Specjrml sequences 1[Dr ver Jre>< alqebms @
| V J

The aim a{ﬁm talk is 4o inhoduce the relevant mafevial on
Jpecfmlsequemu for Ch. 15 of Frenkel £ Ben-2viG booR on
verlex algelorars, 1hat i, v The quanfum Dvineld - Jokolov reducton.

The situation is that theve /s o bicowiplex C = Cr(9)o with

hovizonta| diffevential 21 = X (fomthe Dunfeld -Sokolov chavacker )
andvertical diffeventiol 9. = dst (semi-infinite cohomologry 07»0 i+ ((t)) J)
which anhicommute 9,3, + 9> 9= O. That is to seuy
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The aim s %pufa ve rex a/ge(om shucture on the whomo/u(gy
df thefotal oomp)ex (C) 20t 22) This verkex a[aebm s Yhe
- alge]om Wi (3). To compule this (/ohomo\ogw we Use The
staneovd spec al Jequence for bicom plexes
PR (c,3), 2) = H7 (¢, a) (1.2)
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Pag,ehudﬁw IS how Pag&oodﬁﬂ/w Js
Hore enbies + differerhials computes Hae fillev
QLA/oHeV\‘E o Mhis

Noke  The Z—amdfng on the fofal complex is the obvious ont

Cr =D CY  —phaldegee”  (i))) = “bidegree
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Inthis parfiealar case there is cn isomoyphism of complexen
CCJB');<VJOJ®<5/§7/> (2'|)

(where V= V() C=Ch(?)o inthe looo/z) and a £ lhzation 417/
C [on Ju]awvmlpfexw {/];—'I’E }fso ) with the Pwpev%j at
dec ma/li/yﬁ/fmﬁ()n
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Noke - F°C i spannedk Ljfj monpmialy of lgma’}h S‘F applied to 10
We use the ﬂmc(m? by fofal degret on C, 5o H°(F°T ) weans
elements of ot deg O nthe Revnel, mod boundavies.

The V)@X?LJ/ZCP iso deduce

2 4" ( C, 9 ) = € wing the spechal sequente associated
to o filleved complex and (D.

Nole Again, 60 c C'= éDH'J:O CU and W%@W%Vd}eﬂ/\e
above oohow)ology livesin CC°. TH's impoviant Hhat Ci=0
Aor 120 and [+)< 0, ve fiutoinl dagree is alweys 7 O



A c’{agmw\afﬁuamonzwa bich&gree/uaf C is thevefore

J'T o 2a=dst (3.1)
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— okl dugrec 210, ve- C°

We ave bold that V<€ Ker(91) cnd \VE C) 50 while elemonb of \/
may have biolejrea =+ (0,0) “/’ij all howe toluldegree zere.

Next, since (2 DY is an isomoyphism 0/}” complexes 7o/en/77£yfrﬁ ko idegireos
onthe [eff cind v?\?h} (this s dear from e constuuction ),

® H(C, )=V wing @ ad (2] meaning Hat

- I 2 2

(@\C CC—C — (f%---)ﬂ: vV O O ---

Chokel (2.2)
uals, not =) stnw e dﬂamm

s folal d&j \‘ejﬂs \/La)léev(’al)=f—\°

@ ﬂ’\especjm\ Jequene ha4 e (effhand side anits Es poGe. The
oonﬁ,w]‘mq%ing is that H¢ theve refevto e (hovizonkel )i—amo\imcﬂ only,
(verp HY ) | ompavec o the H sbove in @ which is Yotal d‘e%’me_

In any care, the caleulation o (3.2) shows thot

, L (o ré| — ? _—
H(C ) = D H(~~C— i 5 ' — )
- O S+, =
= Kev( ij_b% QL+) J
— \/o‘j—i (I.G.MB,‘dlgm (L‘/'i) Piecu)‘f \/E C)



ia(@mﬁca’(j zew, exceptalong fhe diagonal it '=0 where it is Ve~

But then Clea\/'\lj the induced map lalj 92 Ky Zew, so fhe F_—; Pag,e Is

‘EL\ .\/’14\0\\\&7_ o
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Diffeventials on p. Zo}gaspecfm‘ sequente. go acwss 2 and doun 1, ay
Showhn , so the sPec{va\ sequent hou d, = O e aJ\C(egevlelfaLm on p.2.
We conclude that H"(C,3) =0 unless n= O) and.

Wh(g) = HO(C/}); Voot @ Voo ® - = \/, (4.2)

The isomogphism @ however is nontivial. What e JPQCM[JQQMQVM o |5
W is %GFWCQHOVH\CG, 74/"31{7()“ O‘P HO(C(QB 3]\/81/\ \oxj Hhe [ma%m FT
072 fhe canonical mMeApS
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Tnhecluchon o SpGCM' sequenen

Now wre give askeleh of how one conshuck the spechal sequene wwoed
m Mealoove (vecall : we used #he SS of o fittered complex, and te

SS L a b/‘&ol/w‘o/ex) which an it fuvns oul /s g Jpecf&{/(wé o the fint J-f)‘
OMVVg]%mVN,UE

[ thevisingsea. org [ nofes / Spectral Jec](/tewceﬂ./bc(,c]

Let A be an abelian az/‘egoyy and {FFC}/:@Z a c{ecm?aw'ng (- FFC EFPHC)
chain of subgomplexes of o cochain complex C in A We inclwrions
ly: FIC —C incluce wouphisims

Hily) - H(Fre) — H(c)
and we de fine
Er=HC, 6  F'E" = TIm( H(4) )< E™
Then dearly this gives o f/bation of £ by subobjeck )j FPE"] peZ and
The quenfion answeved by e spechal sequene asiociated 1 the fo/hathbn

{ FPC}/D s e Fol/owz'nﬁ:

Pi=n
@ Canwe “compule™ the ﬁ'/feVC/aoﬁemfs f ’:/FP,L,E,, fom
the filfer 71//075'9”/: F/’C//:/DHC 4

With mild finitenens conditionson C | 1he answer is 7ea , but the nature
oF the “compufation" s quik elaborte.
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+ Define AT, A

: Define 257, B,Pi EMN

* Define dﬁﬁ

- Define i+ ( Erpq } , B+ C Equ)

- Defive Z[QCEVW \) B({(EJDC(B (ivc l{:m>
« Dedine Epo and show Eo'? = 8V]=( EPH)

- Discuss Eo

* Define 'oflretaula(/ﬂ’g) fivtquadrant fi\hation
- Degcmemﬁovx o poge



