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2. Sequent calculus of linear logic
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Turing machines

A configuration is (wr,wgr,a) € {0,1}* x{0,1}* x{1,...,q}

binary integer | binary integer | g-boolean

Shown configuration: (1011---,101---,3)



Turing machines

1 11 0 | 1 110 | 1

3)

A Turing machine 7' is a function

or :{0,1} x{1,...,q} — {0,1} x{1,...,q} x{L, R}

read symbol | current state write new state move to

{0,1}" x {0,1}* x {1,..., g} — {0,1}* x {0,1}* x {1,..., q}



L Inear logic

Discovered by Girard in the 1980s, linear logic is a substructural
logic with contraction and weakening available only for formulas
marked with an “exponential” connective, written 1",

The usual connectives of logic (e.g. conjunction, implication) are
decomposed into ! together with a linearised version of that
connective (called resp. tensor, linear implication).

Under Curry-Howard, linear logic corresponds to a programming
language with “resource management™ and symmetric monoidal
categories equipped with a special kind of comonad.

We will use second-order intuitionistic linear logic with additives
(as expressive as polymorphic lambda calculus).



L Inear logic

variables: «, 3,7, ...

formulas: |F,F Q F',F — F', F&F' VaF', constants

int =Va l(a — a) — (a — «a)

bint = Va (o — a) —o (I(a — a) —o (a — a))




Deduction rules for linear logic

(Axiom): 1 A (Cut): LF 1,7 F%;i’g - B cut (Exchange): 11:: é’)ﬁ:i :: g
(Left ®): FljiqAéBéjAAiCC ®-L (Right ®): FFEEI— AA®|_BB ®-R
(Right —o): Fﬁjzl_—oBB —~ R (Left —o): FAll_’ ;17 y fo,’BBi’AAIECC — L
(Promotion): - prom (Dereliction): 5 é{’i ig der (Weakening): Fﬁ’ﬁ X f —weak
oy LHASED  SADATC, LEA L,

a sequent is I' - A for a sequence of formulae I', where F is the “turnstile”



Binary integers

bint = Va (o — a) —o (I(a — a) —o (a — a))

S €40,1}* — proof tg of + bint

o o ot o
o o a,00—o ol o
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—o L
o o o, —o , 0 —o o«
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o, 00 —o Q,(x —° O, x —o O
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der 001
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(o — a),(ad —o a) - a — «
¢

(o — a) F (a — ) — (a0 —o ) B

—0 R

(e — a) — ((a — a) —o (a — a))



Aside on linear logic

IA.B+C



Binary integers

bint = Va (o — a) —o (I(a — a) —o (a — a))

S €40,1}* — proof tg of + bint

o o ot o
o o a,00—o ol o

—o L,

—o L
o o o, —o , 0 —o o«

—o L
o, 00 —o Q,(x —° O, x —o O

— R

o0 —oQq,0—o00—oQFa—d "
der 001

(oo — a), (a0 — a),!(aa — a) F a — «a
— ¢ ctr
(o — a),(ad —o a) - a — «
¢

(o — a) F (a — ) — (a0 —o ) B

—0 R

(e — a) — ((a — a) —o (a — a))



Binary integers

bint = Va (o — a) —o (I(a — a) —o (a — a))

S €40,1}* — proof tg of + bint

input g
input f al « al « o
o« a, 0 —o o o
output ffg o« B o, —o a, 0 —o ok« L
=gofof __Oz,oz—ocx,af—ooz,oz—oozl—oz _ORL
Q\—o O, —° )\ —o - a—o « -
der
' —C ! —o0 ! —o ) —o0
Ha fm(a'abﬁlkaﬁ%M @
001 — {(f,9) = ffg} Jpoaplapyfaia

(o +o ) I—‘!(oz — ) —o (o — «)

101 — {(f,9) — g9fg} (a0 a) — (a a) - (aoa)) )

t001



Stratified Linear logic

variables: «, 3,7, ...

formulas: |F.8F FQ F,F — F, F&F,VaF', constants

bint® = Va (o — a) — (N — ) —o §(a —o )

int’ = Va l(a — a) — §(a —o a)




Deduction rules for stratified linear logic

same rules as before... e.g.

i i
A A AAFB

Axiom): .
( XlOm) A o A (CU_t) A/, F’ A B cut
I |
i i i i
, ~ AT'FB 'A A''B/ARC
(Right —o): [FA B R (Left —o): NT.A—BALC o L
| |
i+1 i+1 AL
: ' A iy I'AJA+B . B
(Promotion): TR (Dereliction): TIAAFB ™ (Weakening): T IAAFB "™
=1 i ; i
i i+1 i+1
. I'NMA'AAFB I'NAF B I''AFB
(Contraction): FTTAAER ™ plus
i Y

[,6AF B T,Al §B

A proof in the stratified sequent calculus is a proof in the usual sense,
together with a stratification, which is an assignment of integers to all
occurrences of formulas, such that conclusions are assigned 0 and the
assignment changes across deduction rules are as shown in blue.



Binary integers

bint = Va (o — a) —o (I(a — a) —o (a — a))

S €40,1}* — proof tg of + bint

o o o o
—o L
o o a,00—o ol o
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t001



Binary integers (stratified)

bint® = Va (o — a) — (N — a) —o §(a —o a))

S € {0,1}" — proof ts of + bint®

o o o o
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ot o o, —o -«
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Binary integers (stratified)

bint® = Va (o — a) — (N — @) — §(a — )

S € {0,1}" — proof ts of + bint®

i P
i Ml f,a foa k&

| Wl v,a toa,atoa 1
b,a toa,atoa,atoar- i
a-toa,a-taatoaraton

(o -0 a),!(a-0 a),!(a-0 a)F §(a e a)
(o & a),!(a-0 a)F §(a 0o a)
(o -0 a) - !(a— a) -0 §(a — a)
Fl(a — a) — ((a -0 a) — §(a — a))
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— R
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Integers

int =Va (a — a) — (a — a)

Vn € N there is a proof n of  int

Addition is a proof of int, int - int

Multiplication is a proof of int, int F int

A polynomial of degree k is a proof of int - int



Integers (stratitied)

int’ = Va (o — a) — §(a — a)

Vn € N there is a proof n'of int®

(note that !(a — a) —o (@ —o ) is not provable)
Addition is a proof of int®, int® I int®
Multiplication is a proof of int§, int® - §i1f1t§

A polynomial of degree k is a proof of int® F §¥int’



Turing machines as proofs

Tur = bint ® bint ® bool,

Configuration (wy,, wg, q) of Turing machine — proof of - Tur

Instructions for a Turing machine T —— proof of - Tur — Tur



Running a Turing machine

(Identify a Turing machine T" with a proof of - Tur — Tur)

1 prepare initial state
= Tur — Tur bint - Tur Tur - Tur
prom .
- I(Tur — Tur) bint, Tur — Tur  Tur

—o L
bint, !(Tur — Tur) — (Tur — Tur) - Tur

bint, int - Tur

input binary integer j

config of Turing machine after n steps

vV L

number of steps n to run



Running a Turing machine (stratified)

Tur® = bint’ ® bint® ® bool’

prepare initial state

T
bint® - Tur’ Tur® - Tur® .
- Tur® — Tur® bint®, Tur® — Tur® + Tur? -
- 1(Tur® — Tur®) p bint®, §(Tur’® — Tur®) - §Tur® |
Sbint®, |(Tur® — Tur®) —o §(Tur® — Tur®) - §Tur® o
v L

sbint®, int® F §Tur®



Theorem (Girard)

A function {0,1}* — {0,1}* is “polytime”
if and only if it can be typed as a proot

7 of bint - bint which admits a stratification.

8
stratifies

bint® - §¥2bint? bint - bint




Theorem (Girard)

A function {0,1}* — {0,1}* is “polytime”
if and only if it can be typed as a proof

7 of bint F bint which admits a stratification.

f:{0,1}* — {0, 1}* computed by a Turing machine T" with polyclock P

length P
copy bint F int int F int iterate T
cut
bint - bint bint - int
QR, QL
bint - bint ® bint bint ® bint - bint ® int bint, int - Tur
cut
bint + bint ® int bint ® int - Tur

bint F Tur



Theorem (Girard)

A function {0,1}* — {0,1}* is “polytime”
if and only if it can be typed as a proof

7 of bint F bint which admits a stratification.

f:{0,1}* — {0, 1}* computed by a Turing machine T" with polyclock P

length P
copy bint ! int int ! int iterate T
— — cut . read off output
bint ! bint bint ! int :
' R, 'L
bint ! bint " bint bint " bint ! bint " int bint ,int ! Tur
cut
bint ! bint " int bint " int ! Tur
bint - Tur Tur F bint
bint ! bint

Upshot: | computesf




Theorem (Girard)

A function {0,1}* — {0,1}* is “polytime”
if and only if it can be typed as a proof

7 of bint F bint which admits a stratification.

f:{0,1}* — {0, 1}* computed by a Turing machine T" with polyclock P

copy P iterate T
bint® F §(bint® ® bint®) int® - §Fint’ Sbint®, int® F §Tur”
7T§ 70
stratifies

bint® - §*2bint® bint I bint




Summary

There is a notion of stratification for proofts

Turing machines can be encoded into linear logic
If a Turing machine is polytime, the stratitication of
the clock polynomial gives a stratitication of the

corresponding proof in linear logic.

Theorem: a function of binary integers is polytime
Iff. it admits a stratification.
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