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the aim of this talk is to explain what the super . A-polynomial
and its quantised version are supposed to be

,
various generalisations

of the volume conjecture and how homological knot invariants

complicate the relationships among these conjectures .

�1� HOMFLY homology

@ Coloured HOMFLY homology
�3� Recurrence relations and the ( quantised , super ) A- polynomial
�4� Results on knot differentials

Volumewnjecture The super - A - polynomial encodes " colour dependence "

of the coloured HOMFLY homology via recurrence relies .

�1� HOMFLY homology ( Khovanov - Rozansky ) [ KR
,

K ]

Knot K = closure of braid B ¢€÷§
p=Q[× , . . ,×n] lxil - 2

-

nstands

B -7 complex of graded ftp.bimodubs F*C B)
( i.e. Pe - Paap . modules )

*

HHHIK ) :=

HTorP*e(
P

,
F*CB ) ) ± HTHHK)0aQ[a]

Triply
graded
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Theorem ( Khovanox - Rozanski ) HHHIK ) is a knot invariant
-

and the super polynomial

PK ; air ,t ) =Ifytiqiakdimo .lt#ij.k( K )
has the property that

PCK ; a ,q,t)h
. - ,

= HOMFLY ( K ) .

( i = homological , j= polynomial ,
12 - Toy Hochschild )

Construction ( following [ MSV ] ) ( a = Qa )
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•r•¥d |:= Q[ x. , xD as a Qlxixd - Qkniltbimodnk

(tenoning gives

inclusion
- Mod Qlx 's ×dk ModQ(×y×D )Qfu,xf£=Q[

xitxz ,
× ,

xD
| ÷f÷

,

|÷ QK , ,×z] as a Q{ and ±Ql×' ' xD - bimoduk

( tensioning gives

restriction

ModQ[×,×z) ModQ ( xi
, xD

"
)

Any MOY graph with external weight = 1 has its bi module constructed

from these by

Qi¥iID=f¥I¥Ija" " " Home " " "

¥IHAHI .HN#:.aim:::n
Fact Bimodubs [IYD

,
{11^1} are an adjoint pair ,

in both directions

( i.e. dY 't 't XD and [1×1] - if YD )
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D :=

dDPDH-fDMiDbhtdxrxzIobt1@tzlxrXdbleYIDi-fkDedII.Daaihomological degree zero

Tensioning these complexes horizontally and vertically defines ( using
external edge weights = 1 )

B -7 F*( B) complex of graded P - P . bimodules
.

Examine (

Zip
) town knot

Tzp
(p =3 trefoil )

y , yz

' "-

ftp.Hjgybmi.mn#:multiplication

× , XZ )
× ,

- y ,
x. - yz x. - y , can

Lemm=F*( B) -

s{p}
. ' . .

->s{#S{7 s ±,homological

S ÷ Q[ xnxif@Q1x.x, ) = Q{ xgxuy , ,y , ]
degree zero

- p=Q[ xi , xD
Qlx ;xd

" ( e , ( D - e , ( x )
,
ezly ) - ezlx ) )
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This is a complex

sing
, )(× ,

- yz ) = xp - × , yz - y , × , ty , yz

over s
I × '

'
- × ' Yz - y ,

x , + × ,x<

= xp - × , ( y , tyz ) + X , ×2

= xp - ×
,

. ( x , txz ) + xx -
= O

.

Then by defy ,
HHH (

Tap
) is the homology of

( HHIH : - Tort? C B - ) is technology ) #
Xi ' Yz X ,

- y ,

HH*(S{
p} ) ' ' . . - HH*(s{ is ) - HH*1D HH*( P )

00

To compute this :
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Which has cohomology phonological( t ) i
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�2� Coloured HOMFLY homology ( Mackaay - stoic . Vaz ,

Webster - Williamson )

Similar construction
,
but with arbitrary labels ( above was alt )

= Q[ y ; . . ,ya,z , , , ,z , ]sa×sb/
"

¥÷
"

D

( as a[y , , . ,y . ,z , ,

,u5×±@{× , . .

,xa+R5"b)graded bimoduk

[15%1]
,
[1%1] = some complexes of these bimodubs

( more complicated ! )
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±
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complex of graded
Q[ * ,

]sm@ .
. .oQ[ HTI bimodnbs

Pmlkiaiit) - §ytiq'
'

akdimo.tt#Tk
)

theorem ( MSV
, WW ) Pm ( K ; 9,9 ,t)|t= . it ntaloured HOMFLY

.

category

Pmfk; a ,q ) -#
'Pm ( Kia , 9.it )

coloured HOMFLY poly coloured HOMFLY homology
1

a=g
" | |

,

differential dn

calegonfy
Psm" " ( K ; or ) = PLKYK ; q ,t )
coloured Jones

' 1

coloured sl IN ) Khovanou - Rozansky
homology
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�3� The super - A . polynomial �8�

EM "( I ,j ; a ,q,t ) e QEIJ ,a± ' ,q±5t± ' ]
. -

( If - qjx )( FTEEFI aukhmoe'squantum super - A- polynomial | % Y,< ( Dm ) -121149,9 ,t )
y

.

Q[ at ' ,q± ' ,t± ' ]

SM "

is supposed to be defined by some BPS counting
which Idonotundenknd

,
but this is easy enough to appreciate :

Homological quantum volume conjecture

Foranyknotk ,
and mal

, 9k( Amer .)2 ) - O

i.e. if Amer - [ ailx ,
a ,q,t)fi then

. . - talk,.dk)taoPn( K ) = 0
.

¢
Asuper := FM "

)g= ,
recurrence relation

Ampetxiy ; a ,t)|
. , ,a= ,

= Antsy)

"
pwbablywmesdownto understanding

classical
A- polynomial

" colour differentials "

( ? ) (e.g. [ Fas ] p -30)
( FGSZ ]§4
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�4� knot differentials

Conjecture ( Dunfield ,
Gukox , Rasmussen

.

) " DGR differentials "

ERN >/2 Fdn : HHH ( K ) -> HHHIK ) ,
d ,j=o

H*( HHHIK ) ,
dn ) ± Khovanov - Rozansky KRN ( K )

f SKN ) - homology of K .

T
triply graded bigraded €'T,lk

Tldnl = ( o
, Ntl ,

- Dj
Examp= HHHII,p) was computedbumit 0
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✓
st

.
H*( HHHITZ ,p ) ,

dn ) ±

KRNIT
,p )

"
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; modules P=Q[ × , . . ,×n ]
F*CB ) Pe - Pzqp

With S= Pekeial - toe . )
FTYB ) is a complex of graded S . modules

. Hpe PMGE -

ii

D( s . Mod ) - D( Pelted ) -7 D ( P - Mod )
÷ = Pet )pe

ICHYB ) ) - P§F*CB )

:
. H*Io ( FMB ) ) - HHHIK )

08N UDN
natural transformation

Sw :Io Io{ ? }[ ? ]
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Thetm ( M - Rouquiev) There is an isomorphism of graded rings

M*oQN•P⇒ End 'T E)
.

Q Q

✓ = QQ, 0 .
. .QQ On

,
U= Qss ,

a. . . a Q }n

Given WEP
"

we define

AU a PK - End'×lI= I

Pw=%2edW)Z . - def Sw : - Q ( pw )

Conjecture dn = Sw for We Exi " "
is the DGR differential

theorem Works for ( 3h ) - tons knots
,

re . for W = Eixin "

H*( HHH ( K )
,
Sw ) ± KRN ( K )

.

K = Tzn
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