→ ... )

= Ker( C
init city

- i

)

= Viii ( re
- the bidegoeeci,

- i ) piece of VEC )
.
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But then clearly the induced
map by 22 is zew

,
so the Ez

page
is

identically zew
, except along the diagonal itjao where it is Viii .
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( 4.1 )
V3

,

-3

•

-

.

\
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Differentials on p .

2 of a spectral sequence go
across

2 and down 1
, as

shown
,

some spectral sequence
has 42=0

,
re .  it  degenerates on

p
. 2

.

We conclude that H
"

( C
,

2) =O unless na 0
,

and

Wk( g) := H°( C
, 2) ±Vi

,
-1 a Vz

,
-2

a - - -

 
= V

.

14.2 )
@

The isomorphism @ however is nontrivial
. What the spectral sequence

tells

as is that the canonical filtration of H° ( Cid )
given by the

images

FPof he canonical
maps

r
,

r

can

H°( Or
,

,

C-
, 2) → HCC , 2) 14.3 )

p

\⇒
pp /

Has the property that (a) it is a decreasing filtration FPZFP
"

and

Ftyfpti ± EPEP ± Ed
'

'

-

P
=

Vp ,
.

p
( 4.4 )
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Introduction to spectral sequences

Now we
give a sketch of how one constricts the spectral sequences

used

in the above ( recall :
we used the Ss of a filtered complex ,

and the

SS of a bi complex ,

which as it turns out is a special case of Hse first SS )
.

Our

refiner
the

rising sea . org / notes / Spectral Sequences . pdf ]

Let A be an abelian category and { Ftc }
pez a decreasing ( re . FPCZFP 't )

chain of sub complexes of a co chain complex C in A
.

The inclusions

Lp
: FPC → C induce morph isms

H* ( 4.) : H*( Ftc ) → H*K )

and we define

En :  = H
"

(
,

FP En : - Im ( H
"

( 4, ) ) c- En

Then dearly this gives a filtration of E
"

by sub objects { FPE
"

}
pez and

the question answered by me spectral sequence
associated to the filtration

{ FPC }p is the following :

§ Can we

' '

compute
"

the filter quotients
FPEYFPT '

En from

the filter quotients FP 4 FPHC ?

With mild finiteness conditions on G
,

the answer is Yet
,

but the nature

of the
"

computation
"

is quite elaborate .
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Outline
.

• Define Arm
,

jjrP9

• Define 299
,

BrP9
,

ErP9

. Define 459

• Define Zr+ ,
( ErP9 )

,

B✓+ , ( Ern )

• Define 2k ( Ern )
,

Bk ( Ern ) Cinc Kan )

;Yetine
Ea and show EE9± grp ( EPH )

Jiscuss Eo

• Define biregulanty ,
first quadrant filtration

•

Degeneration on
pager


